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1�Ü© (=1�Ù): Ì�?Ø[ÿÀ+�2ÂÝþ5�, Ù¥Ì�y²


 (1) [ÿÀ+ G ´1��ê���=�é G �?¿4f+ H, û�m G/H

´�Ýþ� (½n 2.1.6); (2) eã(Ø�p�d: (a) G 'u,�ëY�ØC�

Ýþ´����Ýþz�[ÿÀ+; (b) G'u,��ØC[Ýþ´���[Ý

þz�[ÿÀ+; (c) G ´���Ýþz�ÿÀ+ (½n 2.1.10); (3) z� sn �

Ýþ�¦È$�S�ëY��ÿÀ+ G ´ so �Ýþ� (½n 2.2.4); (4) �3

��¦È$�S�ëY��;[ÿÀ+¦ÙØ´ÿÀ+ (~ 2.3.1); (5) ¦È$

�S�ëY�S�[ÿÀ+ G ¹k Sω �4����=�Ù¹k S2 �4��

(½n 2.3.5),ùÜ©£�
 [138,¯K 3.11]; (6)e G´¦È$�S�ëY�S

�[ÿÀ+, Ke�(Ø�p�d: (a) G ´S�� α4 �m; (b) G ´ Fréchet

�m; (c) G ´r Fréchet �m (½n 2.3.6).

1�Ü© (=1nÙ): ?Ø[ÿÀ+þ�ÄêØCþÚn�m5�. 3.1 !

?Ø[ÿÀ+¥�ÄêØCþ. z�ÿÀ+ G ÷ve�ªf: (1) πχ(G) =

χ(G); (2) w(G) = πw(G); (3) w(G) = d(G) · χ(G); (4) w(G) = l(G) · χ(G); (5)

w(G) = c(G) ·χ(G); (6) w(G) = ib(G) ·χ(G); (7) w(G) = nw(G) ·χ(G). �ÿÀ

+ØÓ�´, ·��E�~`²�ª (1)-(7) 3[ÿÀ+¥ÑØ¤á (~ 3.1.1,

3.1.2 Ú 3.1.3). 3 3.2 !¥, ·�ïÄ[ÿÀ+¥�n�m5�. ÏL�E~f

`²�Ýþ5!1��ê5!1��ê59�;5ÑØ´[ÿÀ+�n�m5

� (~ 3.2.2 Ú 3.2.4 �·K 3.2.7).

1nÜ© (=1oÙ): Ì�?Ø
[ (�) ÿÀ+¥�ëÏ5, Ù¥Ì�y

²
 (1) �ÿÀ+¹ü ��ëÏ©| (�´ëÏ©|) ´T+�ØCf+ (·

K 4.2.2 Ú 4.2.7); (2) �N¢DØëÏ[ÿÀ+´�N[ÿÀ+��� (½n

4.2.5); (3)?¿��[ (�)ÿÀ+ G�Ó�i\����´ëÏ�ÛÜ�´ë
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Ï�[ (�)ÿÀ+ G• (½n 4.3.5); (4)� κ´Ã�Äê, G´�ÿÀ+�äk

Xe5���: (a) χ(G) ≤ κ; (b) nw(G) ≤ κ; (c) d(G) ≤ κ; (d) G ´ κ-narrow,

K G• �äk�Ó�5� (½n 4.3.6).

1oÜ© (=1ÊÙ): Ì�?Øé¡È�2ÂÝþ5��CX5�. 5.2 !

¼�
é?¿ n ∈ N, 'u Xn �����½5½n (½n 5.2.1). ����

½5½n�A^, ·��ÄÿÀ5� P ¦��m X äk5� P ��=�

Fn(X) äk5� P, �Þ½y²
 43 �÷v��½5½n�ÿÀ5�, ¿

3½n 5.2.9 ¥�Ñ
 [60, ¯K 3.35] ��½£�. 5.3 !¼�
'u Xn ��

� Fn(X) �_����½5½n (½n 5.3.1). ��ù�½n�A^, ·�

�	ÿÀ5� P ¦�é�m X 9?¿ n ∈ N, È�m Xn äk5� P ��

=� Fn(X) äk5� P, �Þ½y²
 25 �÷vù�½n�ÿÀ5�, ¿3

~ 5.3.16 ¥�Ñ
 [60, ¯K 3.6] �Ä½£�.

��,�©&?
[ÿÀ+�A�[ïÄ��,¿�Þ
[ÿÀ+¥��


¯Kø?�ÚïÄ.

'�c: ÿÀ+; �ÿÀ+; [ÿÀ+; 2ÂÝþ5�; ÄêØCþ; n�m

5�; é¡È.
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Abstract

Researches on quasi(semi)topological groups and

symmetric products

Major: Fundamental Mathematics

Graduate Student: Tang Zhongbao Supervisor: Lin Shou

This thesis is devoted to studying quasitopological groups and semitopological

groups in the theory of topological algebra, and consider some generalized properties

and covering properties of the symmetric products. The contents are arranged into

four parts.

In the first part (Chapter 2), we consider some generalized metrizable properties

in quasitopological groups, where we mainly show that (1) let G be a quasitopological

group, then G is first-countable if and only if for every closed subgroup H of G the

quotient space G/H is semi-metrizable (Theorem 2.1.6); (2) the following are equiv-

alent: (a) G is a semi-metrizable quasitopological group with respect to a continuous

left-invariant symmetric; (b) G is a quasi-metrizable quasitopological group with re-

spect to a left-invariant quasi-metric; (c) G is a metrizable topological group (Theorem

2.1.10); (3) every snf -countable semitopological group with the sequentially continu-

ous multiplication is sof -countable (Theorem 2.2.4); (4) there exists a pseudocompact

quasitopological group with the sequentially continuous multiplication which is not a

topological group (Example 2.3.1); (5) if G is a sequential quasitopological group with

the sequentially continuous multiplication, then G contains a closed copy of Sω if and

only if it contains a closed copy of S2 (Theorem 2.3.5), which give a partial answer to

[138, Problem 3.11] for quasitopological groups; (6) let G be a quasitopological group

with the sequentially continuous multiplication, then the following are equivalent: (a)

G is a sequential α4-space; (b) G is Fréchet; (c) G is strongly Fréchet (Theorem 2.3.6).

In the second part (Chapter 3), we investigate cardinal invariants and three-

space properties in quasitopological groups. In section 3.1, cardinal invariants in

quasitopological groups are considered. Every topological group G satisfies the fol-

lowing equalities: (1) πχ(G) = χ(G); (2) w(G) = πw(G); (3) w(G) = d(G) · χ(G);

(4) w(G) = l(G) · χ(G); (5) w(G) = c(G) · χ(G); (6) w(G) = ib(G) · χ(G); (7)
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w(G) = nw(G) · χ(G). Unlike the situation in topological groups, we construct some

examples to show that the equalities (1)-(7) cannot be extended to quasitopological

groups (see Examples 3.1.1, 3.1.2 and 3.1.3). In section 3.2, we study the three-space

properties in the class of quasitopological groups. Some examples are constructed to

show that metrizability, first-countability, second-countability and pseudocompactness

are not three-space properties in the class of quasitopological groups (see Examples

3.2.2 and 3.2.4, and Proposition 3.2.7).

In the third part (Chapter 4), we mainly discuss the connectedness in quasi(semi)-

topological groups. We obtained that (1) the connected component cG (arc component

a(G)), which contains the neutral element, of a semitopological group G is a normal

subgroup of G (Theorems 4.2.2 and 4.2.7); (2) the class of all hereditarily disconnected

quasitopological groups is a reflective subcategory of the class of all quasitopological

groups (Theorem 4.2.5); (3) for every quasi(semi)topological group G, there exists a

natural topological isomorphism iG : G → G• of G onto a subgroup of the pathwise

connected and locally pathwise connected quasi(semi)topological group G• (Theorem

4.3.5); (4) let κ be an infinite cardinal number, and let G be a semitopological group

having one of the following properties: (a) χ(G) ≤ κ; (b) nw(G) ≤ κ; (c) d(G) ≤ κ;

(d) G ´ κ-narrow, then the group G• has the same property (Theorem 4.3.6).

In the fourth part (Chapter 5), we study generalized metrizable properties and

covering properties of the symmetric products. In section 5.2, we consider the topo-

logical properties P such that a topological space X has the property P if and only

if Fn(X) does by a general stability theorem on the images of Xn for each n ∈ N
(Theorem 5.2.1), list or prove 43 topological properties which satisfy the general sta-

bility theorem, and give an affirmative answer to [60, Question 3.35] in Theorem 5.2.9.

In Section 5.3, we consider the topological properties P such that for a topological

space X and each n ∈ N, the product Xn has the property P if and only if Fn(X)

does by another general stability theorem on the images of Xn and the inverse images

of Fn(X) (Theorem 5.3.1), list or prove 25 topological properties which satisfy the

general stability theorem, and [60, Question 3.6] is negatively answered in Example

5.3.16.

At last, we discuss some potential research directions in quasitopological groups.

Some questions related to quasitopological groups are listed, which may lead us to

research in the future.

Key Words: topological groups; semitopological groups; quasitopological groups;
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generalized metrizable properties; cardinal invariants ; three-space properties; sym-

metric products.
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ÿÀ�ê´ÿÀ��ê�kÅKÜ, Ì���´±ÿÀ+9Ùí2��L

��aD�
ÿÀ(�Ú�ê(��êÆé�, XÿÀ+!�ÿÀ+!�ÿÀ

+!ÿÀ�!ÿÀ�ÚÿÀ�þ�m� [90]. §3Ä�NÚ©Û!�fnØ!�

©AÛ!�êêØ!o+nØ9ÿÀÄåXÚ�Ãõ+�kX´L�A^.

� G ´��ÿÀ�m, q´��+, e+�¦{$� µ : G × G → G Ú

_$� ν : G → G Ñ´ëY�, K¡ G ´ÿÀ+. ��ÿÀ�êÌ�é��

ÿÀ+nØkü�å. Ù�´ S. Lee u 19 V"Má�o+nØ, � [88].

Ù�´C�+ [83]. 20 VÐ, 'o+����ÿÀ+Úå D. Hilbert � L.

Brouwer �,�. L. Brouwer y²
x÷8Ug,/i\����ÿÀ+ [30].

y8¤^�ÿÀ+Vgd F. Leja [82] � O. Schreier [137] ©OÚ?. d�, N

õÍ¶êÆ[3ÿÀ+nØÑk�ó�, X H. Weyl, A. Weil, L. Pontryagin

� J. Dieudonné �.

ÿÀ+��+ÚÿÀ�KÜ,¦+�(�ÚÿÀØCþÑu)wÍCz. �

�¡, k
ÿÀ(��+äk�Ð��ê5�. X, ;)¤ÛÜ;��ÿÀ+7

ÿÀÓ�u Ra×Zb×K,Ù¥ a, b��K�ê, K �;��+ [84,½n 3.2.1];

�� Pontryagin-van Kampen éó½n�íØ, éz�;�Ù�ÿÀ+ G, �

3Äê κ, ¦� G ÿÀÓ�u Z(2)κ. ,��¡, k
+(��ÿÀ�mäkû

Ð�ÿÀ5�. ~X, 1934 c, L. Pontryagin y²
z� T0 �ÿÀ+´��

�K�; 1936 c, G. Birkhoff � S. Kakutani �gÕá/y²
1��ê� T0

ÿÀ+´�Ýþz�; 1942 c, N. Bourbaki y²
z�ÛÜ;�ÿÀ+´�;

�. 2008 c, A. Arhangel’skǐı Ú M. Tkachenko ÜÍ/Topological Groups and

Related Structures”. TÖ3o(c<ó��Ä:þ, �Þ
�þúm¯K, �

l¯ÿÀ�ê�ó�öJø
�¢!c÷�ïÄÃþ, Ó��Ny
ÿÀ�ê

�ÇÇ)Å.

Ýþ�mnØ3��ÿÀÆ�ïÄ¥ÓâØ% �, Ù��z�)
2Â

Ýþ�mnØ. ¤¢2ÂÝþ�m´ù���
�ma, 3,«§Ýþ/�C0

Ýþ�m: kÃu�x�Ýþ5,äkÝþ�m�Nõ`{5��Ýþ�m�,


nØÚE|Uí2�ù
�ma. §�A�3,
ÿÀ$�e´/½�0,

~X, k�½�êÈ, 4f�m, 9��N� [63, p. 425]. é2ÂÝþ�mnØ

�ïÄ´·IÿÀÆïÄ�DÚr�, ·IÆö3ù�¡�Ñ
NõâÑ��
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2ÂÝþ�mnØ3ÿÀ�ê�A^Q´L
ÿÀ�ênØ, q¦2ÂÝ
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��Æ, w���Æ�, 2Ü��Æ�ÚÊµ�Æ�.

[ÿÀ+��ÿÀ+��«í2, �ÿÀ+kXé��ØÓ. Äk, [ÿÀ

+�©l5ØXÿÀ+�Ð. ®� T0 ÿÀ+´���K�, [ÿÀ+¥Ø

T0 ⇒ T1 ¤á	, 'Xª T1 =⇒ T2 � T2 =⇒ T3 3[ÿÀ+¥ÑØ¤á. Ù

g, du[ÿÀ+'u¦È$�Ø7ëY, ��ÿÀ+¥�Nõ²;(J3[

ÿÀ+¥�UØ2¤á. X Comfort � Ross [43] y²
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È´�;�, z��;�ÿÀ+Ñ´ precompact. ,, C. Hernández � M.

Tkachenko [71]�E
ü��;�[ÿÀ+Ù¦ÈØ´�;�; A. Arhangel’skǐı

� M. Hušek [11] �E
�;�[ÿÀ+Ø´ precompact. â�öØ��ÚO,

�9[ÿÀ+ïÄ�©z8c=k�A� [7, 10, 11, 12, 18, 20, 21, 29, 41, 71,

85, 135, 138, 145]. ;�ïÄ[ÿ+�©z�k [10, 18, 20, 71, 85, 138, 145].

N. BourbakiÄg3 [29]1nÙSK¥JÑ[ÿÀ+Vg,¿3SK¥�Ñ
[

ÿÀ+��
Ä�5�, � [29, p. 296-302]. �� 2000 c A. Arhangel’skǐı â

2guL�9[ÿÀ+�Ø© [7]. dd��'uT�K�ïÄ?Ð���ú,

[)û�¯Käk�½�JÝ, �ø&¢��m�©2�.

��ÿÀ+�í2, ��g,�¯K´ÿÀ+�=
(J�±í2�[ÿ

À+ [12]? 8c'u[ÿÀ+�ïÄ��©�±eA��¡.

1!'u[ÿÀ+�2ÂÝþ5�. !Jc [138], oø{Ú+[ [85] ïÄ


1��ê�[ÿÀ+. ¦��gÕáy²
1��ê[ÿÀ+´�Ýþ�. !

Jc|^ù�(J�Ñ
 [12, úm¯K 3.3.11] �Ä½£�. !Jc, oø{Ú

+[y²
�K Baire, [�Ð�[ÿÀ+´ÿÀ+, ùÜ©)û
 [91, ¯K

4.10].

2![ÿÀ+þ����(�. ÿÀ+þ�3A«�N���(� ([12, 1
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5![ÿÀ+��ÿÀ+��p'X. I. Sánchez � M. Tkachenko [135] ï

Ä
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Q2(G)� Gk�Ó�+(�, Q2(G)�ü �m��/X: UU−1∩U−1U ,Ù¥
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1�Ù Ä�â��PÒ

�½: �©¤?Ø�ÿÀ�mØ1oÙ	e�AO`², þ�÷v T2 ©l

ún�ÿÀ�m. N��¼ê´Ó�Vg.

�Ù0��
Ä�Vg�PÒ.

§1.1 ÿÀ�m¥�â��PÒ

1.1.1 Ä�PÒ

± R L«¢��, ω,N,Q,P, I ©OL« R �g,ê8, ��ê8, knê

8, Ãnê8Úü 4«m. ω �L«���Ã�Sê. c L« R �Äê.

é�m X, τ(X) L« X �ÿÀ, τ c(X) L« X �48��N, k�{P

τ(X) Ú τ c(X) ©O� τ, τ c; |X| L«8Ü X �³.

é X �8x P 9 A ⊆ X, P

P|A = {P ∩ A : P ∈ P}.

±e©O± χ(X), ψ(X), c(X), d(X), w(X), nw(X), ±9 l(X) L«��

m X �A� (character), �A� (pseudocharacter), �nÝ (cellularity), È�

Ý (density), � (weight), �ä� (network weight), ±9 Lindelöf Ý (Lindelöf

degree), Ù½Â©OXe.

A�: χ(X) = sup {χ(X, x) : x ∈ X},

Ù¥ X 3: x �A�½Â�

χ(X, x) = min {|B| : B ´ X 3 x ?���Ä}+ ω.

�A�: ψ(X) = sup {ψ(X, x) : x ∈ X},

Ù¥ X 3: x ��A�½Â�

ψ(X, x) = min {|U| : U ´ X ¥�m8x �
⋂
U = {x}}+ ω.

�nÝ: c(X) = sup {|U| : U ´ X ¥Ø�����m8x}+ ω.

È�Ý: d(X) = min {|S| : S ⊆ X � S = X}+ ω.

�: w(X) = min {|U| : U ´ X �Ä}+ ω.

�ä�: nw(X) = min {|U| : U ´ X ��}+ ω.

1



12� 1�Ù Ä�â��PÒ

LindelöfÝ: l(X) = min {λ ∈ Card :éXz�mCX V�3fCX÷v |U| ≤
λ}+ ω.

1.1.2 �mþ�N�

� X, Y ´�m, N� f : X → Y .

é A ⊆ X, f 3 A?��� f|A : A→ f(A)½Â�é x ∈ A, f|A(x) = f(x).

f ¡�mN�, e V ∈ τ(X), K f(V ) ∈ τ(Y ).

f ¡�4N�, e F ∈ τ c(X), K f(F ) ∈ τ c(Y ).

÷N� f ¡�ûN�, e U ⊆ Y , K U ∈ τ(Y ) ��=� f−1(U) ∈ τ(X).

f ¡�S�ëY�,eX¥�S� {an}n∈NÂñu x ∈ X,KS� {f(an)}n∈N
Âñu f(x).

1.1.3 �m�$�

� Φ ´�ÿÀ5�.

(1) Φ ¡�¢D� (4¢D�), e�m X äk5� Φ, K X �z�f�m

(4f�m) �äk5� Φ.

(2) Φ ¡��È� (k��È�, �ê�È�), e {Xα}α∈Λ ´�xäk5
� Φ ��mx (� Λ ´k�8, Λ ´�ê8), KÈ�m

∏
α∈ΛXα �äk5�

Φ.

(3) Φ ¡��N�a L �± (_�±), e÷N� f : X → Y , Ù¥ f ∈ L
��m X (�m Y ) äk5� Φ, K�m Y (�m X) �äk5� Φ.

§1.2 2ÂÝþ�ma

1.2.1 ål¼ê�í2

� (X, d) ´��Ýþ�m, é�ê ε, ¡8 B(x, ε) = {y ∈ X : d(x, y) < ε}
� (X, d) ¥± x �¥%� ε ¥/�� (½ ε m¥).

½Â 1.2.1 [4] � X ´8Ü, ¼ê d : X ×X → [0,∞) ¡� X þ�é¡ål,

eé?¿� x, y ∈ X, eã^�¤á:

(1) d(x, y) = 0 ��=� x = y;

(2) d(x, y) = d(y, x).
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�m X ¡�é¡Ýþ�m, XJ�3 X �é¡ål d, ÷v U ∈ τ(X) �

�=�é?¿ x ∈ U , �3 ε > 0 ¦� B(x, ε) ⊆ U . ù� d ¡� X �é¡Ý

þ.

½Â 1.2.2 [63] � d ´ X þ�é¡ål. d ¡� X þ��Ýþ, e (X, d) ´

é¡Ýþ�m, �é?¿ x ∈ X 9 ε > 0, x ∈ B(x, ε)◦. ù� (X, d) ¡��Ý

þ�m

½Â 1.2.3 [63] � X ´8Ü, ¼ê d : X ×X → [0,∞) ¡� X þ�[Ýþ,

eé?¿� x, y, z ∈ X, eã^�¤á:

(1) d(x, y) = 0 ��=� x = y;

(2) d(x, y) 6 d(x, z) + d(z, y).

�m X ¡�[Ýþ�m, XJ�3 X þ�[Ýþ d, ÷vé?¿ x ∈ X,

{B(x, ε) : ε > 0} ´ x ���Ä.

1.2.2 f1��ê�ma��

é�m X, X ¥��k�8À��(½�²�ÂñS�. X ¥�S� {xn}
¡��²��, e� xn ´pØ�Ó�. S� {xn} ¡�´ªuf8 A ⊆ X �,

XJ�3 m ∈ N ¦� {xn : n > m} ⊆ A.

�m X ¡�'uCX P äkfÿÀ, XJéu A ⊆ X, A 4u X ��=

�é?� P ∈ P , A ∩ P 4u P .

½Â 1.2.4 �m X ¡� k �m [48, p. 152], e X 'u�N;f8äkfÿ

À.

½Â 1.2.5 �m X �f8 P ¡�: x �S���, e X ¥z�Âñu x �

S�ªu P . X �f8 U ¡� X �S�m8, e U ´Ù¥z�:�S��

�. X �f8 F ¡� X �S�48, e X \ F ´S�m8. �m X ¡�S

��m[51], e X �z�S�m8´m�.

ÿÀ�m (X, τ) �S�{�� [52] P� (X, στ ) ½ σX, Ù½Â� U ∈ στ
��=� U ´ (X, τ)�S�m8. ¯¤±�, σX ´S��m [52, p. 52]; � X

� σX äk�Ó�ÂñS� [19, p. 678]. e A ´�m X �f8, P [A] ´ A

�S�4�, = A ¥¤kÂñS��4�:�8Ü.
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½Â 1.2.6 [51] �m X ¡� Fréchet �m, XJéz� A ⊆ X ±9 x ∈ A,

�3 A ¥�S�Âñu x.

½Â 1.2.7 [139] �m X ¡�r Fréchet �m, eé X ¥�?¿4~8�

{An}n∈N � x ∈
⋂
n∈NAn, Ké?¿ n ∈ N, �3 xn ∈ An ¦�S� {xn}n∈N Â

ñu x.

½Â 1.2.8 � X ´ÿÀ�m, P ´ X �f8x. 8x P ¡� X �� [2], X

Jé x ∈ U ∈ τ , �3 P ∈ P ¦� x ∈ P ⊆ U . 8x P ¡�: x ∈ X �� [2],

e x ∈ ∩P �é x �?¿m�� U , �3 P ∈P ¦� P ⊆ U .

½Â 1.2.9 � P =
⋃
x∈X Px ´�m X �CX�÷vé?� x ∈ X k: (a)

Px ´ x ��; (b) e U, V ∈Px, K�3 W ∈Px ¦� W ⊆ U ∩ V .

(1) 8x P ¡� X � sn �[97], eéz� x ∈ X, Px ¥�z��Ñ´

x �S���. X ¡� snf �ê�[97], e X k sn � P ¦�z� Px ´�

ê�. �K�m X ¡� sn Ýþ�m[57], e X äk σ ÛÜk� sn �.

(2) 8x P ¡� X � so �[97], eéz� x ∈ X, Px ¥�z��Ñ´

X �S�m8. X ¡� sof �ê�[97], e X k so � P ¦�z� Px ´�

ê�. �K�m X ¡� so Ýþ�m[56], e X äk σ ÛÜk� so �.

(3) 8x P ¡� X �fÄ[4], eéz� A ⊆ X 9 x ∈ A, �3 P ∈Px

¦� P ⊆ A, K A ´ X ¥�m8. X ¡�f1��ê�[4], e X äkfÄ

P ¦�z� Px ´�ê�. �K�m X ¡� g Ýþ�m [140], e X äk σ

ÛÜk�fÄ.

�m X ´f1��ê���=� X ´ snf �ê�S��m [97, 140]. w

,ke�'X [48] (_'XÑØ¤á):

S��m

1��ê�m

f1��ê�m

r Fréchet �m

k �m

Fréchet �m

�
��

- -

-

6
@
@R

½Â 1.2.10 � P =
⋃
x∈X Px ´�m X �CX�éz� x ∈ X ÷v x ∈

∩Px. P ¡� X � cs �[67] (cs∗ �[55]), XJ X �S� {xn}n∈N Âñu
x ∈ U ∈ τ(X), K�3 P ∈Px ¦� {xn}n∈N ({xn}n∈N �,�fS� {xni

}i∈N)

ªu P � P ⊆ U . �m X ¡� csf �ê�[98] (cs∗f �ê�[17]), e X äk

cs � P (cs∗ �) ¦�z� Px ´�ê�.
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�â [17, ·K 2], �m X ´ csf �ê���=� X ´ cs∗f �ê�.

½Â 1.2.11 � (X, τ) ´ÿÀ�m. ¼ê g : N×X → τ ¡� X � g ¼ê, X

Jé?¿ x ∈ X 9 n ∈ N, x ∈ g(n+ 1, x) ⊆ g(n, x).

½Â 1.2.12 � κ ´Ã�Äê.

(1) �m X ¡� Sκ, e X ´r κ ��²�ÂñS��ÿÀÚ¥���á

:b¤�:¤¤�û�m.

(2)�m X ¡� S2 �m (Arens�m [48, ~ 1.6.19]), e X = {∞}∪{xn :

n ∈ N} ∪ {xn(m) : m,n ∈ N} (Ù¥é?¿ m,n ∈ N, ∞, xn, xn(m) pØ�

Ó) �ÙÿÀ½ÂXe: z�: xn(m) ´�á:; z�: xn �Ä���/X

{xn} ∪ {xn(m) : m > k}, Ù¥ k ∈ N; : ∞ �Ä���/X: {∞} ∪
⋃
{Vn :

n > k}, Ù¥ k ∈ N, Vn ´ xn ���.

§1.3 ÿÀ�ê¥�â��PÒ

� (G, ·) L«+, k�{P� G. e L«+ G �ü �. ?� a, b ∈ G, P

ab = a · b, a−1 L« a �_�. é G �?¿f8 A,B, P

AB = {ab : a ∈ A, b ∈ B}; An L« n � A �¦

±9

A−1 = {a−1 : a ∈ A}.

é?¿ g ∈ G, ½Â lg : G→ G � lg(x) = gx; rg : G→ G � rg(x) = xg.

lg, rg ©O¡�+ G þ'u g ��C�ÚmC�

½Â 1.3.1 � (G, ·) ´+, τ ´ G þ�ÿÀ.

(1) XJ G þ¤k��C�'u τ ëY, K¡ (G, ·, τ) ´�ÿÀ+;

(2) XJ G þ¤k�mC�'u τ ëY, K¡ (G, ·, τ) ´mÿÀ+;

(3) XJ (G, ·, τ) Q´�ÿÀ+q´mÿÀ+, K¡ (G, ·, τ) ´�ÿÀ+;

(4) XJ¦È$� µ : G×G→ G 'u τ ©lëY�_$� ν : G→ G '

u τ ëY, K¡ (G, ·, τ) ´[ÿÀ+;

(5) XJ¦È$� µ : G×G→ G 'u τ ëY, K¡ (G, ·, τ) ´�ÿÀ+;

(6) XJ (G, ·, τ) Q´�ÿÀ+q´[ÿÀ+, K¡ (G, ·, τ) ´ÿÀ+.
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�Lã�B, ±�ò (G, ·, τ) {P� G. �â½Â, þãÿÀ�êé��m

k±e'X:

�ÿÀ+

ÿÀ+

�ÿÀ+

[ÿÀ+

�ÿÀ+

mÿÀ+

�
��

�
��

@
@R �

��

@
@R

@
@R

ÿÀ�m X ¡�à5�m, eé?¿ x, y ∈ X, �3Ó�N� f : X → X

¦� f(x) = y. N´�y, �ÿÀ+ÚmÿÀ+Ñ´à5�m.

� G ´�ÿÀ+, κ ´Ã�Äê. ¡ G ´ κ-narrow [150, 1 6 !], eé G

¥ü ��?��� U , �3 G �f8 K ÷v |K| ≤ κ � KU = UK = G.

dd�½Â�ÿÀ+�����Äê¼ê index of narrowness,{P� ib(G),

Ù½ÂXe:

ib(G) = min{κ ≥ ω : G ´ κ-narrow}.

�©�½Â�Vg�â��ë� [12, 48, 63, 102].
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·���§��ÿÀ+´�Ýþ���=�TÿÀ+´1��ê� [23, 78];

���ÿÀ+´[�Ýþ���=�T�ÿÀ+´1��ê� [133, 105]; ��

[ÿÀ+´��Ýþ���=�T[ÿÀ+´1��ê� [85, 138].

ù�Ù·�?Ø[ÿÀ+��
2ÂÝþ5�, ?�Ú�z[ÿÀ+¥�

2ÂÝþ5�. Äk3é[ÿÀ+�¦È$�ØN\^���/e, ïÄ[ÿ

À+�2ÂÝþ5�, í2Ú�z
!Jc [138], oø{Ú+[ [85] ��'ó

�.du[ÿÀ+�¦È$�Ø7ëY,¤±ÿÀ+þ�
²;�(J3[ÿÀ

+¥�UØ2¤á. ~X, Comfort � Ross [43] y²
�x�;ÿÀ+�¦È

´�;�. ,, C. Hernández � M. Tkachenko [71] �E
ü��;�[ÿ

À+Ù¦ÈØ´�;�. l, g,/F"é�[ÿÀ+�,�fa¦�ù�

faUí2ÿÀ+¥�,
(J.·�Ú\¿�Ä[ÿÀ+�XeN\^�.[

(�) ÿÀ+�¦È$�¡�S�ëY�, e¦È$� µ : G×G→ G ´S�ë

Y�. ù�dué G ¥?¿S� an → e 9 bn → e k anbn → e. Ï��ÿÀ

+�¦È$�´ëY�, ¤±�ÿÀ+�¦È$�´S�ëY�. Ïd¦È$

�S�ëY�[ (�) ÿÀ+�¹ (�) ÿÀ+. 3ù�fa¥�±í2 (�) ÿ

À+�k'(J. Ù¥Ü©£�
 [138, ¯K 3.11].

�Ù�áu�öÚ�Æ�Ç!�4ã�Ç�CuL�Ø©/Zhongbao Tang,

Shou Lin, Fucai Lin, A special class of semi(quasi)topological groups and three-

space properties, Topol. Appl. 235 (2018), 92-1030,=ë�©z [145];9�ö�

�Æ�Ç�C�¤�Ø©/Zhongbao Tang, Shou Lin, On generalized metrizable

properties and cardinal invariants in quasitopological groups, submitted0, =ë

�©z [146].

§2.1 1��ê[ÿÀ+�2ÂÝþ5�

� X ´ÿÀ�m, d´ X þ�[Ýþ (�Ýþ). ¡[Ýþ (�Ýþ) d(x, y)

´ëY�, e d(x, y) 'u x, y ´éÜëY�; ¡ d(x, y) ´�ëY� (mëY

�), e d(x, ·) (d(·, y)) ´ëY�.

7
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� G ´��+. ¼ê d : G×G→ [0,∞) ¡��ØC� (mØC�), XJ

é?¿ a, x, y ∈ G, d(x, y) = d(ax, ay) (d(x, y) = d(xa, ya)).

[85, 138] ©Oy²
Xe(J.

Ún 2.1.1 [ÿÀ+ G ´�Ýþ���=� G ´1��ê�.

|^ [138, ½n 3.1] �y², �éÚn 2.1.1 �XeÖ¿.

Ún 2.1.2 1��ê�[ÿÀ+ G #N��mØC��Ýþ % 9���ØC

��Ýþ λ.

� G ´��+. G ���f8 A ¡�ØC� [12, p. 69], eé?¿ x ∈ G,

xAx−1 = A. d½Â´�, ��+�?¿f8Ñ´ØC�. �ÿÀ+ G ¡�

balanced, eü � e?k��dØCf8/¤���Ä.�� balanced�ÿÀ

+�¡�äkØCÄ�+.

½n 2.1.3 �Ýþ�[ÿÀ+ G #N��ØC��Ýþ��=� G ´ bal-

anced.

y² b� %´ Gþ���ØC��Ýþ�Ù)¤ Gþ�ÿÀ.é?¿ n ∈ N,

- Un = {x ∈ G : %(e, x) < 1
n
}, K {Un : n ∈ N} ´ e 3 G ¥�����Ä. é

?¿ x ∈ Un 9 y ∈ G, Ï� % ´ØC�, Kk

%(e, yxy−1) = %(y, yx) = %(e, x) <
1

n
,

Ïd yxy−1 ∈ Un. dd��, é�� y ∈ G 9 n ∈ N, yUny
−1 = Un, l8x

{Un : n ∈ N} ´ü � e 3 G ¥�ØC��Ä. �[ÿÀ+ G ´ balanced.

��, b�[ÿÀ+ G ´ balanced. Ï� G ´1��ê�, K�3��d

e�é¡�!ØC�m��/¤ e3 G¥���Ä ξ = {Un : n ∈ N},�÷vé
?¿ n ∈ N, Un ⊆ Un+1. ½Â¼ê d : G × G → [0,∞) Xe: é?¿ x, y ∈ G,

d(x, y) = inf{ 1
n

: x−1y ∈ Un, n ∈ N}. ´�y d ´ G þ�é¡ål, � d )¤

G þ�ÿÀ, ¤± G ´é¡Ýþ�m. qÏ� G ´1��ê�, ¤± G ´�

Ýþ�m [4]. db�é�� y ∈ G 9 n ∈ N, Un = yUny
−1, Ké?¿ x, y ∈ G

k d(e, yxy−1) = d(e, x). Ïd d ´ØC�. y..

|^ [138, ½n 3.1] �y², ��Xe(J.
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·K 2.1.4 � G ´[ÿÀ+. XJü � e ´ G ¥� Gδ :, K G þ�3�

��f��é¡zÿÀ.

y² db�^��� {e} =
⋂
n∈N Un, Ù¥z� Un ´ e �m��. Ï� G ´

[ÿÀ+, é?¿ n ∈ N, �� Un = U−1n � Un ⊆ Un+1. ½Â¼ê d : G×G→
[0,∞) Xe: é?¿ x, y ∈ G, d(x, y) = inf{ 1

n
: x−1y ∈ Un, n ∈ N}. ´� d ´

G þ�é¡ål. �é?¿ x ∈ G 9 n ∈ N, xUn+1 = B(x, 1
n
). w,, d d )¤

G þ�ÿÀfu G ��©ÿÀ. y..

��/, mN�Ø�±ÿÀ�m��Ýþ5 [58]. �3[ÿÀ+¥, dÚn

2.1.1, ·�kXeíØ.

íØ 2.1.5 � f ´�Ýþ�[ÿÀ+ G �[ÿÀ+ H þ�mÓ�, K H ´

�Ýþ�.

éu�Ýþ�[ÿÀ+, �éÚn 2.1.1 9íØ 2.1.5 �Xe�Óí2.

½n 2.1.6 � G ´[ÿÀ+, K G ´1��ê���=�é G �?¿4f+

H, û�m G/H ´�Ýþ�.

y² XJé G �?¿4f+ H, û�m G/H ´�Ýþ�, - H = {e}, K
G/H = G ´�Ýþ�. Ïd, G ´1��ê�.

��, XJ G ´1��ê�. dÚn 2.1.2, �3 G þ�N�mØC�Ýþ

d. ½Â¼ê % : G/H ×G/H → [0,∞) Xe: é?¿ x, y ∈ G,

%(xH, yH) = inf{d(xh1, yh2) : h1, h2 ∈ H}.

Ï� d ´mØC�� H ´ G �f+, Ké?¿ x, y ∈ G, %(xH, yH) =

d(x, yH) ≥ 0. ¼ê % ÷vé¡5:

%(xH, yH) = d(x, yH) = inf{d(x, yh) : h ∈ H} = inf{d(xh−1, y) : h ∈ H}

= inf{d(y, xh−1) : h ∈ H} = d(y, xH)

= %(yH, xH).

Ï� H 4u G � d ´ G þ��Ýþ, K %(xH, yH) = d(x, yH) = 0 ��

=� x ∈ yH, = xH = yH. nþ� % ´ G/H þ�é¡ål.
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ey % )¤û�m G/H �ÿÀ. é?¿ x ∈ G 9 ε > 0, - Oε(x) = {y ∈
G : d(x, y) < ε} 9 Bε(xH) = {yH : y ∈ G, %(xH, yH) < ε}. P π � G� G/H

þ�ûN�, Ké?¿ x ∈ G, π(x) = xH. d % �½Â, ´�é?¿ x ∈ G 9
ε > 0 k π(Oε(x)) = Bε(xH). Ï�8x {Oε(x) : ε > 0} /¤: x 3 G ¥��

���Ä�N� π : G → G/H ´ëYm�, K {Bε(xH) : ε > 0} ´ xH 3û

�m G/H ���Ä. y..

�m X ¡� q �m [115], XJ�3 X þ� g ¼ê÷vé X ¥�S�

{xn}n∈N �: p, eé?¿ n ∈ N k xn ∈ g(n, p), KS� {xn}n∈N kà:. �

m X ¡� β �m [63, p. 475], XJ�3 X þ� g ¼ê¦�é?¿ n ∈ N, e

p ∈ g(n, xn), KS� {xn}n∈N kà:. �m X ¡� γ �m [63, p. 491], XJ�

3 X þ� g ¼ê¦� (i) {g(n, x) : n ∈ N} ´ x ���Ä; (ii) é?¿ n ∈ N
9 x ∈ X, �3 m ∈ N ¦� y ∈ g(m,x) %¹ g(m,x) ⊆ g(n, x).

Ï�z��1��ê�[ÿÀ+ G ´�Ýþ�, ¤± G ´ β �m. 1�

�ê�m´ q �m. ��, (ØØ¤á. ¯¢þ, �3Nõ�ê;�ÿÀ+Ø´

1��ê� ([12, ~1.6.39 a)]). Ï��ê;�m´ q �m, eã(Jí2
 [85,

½n 2.5].

½n 2.1.7 � G ´[ÿÀ+. e G ´ q �m, K G ´ β �m.

y² Ï� G ´ q �m, K�3 g ¼ê g : N × G → τ ¦�é X ¥�S�

{xn}n∈N �: p, eé?¿ n ∈ N k xn ∈ g(n, p), KS� {xn}n∈N kà:. ½

ÂN� g1 : N×G→ τ Xe: é?¿ n ∈ N 9 x ∈ G, g1(n, x) = xg(n, e). ´�

y g1 ´ G þ� g ¼ê. eé?¿ n ∈ N k p ∈ g1(n, xn), = p ∈ xng(n, e), K

(xn)−1p ∈ g(n, e). d q �m�½Â, {(xn)−1p}n∈N kà:. qÏ� G ´[ÿÀ

+, K G þ�_$��C�Ñ´ëY�. Ïd, {xn}n∈N kà:. � G ´ β �

m. y..

·���1��ê�[ÿÀ+ G ´ β �m [85, ½n 2.5], �e X ´ β �

m9 γ �m, K X ´�Ð� [63, ½n 10.7]. Ïd, eãíØ´���.

íØ 2.1.8 � G ´[ÿÀ+. e G ´ γ �m, K G ´�Ð�.

dÚn 2.1.2, 1��ê�[ÿÀ+ G #N���N��ØC�Ýþ λ. ,

, G Ø7´�Ýþz�. ¯¢þ, - G = R2 �Ï~\+¿D�R/ÿÀ D
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[63, ~ 9.10]. é?¿ p = (x1, x2) ∈ R2, ε > 0, -

U(p, ε) = {p} ∪ {(x, y) : 0 < |x− x1| < ε, |(y − y1)/(x− x1)| < ε},

K {U(p, ε) : ε > 0} ´ p 3 G ¥���Ä. (G,D) ´���K�[ÿÀ+. Ï

� G Ø´ σ �m [63, ~ 9.10], K G Ø´�Ýþz�. Ïd, ��g,�¯K

´1��ê�[ÿÀ+N\�o^�¦�T[ÿÀ+´�Ýþz�. ·�¼�

Xe(J.

Ún 2.1.9 (a) ([63, Ún 9.3]) e X 'ué¡¼ê d ´é¡Ýþ�m, K X

¥�S� xn → x ��=� d(xn, x)→ 0.

(b) ([63, Ún 10.2 (i)]) e X 'u[Ýþ d ´[Ýþ�m, K X ¥�S

� xn → x ��=� d(x, xn)→ 0.

½n 2.1.10 eã(Ø�p�d:

(a) G 'u,�ëY�ØC�Ýþ´����Ýþz�[ÿÀ+;

(b) G 'u,��ØC[Ýþ´���[Ýþz�[ÿÀ+;

(c) G ´���ÝþzÿÀ+.

y² (c)⇒ (a), (b)´w,�. éu (a)½ (b)⇒ (c), Ï���Ýþz½�[Ý

þz�mÑ´1��ê��1��êÿÀ+´�Ýþz�, ¤±�Iy (a) Ú

(b) ¥�[ÿÀ+ G ´ÿÀ+, =y G ¥�¦È$�´éÜëY�. Ï� G ´

1��ê�, l G×G´1��ê�, �Iy G×G� G�¦È$�´S�

ëY�. ù�duy²é G ¥?¿Âñuü � e �S� {an}n∈N 9 {bn}n∈N
k anbn → e.

(a) b� G 'uëY�ØC�Ýþ % ´����Ýþz�[ÿÀ+, K

%(anbn, e) = %(a−1n anbn, a
−1
n ) = %(bn, a

−1
n ).

Ï� G ´[ÿÀ+, Ù_$�ëY, ld an → e �� a−1n → e. 2d % �ë

Y59 bn → e,

%(anbn, e) = %(bn, a
−1
n )→ e.

Ïd, dÚn 2.1.9 (a), anbn → e.
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(b) � G 'u�ØC[Ýþ d ´���[Ýþz�[ÿÀ+. �½ n ∈ N,

Ï� d ´ G þ��ØC[Ýþ, l

d(e, anbn) ≤ d(e, an) + d(an, anbn) = d(e, an) + d(e, bn).

qÏ� an → e 9 bn → e, �âÚn 2.1.9 (b), d(e, an)→ 0 � d(e, bn)→ 0. ¤

± d(e, anbn)→ 0, Ï anbn → e. y..

5 2.1.11 ½n 2.1.10 (a) ¥�/ëY509 (b) ¥�/�ØC50́ 7��:

dÚn 2.1.2, z��1��ê�[ÿÀ+ G #N���ØC��Ýþ. D�

\+ G = R2 R/ÿÀ, K G ´1��ê�[ÿÀ+�Ø´�Ýþ�. D�

G1 = Q2 ⊆ G f�mÿÀ, K G1 ´�Ýþ�[ÿÀ+. � G1 Ø´ÿÀ+.

Ï, ·�kXe¯K.

¯K 2.1.12 e G ´�[Ýþz�[ÿÀ+, @o G ´�Ýþz�í?

��ù�!�(å, 3 MA+¬CH e·�ò�E��Ø�Ýþz�!�©

�!�5 Moore [ÿÀ+.

� τ, τ1 ´ X þ�ü�ÿÀ. ·�¡ τ ´'u τ1 �K�, eé?¿ U ∈ τ
9 x ∈ U , �3 V ∈ τ ¦� x ∈ V ⊆ V

τ1 ⊆ U [1].

Ún 2.1.13 [1] (MA) � (X, τ) ´�L«�Ø�L c �;f8�¿�ÿÀ�

m. e�3���f��©�ÝþÿÀ τ1 ¦� τ ´'u τ1 �K�, Ké?¿

n ∈ N, Xn ´�5�.

~ 2.1.14 (MA+¬CH) �3��Ø�Ýþz�!�©�!�5 Moore [ÿÀ

+.

y² - κ ´��Äê�÷v ω < κ < c. � R �f8 X ¦� |X| = κ

� Q ⊆ X. Ø���5, �� X ´ R �f+. - (G,D) ´R/ÿÀ�m,

G1 = Q×X, K (G1,D|G1) ´�©�!Moore [ÿÀ+ [138]. w,, (G1,D|G1)

Ø´�;�. ´�y D|G1 ´'u E|G1 �K�, Ù¥ E ´ R2 þ�Ï~ÿÀ. d

Ún 2.1.13, (G1,D|G1) ´�5�. y..

3 CH ^�e, z���©�!�5 Moore �m´�Ýþz� [69]. Ïd

3 CH ^�e, z��©�!�5 Moore [ÿÀ+´�Ýþz�. l�3�

©�, �5�, Ø�Ýþz� Moore [ÿÀ+ÕáuÏ~�8Øún ZFC.
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§2.2 ¦È$�S�ëY��ÿÀ+�2ÂÝþ5�

ù�!, ·�Ì�?Ø¦È$�S�ëY��ÿÀ+��
2ÂÝþ5�.

¼��(JU?
�4ã3 [91] ¥��A(J.

� X ´ snf �ê�m, KN´�y X äk sn � {Vn(x) : x ∈ X,n ∈ N},
÷veã^�: é?¿ x ∈ X,

(1) z� Vn(x) ´ x �S���;

(2) {Vn(x) : n ∈ N} ´ x ?��;

(3) é?¿ n ∈ N, Vn+1(x) ⊆ Vn(x).

Ïd, �!·�o´b� snf �ê�m� sn � {Vn(x) : x ∈ X,n ∈ N} ÷
vþã^�.

Ún 2.2.1 [104, Ún 2.3] � {Un : n ∈ N} ´ x 3 X ¥4~��� W ´ x

�S���, K�3 n0 ∈ N ¦� Un0 ⊆ W .

e�Ún�y²´���.

Ún 2.2.2 � G´ snf �ê��ÿÀ+, {Vn(x) : x ∈ G, n ∈ N}´ G¥� sn

�. é?¿ x ∈ G 9 n ∈ N, - Wn(x) = x · Vn(e), K {Wn(x) : n ∈ N, x ∈ G}
´ G ¥� sn �.

Ún 2.2.3 � G ´¦È$�S�ëY� snf �ê��ÿÀ+, {Vn(x) : x ∈
G, n ∈ N}´ G¥� sn�. é?¿ x ∈ G9 n ∈ N,-Wn(x) = x·Vn(e)·Vn(e),

K {Wn(x) : n ∈ N, x ∈ G} ´ G ¥� sn �.

y² dÚn 2.2.2, é?¿ x ∈ G 9 n ∈ N �b� Vn(x) = x · Vn(e). ey

{Wn(e) : n ∈ N} ´ü � e 3 G ¥� sn �. ¢Sþ, é?¿ n ∈ N, �3

m ∈ N ¦� Wm(e) ⊆ Vn(e). ÄK, é?¿ m ∈ N, Wm(e) \ Vn(e) 6= ∅. � xm ∈
Wm(e) \ Vn(e), ¿� xm = ambm, Ù¥ am, bm ∈ Vm(e). Ï� {Vn(e) : n ∈ N}
´ü � e 3 G ¥4~� sn �, u´ am → e � bm → e. Ïd, d G �¦

È$�S�ëY5, xm = ambm → e. ,, Vn(e) ´ e 3 G ¥�S���, �

xm ∈ Wm(e)\Vn(e)gñ. lé?¿ n ∈ N,�3 m ∈ N¦� Wm(e) ⊆ Vn(e).

ù`² {Wn(e) : n ∈ N}´ e3 G¥��. qÏ�é?¿ n ∈ N, Vn(e)´ e�S
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���� Vn(e) ⊆ Wn(e),¤±Wn(e)´ e�S���.nþ� {Wn(e) : n ∈ N}
´ e 3 G ¥� sn �. dÚn 2.2.2, {Wn(x) : n ∈ N, x ∈ G} ´ G ¥� sn �.

y..

e¡�½n´ù�!�Ì�(J.

½n 2.2.4 ¦È$�S�ëY� snf �ê��ÿÀ+ G ´ sof �ê�.

y² � {Vn(x) : x ∈ G, n ∈ N} ´ G ¥� sn �. dÚn 2.2.2, é?¿ x ∈ G
9 n ∈ N �b� Vn(x) = x · Vn(e). -

Un = {x ∈ Vn(e) : �3,� k ∈ N ¦� x · Vk(e) ⊆ Vn(e)}.

w,, e ∈ Un ⊆ Vn(e). ey Un ´ G ¥�S�m8. ¯¢þ, ?� y ∈ Un, K�

3 k ∈ N ¦� y · Vk(e) ⊆ Vn(e). dÚn 2.2.1 Ú 2.2.3, �3 m ∈ N ¦�

y · (Vm(e) · Vm(e)) ⊆ y · Vk(e).

Ïd

(y · Vm(e)) · Vm(e) ⊆ Vn(e).

ùL² Vm(y) = y · Vm(e) ⊆ Un. Ï� Vm(y) ´ y �S���, ¤± Un ´ y �

S���. l, Un ´ G ¥�S�m8. dd�� {Un : n ∈ N} ´ e ?� so

�. � G ´ sof �ê�. y..

5 2.2.5 �4ã3 [91] ¥y²
z� snf �ê��ÿÀ+ G ´ sof �ê�,

¿�JÑ
eã¯K: � G ´ snf �ê��ÿÀ+½[ÿÀ+, @o G ´ sof

�ê�í? 4A3 [104] ¥ÏL�E�� Hausdorff f1��ê�[ÿÀ+�

Ø´ sof �ê�, �Ñ
þã¯K�Ä½£�. ùL²½n 2.2.4 ¥^� G �

/¦È$�´S�ëY�”ØU�K.

eã(J´½n 2.2.4 ���íØ.

íØ 2.2.6 z�� sn �Ýþ�¦È$�S�ëY��ÿÀ+ G ´ so �Ýþ

�.

y² Ï� G ´ sn �Ýþ�, N´�y G ´ snf �ê�. d½n 2.2.4, G ´

sof �ê�. �â [100, ·K 2.17], G ´ so �Ýþ�. y..
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íØ 2.2.7 e G ´¦È$�S�ëY�f1��ê�ÿÀ+, K G ´1��

ê��ÿÀ+.

y² Ï�f1��ê�m´ snf �ê�S��m [97, 140], d½n 2.2.4, G

´ sof �ê�. qÏ� G ´S��m, ¤± G ´1��ê�.

ey G ´�ÿÀ+. ¯¢þ, - {Vn : n ∈ N} ´ü � e �4~���Ä.

dÚn 2.2.3 �y²L§�, é?¿ n ∈ N, �3 m ∈ N ¦� V 2
m ⊆ Vn. Ïd, G

�¦È$�´éÜëY�. � G ´�ÿÀ+. y..

íØ 2.2.8 [125] e G ´f1��êÿÀ+, K G ´�Ýþ�.

§2.3 ¦È$�S�ëY�[ÿÀ+�2ÂÝþ5�

ù�!·�Äk�E��¦È$�S�ëY�[ÿÀ+¦ÙØ´ÿÀ+�

~f.

�X ´ÿÀ�m, G´����+. -XG�¤k G�X �N�¿D�:

�ÂñÿÀ/¤�ÿÀ�m (¯¢þ,T�m� XG þ� Tychonoff¦ÈÿÀ´

���). é?¿ a ∈ G, f ∈ XG 9 x ∈ G, - s(a, f)(x) = sa(f)(x) = f(x− a),

K sa(f) ∈ XG, �¡ G × XG � XG �N� s � XG þ� G C�. N�

sa : XG → XG ¡� XG þ� a C�, ½ XG þd a û½�C�. éz�

f ∈ XG, XG �f�m s(G× {f}) ¡�C� s � f ;�, ½{¡� f ;�. N

� f : G → X ¡� Korovin N� [12, p. 124] � f �;�¡� Korovin ;�

[12, p. 124], eé G �?¿�êf8 M 9?¿N� h : M → X, �3 a ∈ G
¦� sa(f)|M = h. é?¿ f ∈ XG � g ∈ G, - gf = sg(f). ½Â f ;�

Gf = {gf : g ∈ G} þ�¦È ∗ Xe: é?¿ g1, g2 ∈ G,

(g1f) ∗ (g2f) = (g1g2)f.

K (Gf, ∗) ´��+, �N� k : G→ Gf ´��Ó�, Ù¥ k(g) = gf . e f ´

Korovin N�, KÓ� k ´ü�. Korovin N� f ����5�: é?¿�ê

f8 B ⊆ G, Gf 3 XG � XB þg,Ý������ XB [12, ·K 2.4.14].

ÏLU? [71, ~ 9], ·��E
eã~f.

~ 2.3.1 �3��¦È$�S�ëY��;[ÿÀ+¦ÙØ´ÿÀ+ 1.

1d~��E��$Üx M. Tkachenko �Ç���, 3dL«a�.
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y² � G ´Ù�+� |G| = c, X ´?¿Ã��;Ýþ�m. d [48, ½n

3.1.29], |X| ≤ c.

d [12, ½n 2.4.13], �3 Korovin N� f : G→ X. - K = Gf ´ XG ¥

� Korovin ;�. �â [12, ·K 2.4.14], K ´��[ÿÀ+�Ø´ÿÀ+. d

[12, ½n 2.4.15], K ´�;�.

ey K �¦È$�´S�ëY�. �Iy K �?¿�êÃ�f�m´l

Ñ�.

äó. K �?¿�êÃ�f�m´lÑ�.

¢Sþ, ?� K ��êÃ�f8 K1, K�3 G ��êÃ�f8 H ¦

� K1 = Hf . Ø���5, Ø�� H ´ G �f+. Ï� X ´�lÑ�Ý

þ�m, K�3d X ¥ØÓ:�¤�S� {bn}n∈N Âñu a ∈ X. - Y =

{a} ∪ {bn : n ∈ N}, h � H � Y \ {a} þ�V�. Ï� f ´ Korovin N�,

K�3 c ∈ G ¦� sc(f)|H = h. Ïd, sc(f)(e) = h(e), =é,� n ∈ N,

f(e− c) = f(c) = h(e) = bn. qÏ� bn ´ Y ¥��á:, ¤±�3 bn �m�

� W ÷v Y ∩W = {bn}. Ï U = {x ∈ XG : x(c) ∈ W} ´ XG ¥�m8�

f ∈ U . ?� b ∈ H \ {e}, Ï� h ü�, K

sb(f)(c) = f(c− b) = f(b− c) = sc(f)(b) = h(b) 6= h(e) = bn.

Ïd, sb(f) /∈ U . w,, é Hf ¥?���3 b ∈ H ¦�T�/X sb(f). u´,

U ∩Hf = {f}. qÏ� f ´+ K �ü �, � K �f+ Hf ´lÑ�.

däó, K ¥Ø¹�²��ÂñS�. ¤± K �¦È$�´S�ëY�.

y..

eã~f`²¿�z��[ÿÀ+�¦È$�Ñ´S�ëY�.

~ 2.3.2 �3�����K�[ÿÀ+ G¦� G�¦È$�Ø´S�ëY�.

y² �¢²¡\+ G = R2, ¿D� G R/ÿÀ D, K (G,D) ´���K�

1��ê[ÿÀ+. w,, S� {( 1
n
, 1
n2 )}n∈N ÚS� {(− 1

n
, 1
n2 )}n∈N ÑÂñuü

 � e = (0, 0). ,, S� {( 1
n
, 1
n2 ) + (− 1

n
, 1
n2 )}n∈N ´uÑ�. � G �¦È$

�Ø´S�ëY�. y..

~ 2.3.1 � 2.3.2 `²¦È$�S�ëY�[ÿÀ+�¤[ÿÀ+���

ýfa, �Ùý�¹¤k�ÿÀ+.
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e G ´[ÿÀ+, N´�y σG ´[ÿÀ+. e�½ní2
½n [91, ½

n 4.4].

½n 2.3.3 � G ´ snf �ê�[ÿÀ+�Ù¦È$�S�ëY, K σG ´ÿ

À+.

y² d½n 2.2.4, G ´ sof �ê�. � {Vn : n ∈ N} ´ü � e 3 G ¥4

~� so �, K {Vn : n ∈ N} ´ e 3 σG ¥��Ä. ¯¢þ, � U ´ e 3 σG ¥

�?�m��, K U ´ e 3 G ¥�S�m��. �âÚn 2.2.1, �3 n ∈ N ¦
� Vn ⊆ U . Ï� G Ú σG k�Ó�ÂñS� [19, p. 678], ¤± σG ´[ÿÀ

+�Ù¦È$�´S�ëY�. díØ 2.2.7, σG ´ÿÀ+. y..

ÿÀ+¹ Sω � (4)����=�Ù¹k S2 � (4)�� [124]. éu[ÿ

À+,!Jc�Ñ�3��[ÿÀ+¹k S2 �4���Ø¹ Sω �4�� [138,

~ 3.9], ÏdJÑ±e¯K.

¯K 2.3.4 [138, ¯K 3.11] � G ´� ([) ÿÀ+�¹k Sω �4��, @o

G ¹k S2 �4��í?

eã(JÜ©£�
¯K 2.3.4.

½n 2.3.5 � G ´¦È$�S�ëY�S�[ÿÀ+, K G ¹k Sω �4�

���=�Ù¹k S2 �4��.

y² ¿©5. � G ´[ÿÀ+, Ø���5, �

A = {e} ∪ {xn : n ∈ N} ∪ {xn(m) : m,n ∈ N}

´ G ¥ S2 �4��. é?¿ n,m ∈ N, 4 yn(m) = x−1n xn(m), �- Sn =

{yn(m) : m ∈ N}, Ké?¿ n ∈ N, � m → ∞ �k yn(m) → e. éz�

m, F = {n : Sm ∩ Sn ´Ã��} ´k�� (ÄK, é?¿ ni ∈ F , �ØÓ�

x−1ni
xni

(mi) ∈ Sm ∩ Sni
� ni < ni+1, K x−1ni

xni
(mi) → e 9 xni

→ e. d G �

¦È$�S�ëY5, xni
(mi) → e, gñ!). Ø���5, �b�e i 6= j, K

Si ∩ Sj = ∅. - B = {e} ∪ {yn(m) : n,m ∈ N}.

äó 1. B ´ G ¥ Sω �4��.
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e B Ø4u G. Ï� G ´S��m, ¤± B Ø´ G ¥�S�48, l

�3 x ∈ B \ B Ú B ¥�Ã�f8 {yni
(mi) : i ∈ N} ¦�� i → ∞ �

yni
(mi) → x � ni < ni+1. Ï� A 4u G, ¤±�3 e �m�� V ¦�

V x � {xn(m) : m ∈ N} �õ�u�: n. d G �¦È$�S�ëY59

xn → e, xni
yni

(mi) → x. Ï� V x ´ x �m��, K�3Ã�õ� i ∈ N ÷v
xni

(mi) ∈ V x, gñ.

e f : N → N, K C = {yn(m) : m ≤ f(n), n ∈ N} vkà:. eØ,,

� a ´ C ���à:, K�3 x ∈ C \ {a} \ (C \ {a}) 9 C \ {a} �Ã�f8
{yni

(mi) : i ∈ N} ¦�� i →∞ � yni
(mi)→ x � ni < ni+1. � V ´ e �m

��¦�

|V x ∩ {xn(m) : m ≤ f(n), n ∈ N}| ≤ 1.

d G �¦È$�S�ëY59 xn → e, xni
yni

(mi)→ x. qÏ� V x ´ x �m

��, l�3Ã�õ� i ∈ N ÷v xni
(mi) ∈ V x, gñ. Ïd B ´ Sω �4�

�.

7�5. �

A = {e} ∪ {yn(m) : m,n ∈ N}

´ G ¥ Sω �4��, Ù¥é?¿ n, � m → ∞ �k yn(m) → e. éz� n,

�3 y1(n) �m�� Un ÷ve i 6= j, K Ui ∩ Uj = ∅. é?¿ n,m ∈ N, -

xn(m) = y1(n)yn+1(m). u´, éz� n ∈ N, � m→∞ � xn(m)→ y1(n). Ø

���5, �� {xn(m) : m ∈ N} ⊆ Un. -

B = {e} ∪ {y1(n) : n ∈ N} ∪ {xn(m) : m,n ∈ N}.

äó 2. B ´ G ¥ S2 �4��.

e BØ´4�,K�3 x ∈ B\B9 B�Ã�f8 {xni
(mi) : i ∈ N}¦��

i→∞k� xni
(mi)→ x� ni < ni+1. Ï� A´4�,¤±�3 e��� V ÷

v V x∩(A\{x}) = ∅. qÏ� G´[ÿÀ+� y1(n)→ e,K (y1(n))−1 → e. �

â G �¦È$�S�ëY5, � i→∞ � yni+1(mi) = (y1(ni))
−1xni

(mi)→ x.

du V x ´ x ���, l V x ¹k A ¥Ã�õ��, gñ.

e f : N → N, �äó 1 �y²L§�aq, éz� k ∈ N, {xn(m) : n ≥
k,m ≤ f(n)} ´4�. � B ´ S2 �4��. y..

�m X ¥dÂñS�/¤��ê8x {Sn : n ∈ N}¡�÷ (± x�º:),

ez�S� Sn ÂñuÓ�: x ∈ X. �m X ¡� α4 �m [123], eé?¿
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x ∈ X 9± x �º:�÷ {Sn : n ∈ N}, �3Âñu x �S��Ù�Ã�õS

� Sn ��.

eÿÀ+ G ´ Fréchet �m, K G ´r Fréchet �m [12, ½n 4.7.9]. e

ã½ní2
ù�(J.

½n 2.3.6 � G ´¦È$�S�ëY�[ÿÀ+, Ke�(Ø�p�d:

(a) G ´S�� α4 �m;

(b) G ´ Fréchet �m;

(c) G ´r Fréchet �m.

y² (a)⇒ (b). b� G Ø´ Fréchet �m, K�3 G �f8 A ¦� [A] 6= A.

e [A] 4u G, K A ⊆ [A] = [A] ⊆ A, gñ. Ïd, [A] Ø´ G ¥�48. Ï�

G ´S��m, ¤± [A] Ø´S�4�, = [[A]] 6= [A]. Ïd�3 x ∈ [[A]] \ [A].

Ï� G ´[ÿÀ+, Ø���5, Ø�� x = e.

- {xn}n∈N � [A] ¥Âñu e S�. é?¿ xn, - {xn(j)}j∈N ´ A ¥

Âñu xn �S�. Ï� G �¦È$�´©lëY�, ¤±é?¿ n ∈ N,

{x−1

n xn(j)}j∈N Âñu e. qÏ� G´ α4 �m,lé?¿ k ∈ N,�À� nk, jk

¦� {x−1

nk
xnk

(jk)}k∈N Âñu e � nk < nk+1. d G �¦È$�S�ëY5, �

k →∞�, xnk
(jk) = xnk

x
−1

nk
xnk

(jk)→ e,ù� e /∈ [A]gñ. Ïd, G´ Fréchet

�m.

(b) ⇒ (a). �Iyé?¿± e �º:�÷ {Sn : n ∈ N}, �3Âñu e

�S��TS��Ã�õ� Sn ��. é?¿ n ∈ N, - Sn = {xn(j)}j∈N, K

S� {x1(n)xn+1(j)}j∈N Âñu x1(n). - A =
⋃
n∈N{x1(n)xn+1(j) : j ∈ N},

K e ∈ A. db� G ´ Fréchet �m, u´�3 A ¥�S� S Âñu e. Ï

� G ´ Hausdorff �, ¤± S �Ã�õ�S� {x1(n)xn+1(j)}j∈N ��. -

S = {x1(ni)xni+1(ji)}i∈N, Ù¥é?¿ i ∈ N k ni < ni+1. qÏ� G ´[ÿÀ

+� {x1(n)}n∈N Âñu e, ¤±� i→∞ � (x1(ni))
−1 → e. d G �¦È$�

S�ëY5, � i→∞ � xni+1(ji) = (x1(ni))
−1x1(ni)xni+1(ji)→ e.

Ï����m´r Fréchet ���=�T�m´ Fréchet � α4 �m [5, 6],

d (a)⇔ (b) �, (c)⇔ (b) ´w,�. y..

[125, ~ 4] L²½n 2.3.6 ¥� (a)⇒ (b) Ú (b)⇒ (a) ÑØUí2�[ÿ

À+¥. ¤±½n 2.3.7 ¥�^�“¦È$�´S�ëY�0́ 7��.

eã(Øí2
 [12, ½n 4.7.10].
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½n 2.3.7 � G ´¦È$�S�ëY� Fréchet [ÿÀ+. e M 1��ê�

m, K G×M ´ Fréchet �m.

y² é G ×M �?¿f8 A 9: (x, y) ∈ A. � p ´ G ×M � G þ�g

,Ý�. � y 3 M ¥�4~��ê��Ä {Un : n ∈ N}, �é?¿ n ∈ N, -

Bn = p((G × Un) ∩ A). w,, x ∈ Bn. Ï� Un+1 ⊆ Un, K Bn+1 ⊆ Bn. d½

n 2.3.6, G ¥�3Âñu x �S� {bn}n∈N ¦�é?¿ n ∈ N, bn ∈ Bn. Ïd,

é?¿ n ∈ N, �3 cn ∈ Un ¦� (bn, cn) ∈ A. ÏS� {(bn, cn)}n∈N Âñu
(x, y). � G×M ´ Fréchet �m. y..



1nÙ [ÿÀ+¥�ÄêØCþ�n�m5�

3��ÿÀ¥, ÄêØCþåX���^, §�lØÓ��Ý�N�m

�“��”,¿¼�
´L�¤J [73, 76]. 3ÿÀ+¥,ÄêØCþ�m�'X

u)
é��Cz, ÿÀ+¥Äê¼êäk'���K�m�Ð�5�, � [12,

5.2 !]. ¤±?Ø[ÿÀ+�ÄêØCþ�m�'XÒw�^n¤Ù.

� G ´��ÿÀ+, P ´�� (ÿÀ, �ê, ½ÿÀ��ê·Ü) 5�. ¡

P ´ÿÀ+ G �n�m5�, e G �?¿4�ØCf+ N 9û+ G/N äk

5� P, K G �äk5� P. aq/�±½Â�ÿÀ+![ÿÀ+9�ÿÀ

+�n�m5�. ÿÀ+¥�n�m¯K®�2�ïÄ. ÿÀ+¥�n�m5

�k: ;5, ÛÜ;5, �;5, precompactness, �Ýþ5 (1��ê5), 1�

�ê5, ëÏ5, ��5�, � [12, 31, 42, 46, 101, 152] �. ?Ø�ÿÀ+½

�ÿÀ+�n�m5��©z%Øõ, � [49, 132, 129, 162]. 'u[ÿÀ+�

n�m5��ïÄ�k"(�(J. ëÏ5 [162] Ú�©5 [49] ´�ÿÀ+�

n�m5�, l�´[ÿÀ+�n�m5�. [162] ¥��Ñ
;5�ÛÜ;

5Ø´[ÿÀ+�n�m5�. M. Fernández Ú I. Sánchez y²
�3[ÿÀ

+ G 9 G �4ØCf+ H ¦� H �û+ G/H Ñ´ÿÀ+, � G Ø´ÿÀ

+ [49, ~ 2.9], =¤�ÿÀ+Ø´[ÿÀ+�n�m5�.

3.1!ÏL�E�~,`²ÿÀ+¥�
~��Äê¼ê�'X3[ÿÀ+

¥�UØ2¤á. 3.2 !ÏL�E�~`²�Ýþ5!1��ê5!1��ê5

Ú�;5ÑØ´[ÿÀ+¥�n�m5�. ÏLù
�~, ?�ÚNy
[ÿ

À+ÚÿÀ+�m��É.

�Ù�áu�öÚ�Æ�Ç!�4ã�Ç�CuL�Ø©/Zhongbao Tang,

Shou Lin, Fucai Lin, A special class of semi(quasi)topological groups and three-

space properties, Topol. Appl. 235 (2018), 92-1030,=ë�©z [145];9�ö�

�Æ�Ç�C�¤�Ø©/Zhongbao Tang, Shou Lin, On generalized metrizable

properties and cardinal invariants in quasitopological groups, submitted0, =ë

�©z [146].
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§3.1 [ÿÀ+¥�ÄêØCþ

3�!¥, ·�?Ø[ÿÀ+¥��
~�Äê¼ê�m�'X.

� G ´ÿÀ+. d [12, ·K 5.2.3 � 5.2.6, ½n 5.2.5], z�ÿÀ+ G ÷

ve��ª:

(1) πχ(G) = χ(G);

(2) w(G) = πw(G);

(3) w(G) = d(G) · χ(G);

(4) w(G) = l(G) · χ(G);

(5) w(G) = c(G) · χ(G);

(6) w(G) = ib(G) · χ(G);

(7) w(G) = nw(G) · χ(G).

,, ù
�ªØUí2�[ÿÀ+¥. �e5, ·�Ì�ÏL�E�
�

~5`²þã�ª (1)-(7) 3[ÿÀ+¥Ø¤á.

~ 3.1.1 �3�����K�[ÿÀ+ G ¦� χ(G) > πχ(G) = ω.

y² D�¢²¡\+ G = R2 ÿÀ T ∗ [10, p. 112]. d [10,5� 3.2], G´��

K�[ÿÀ+� χ(X) > ω. �â [10, 5� 3.4], πw(G) = ω, Ï πχ(G) = ω.

y..

~ 3.1.2 �3�����K�[ÿÀ+ G ¦� w(G) > πw(G) = ω.

y² D�¢²¡\+ G = R2 R/ÿÀ, K G ´���K�[ÿÀ+ [10, 5

� 3.4] � πw(G) = ω. Ï� G ¥¹k��Ø�ê�4lÑf�m {0} × R, ¤

± w(G) > ω. y..

~ 3.1.3 �3�����K�[ÿÀ+ G ¦� w(G) > nw(G) = χ(G) = ω.

y² D�¢²¡\+ G1 = R2 R/ÿÀ D, K (G1,D) ´���K�1��

ê[ÿÀ+. - G = R×Q, D� G 'u G1 �f�mÿÀ. w,, G ´���

K�1��ê[ÿÀ+. Ï� G �f�m R × {0} Ó�u R, Ù¥ R D�Ï
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~ÿÀ, ¤± R× {0} äk�ê�. Ï G =
⋃
y∈Q R× {y} �äk�ê�. =

nw(G) = ω. ey w(G) > ω. �¢�m R �f�m I = [0, 1], K A = I × {0}
´ G ¥�;f8.

äó. ;f8 A 3 G ¥Øäk�ê��Ä.

é?¿ a ∈ G 9 ε > 0, - V (a, ε) = U(a, ε) ∩ G, K V (a, ε) ´ a 3 G

¥���. b� A 3 G ¥k�ê��Ä {Wn : n ∈ N}. é?¿ x ∈ I, Ï�
V ((x, 0), 2)´ A3 G¥���,K�3 n(x) ∈ N¦� Wn(x) ⊆ V ((x, 0), 2). w

,, I ´Ø�ê8. Ï�3 m ∈ N ¦� B = {x ∈ I : n(x) = m} ´Ø�ê8.

- x0 ´ B 3 I ¥�à:, K�3 k ∈ N ¦� V ((x0, 0), 1
k
) ⊆ Wm. � y ∈ B ¦

� y 6= x0 � |y − x0| < 1
k
, K

V ((x0, 0),
1

k
) ⊆ Wm ⊆ V ((y, 0), 2).

,��¡, �À�knê z ¦� 0 < z < 1
k
|y − x0|. l (y, z) ∈ V ((x0, 0), 1

k
)

� (y, z) /∈ V ((y, 0), 2), ù� V ((x0, 0), 1
k
) ⊆ V ((y, 0), 2) gñ, �ã 1. Ïd, ;

f8 A 3 G ¥vk�ê��Ä.

-

6

q qq
�
�
�
�
�
�
�
�
�

@
@

@
@

@
@
@

@
@

�
�
�
��

@
@

@
@@

yx0

|y − x0| < 1
k

V ((x0, 0),
1
k
) ⊆ Wm ⊆ V ((y, 0), 2)

6

(y,z)

1

ã 1

XJ w(G) = ω, = G ´1��ê�, Ï� G ´���K�, d [63, ½n

1.1], G ´�Ýþ�. Ïd;f8 A 3 G ¥äk�ê��Ä, ù�äógñ. �

k w(G) > ω. y..

5 3.1.4 ~ 3.1.1� 3.1.2©O`²�ª (1)Ú (2)3[ÿÀ+¥ÑØ¤á. ¯

¤±�, z�ÿÀ�m X ÷vªf c(X) ≤ d(X) ≤ nw(X) � l(X) ≤ nw(X).

d [134, ·K 2.6], z���ÿÀ+ G ÷v ib(G) ≤ d(G). Ïd~ 3.1.3 `²

�ª (3)-(7) ØUí2�[ÿÀ+¥.
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·��� κ-narrowÿÀ+�z�f+´ κ-narrow. ,, κ-narrow[ÿÀ

+�4f+�7´ κ-narrow. ¯¢þ, R/�m G = R2 �f+ H = {0} × R
´4lÑ�. ´�, ib(H) = 2ω. Ï� d(G) = ω, l ib(G) = ω.

� κ ´Ã�Äê. �ÿÀ+ G �f8 B ¡� κ-narrow, eé G ¥ü �

e �?¿�� U , �3 G �f8 K ÷v |K| ≤ κ � B ⊆ KU ∩ UK. w,, G

´ κ-narrow ��=� G ��f8´ κ-narrow; κ-narrow �ÿÀ+�?¿f8

3T+¥´ κ-narrow. �?�Ú, ·�kXe(Ø.

½n 3.1.5 � G ´�ÿÀ+. e G �f8 B ÷v l(B) ≤ κ, K B ´ κ-

narrow.

y² � U ´ G¥ü ��?¿m��,K8x {xU : x ∈ G}� {Ux : x ∈ G}
Ñ´ G �mCX. Ï� l(B) ≤ κ, K�3 G �f8 C1, C2 ¦� |Ci| ≤ κ

(i = 1, 2) �8x {xU : x ∈ C1} � {Ux : x ∈ C2} CX B, = B ⊆ C1U ∩ UC2.

Ï, B ´ κ-narrow. y..

� G ´ÿÀ+. e c(G) = ω, K G ´ ω-narrow [12, ½n 3.4.7]. Ïd, e

ã¯K´g,�.

¯K 3.1.6 e G ´[ÿÀ+�÷v c(G) = ω, @o G ´ ω-narrow í?

§3.2 [ÿÀ+¥�n�m5�

ù�!, ·�ky²¢DØëÏ5´[ÿÀ+�n�m5�. ,�, ÏL�

E�
~f`²,
ÿÀ+�n�m5�Ø´[ÿÀ+�n�m5�.

éÿÀ�m X 9 x ∈ X, P cX(x) � X ¥�¹ x �ëÏ©|. �m X ¡

�¢DØëÏ� [48, p. 360], eé?¿ x ∈ X, cX(x) = {x}. é�ÿÀ+ G, P

cG � G ¥ü � e �ëÏ©|.

·K 3.2.1 � G ´[ÿÀ+� N ´ G �?�4�ØCf+. e N � G/N

Ñ´¢DØëÏ�, K G �´¢DØëÏ�.

y² � q : G→ G/N ´g,Ó�. e C ´ G¥�ëÏf8,K q(C)´ G/N

¥�ëÏf8. d®� G/N ´¢DØëÏ�, Ï q(C) ´ü:8. ù¿�X

C �¹u,� xN . qÏ� xN �´¢DØëÏ�, ¤± C ´ü:8. � G ´

¢DØëÏ�. y..
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~ 3.2.2 �3�����K�1��ê[ÿÀ+ G 9T+���4�ØCf

+ H ¦� G/H � H ´1��ê��Ýþz�m, � G ´Ø�Ýþz�.

y² �¢²¡\+ G = R2 ¿D�R/ÿÀ, K G ´���K�1��ê[

ÿÀ+. ½Â¼ê f : G → R Xe: é?¿ (x, y) ∈ G, f(x, y) = y. w,, f

´ G � R þ�ëYmÓ�, Ù¥ R D�Ï~ÿÀ, � H = kerf = R× {0} ä
kÏ~ÿÀ. �â [12, ½n 1.5.3], G/H ÿÀÓ�u R. Ïd H Ú G/H Ñ´

1��ê��Ýþz�m. Ï� G´�©��¹k��Ø�ê�4lÑf�m

{0} × R, ¤± G ´Ø�Ýþz�. y..

5 3.2.3 w,, ~ 3.2.2 `²�Ýþ5Ø´[ÿÀ+�n�m5�. T~�`

²ÛÜ;5Ø´[ÿÀ+�n�m5�. ¯¢þ, ´� H � G/H Ñ´ÛÜ;

�m. ,, G Ø´ÛÜ;�, Ï�z�� Hausdorff ÛÜ;�ÿÀ+´ÿÀ+

[47], � G Ø´ÿÀ+. M. Choban y²
e H ´ÿÀ+ G �4�ØCf+

÷v H ´1��ê�� G/H äk�ê�, K G �äk�ê� [152]. ù�(

J�±í2��ÿÀ+ [49, ½n 2.6]. ~ 3.2.2 `²ù�(JØUí2�[ÿ

À+, =¦ H ´1��êÿÀ+, Ï�[ÿÀ+ G Øäk�ê�.

~ 3.2.4 �3�����K�1��ê[ÿÀ+ G 9T+���4�ØCf

+ H ¦� G/H � H Ñ´1��ê�, � G Ø´1��ê�.

y² �¢²¡\+ G1 = R2 ¿D�ÿÀ T ∗ [10, p. 112], K G1 ´���

K�[ÿÀ+. D� G1 �f+ G = Q2 f�mÿÀ. w,, G ´���K�.

�d [10, 5� 3.2], G Ø´1��ê�. ½Â¼ê f : G → Q Xe: é?¿

(x, y) ∈ G, f(x, y) = x. N´�y f ´ G� Qþ�ëYmN�,Ù¥ QD�Ï
~ÿÀ, � H = kerf = {0} ×Q ´ G �lÑf�m. Ïd, d [12, ½n 1.5.3],

G/H ÿÀÓ�u Q. u´, H Ú G/H Ñ´1��ê�m, � G Ø´1��ê

�. y..

5 3.2.5 ~ 3.2.4 `²1��ê5�1��ê5ÑØ´[ÿÀ+�n�m5�.

A. Arhangel’skǐı � V. Uspenskij y²
eÿÀ+ G �¹��4�ÛÜ

;f+ N �û�m G/N ´�;�, K G �´�;� [13, ½n 2.2]. �é

{`, �;5´ÿÀ+¥äkÛÜ;Ø�ëYmÓ��_ØCþ. ?, Ó�
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π : G → G/N ´ÛÜ���, = G ¥�3��ü ��4�� P ¦� π|P ´

��N� [12, ½n 3.2.2]. ù
¯¢ØUí2��ÿÀ+¥. ¢Sþ, [86] ¥y

²
�3�����K��ÿÀ+ G 9 G ��;��ÿÀ+ H þ�ëYm

Ó� f ¦� f äkÛÜ;�n�, � G Ø´ÛÜ�;�� f Ø´ÛÜ���.

eã~fL²ÿÀ+¥�ù
(J ([13, ½n 2.2]� [12, ½n 3.2.2])�ØUí

2�[ÿÀ+¥.

~ 3.2.6 �3�����K�[ÿÀ+ G 9 G ��;[ÿÀ+ H þ�ëY

mÓ� f ¦� f äkÛÜ;n�, � G Ø´ÛÜ�;�� f Ø´ÛÜ���.

y² �¢²¡\+ G = R2 ¿D�R/ÿÀ,K G´���K�[ÿÀ+. é

?¿ n ∈ N, -

Un = {(0, 0)} ∪ {(x, y) ∈ R2 : n|y| < |x| < 1

n
},

N´�y8x {Un : n ∈ N} ´ (G,D) ¥ü ����Ä.

ey G Ø´ÛÜ�;�. Ï��;5äk4¢D5, Ï�Iy²é?¿

n ∈ N, Un Ø´ G ��;f�m. qÏ� (Q×Q) ∩ Un ´ Un ��êÈ�f8

� ({ 1
2n
} ×R) ∩ Un ´ Un ¥�Äê� c �4lÑf8, d [48, íØ 2.1.10], Un

Ø´�5�. Ïd, Un Ø´ G ��;f�m. � G Ø´ÛÜ�;�.

½Â¼ê f : G → R Xe: é?¿ (x, y) ∈ G, f(x, y) = x. w,, f ´ G

� R þ�ëYmÓ�, Ù¥ R D�Ï~ÿÀ, � N = kerf = {0} × R ´ G �

lÑf�m. - H = R �Ï~ÿÀ�m, K H ´�;�� N ´ÛÜ;�. Ï

� G ´[ÿÀ+, ¤± f �¤kn�Ñ´ÛÜ;�.

��y² f Ø´ÛÜ���. ¯¢þ, é?¿ n ∈ N, Ï� 1
2n
∈ f(Un) �

f−1( 1
2n

) ∩ Un Ø´;�, ¤±N� f|Un
Ø´��N�. y..

·K 3.2.7 �;5Ø´[ÿÀ+�n�m5� 1.

y² ¯¢þ, �P ´[ÿÀ+�n�m5�. e[ÿÀ+ G,H äk5�P,

K G×H �äk5� P. Ï� [71, ~ 8] y²
�3�;[ÿÀ+ G,H ¦�

G×H Ø´�;�, ¤±�;5Ø´[ÿÀ+�n�m5�. y..

Ï� precompactness ´ÿÀ+�n�m5�, ¤±kXe¯K.

¯K 3.2.8 Precompactness ´[ÿÀ+�n�m5�í?

1 [145] �"vöJÑT(J, 3dL«a�.
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�ÙÌ�?Ø[ (�)ÿÀ+�ëÏ5. é?¿ÿÀ+ G, S. Hartman� J.

Mycielski [68] |^ Lebesgue ÿÝ�E
���´ëÏ�ÛÜ�´ëÏ�ÿÀ

+ G•, ¿y²z�� T2 ÿÀ+ÿÀÓ�u���´ëÏ�ÛÜ�´ëÏ�ÿ

À+ G• �4f+. [12, 3.8 !] ?�Ú?Ø
ÿÀ+ G � G• �m�ÿÀ5�.

ù�ÙÌ�òÿÀ+þ��'(Jí2�[ (�) ÿÀ+þ.

4.2 !Ì�?Ø[ (�) ÿÀ+�ëÏ©|, �´ëÏ©|�5�. y²


�ÿÀ+¹ü ��ëÏ©| (�´ëÏ©|) ´T+�ØCf+; ¤k�¢D

ØëÏ[ÿ+�¤[ÿÀ+�Æ���f�Æ.

4.3!Ì��Äò?¿��[ (�)ÿÀ+ Gi\����´ëÏ�ÛÜ�

´ëÏ� (�) ÿÀ+ G•, ¿?Ø¦��m�ÿÀ5�. Ì�y²
(1) � κ ´

Ã�Äê, G ´�ÿÀ+�äkXe5���: (a) χ(G) ≤ κ; (b) nw(G) ≤ κ;

(c) d(G) ≤ κ; (d) G ´ κ-narrow, K G• �äk�Ó�5�; (2) e�ÿÀ+ G

´ σ ;�, K G• �´ σ ;�.

§4.1 ý��£

¯¤±�, 3ÿÀ+¥ T0 �du���K. ,, [ÿÀ+¥�©l5%

ké��É.

·K 4.1.1 [41] � G ´[ÿÀ+. e G ´ T0 �m, K G ´ T1 �m.

e¡�~f`²e�%¹'X3[ÿÀ+¥ÑØ¤á:

T1 =⇒ T2 =⇒ T3.

T1 ; T2. � G ´Ã�+¿D�k�ÖÿÀ τpf (G) = {∅, G} ∪ {G \ F :

F ´ G ���k�f8 }, K (G, τpf (G)) ´ T1 ;�[ÿÀ+. � (G, τpf (G))

Ø´ T2 �.

T2 ; T3. �¢²¡\+ G = R2. é?¿ ε > 0, - Uε = {(0, 0)} ∪ (0, ε)2 ∪
(−ε, 0)2, K8x B = {Uε : ε > 0} /¤, T2 [ÿÀ+ (G, τ) 3ü � (0, 0)

?���Ä. Ï� {0} × (−ε, ε) ⊆ Uε, ¤± (G, τ) Ø´ T3 �.

27
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·K 4.1.2 [12] � G ´+, τ ´ G þ�ÿÀ, K (1) � (2) �d:

(1) G ´�ÿÀ+;

(2) �3 G 3: e �ÛÜÄ N ÷vXe^�:

(a) (∀U, V ∈ N )(∃W ∈ N ) : W ⊆ U ∩ V ;

(b) (∀U ∈ N )(∀x ∈ U)(∃V ∈ N ) : xV ⊆ U ;

(c) (∀U ∈ N )(∀x ∈ G)(∃V ∈ N ) : xV x−1 ⊆ U .

�ÿÀ+ G ´[ÿÀ+��=�

(d) (∀U ∈ N )(∃V ∈ N ) : V −1 ⊆ U .

�ÿÀ+ G ´ T1 ���=�
⋂
{U : U ∈ N } = {e}; G ´ T2 ���=

�
⋂
{UU−1 : U ∈ N } = {e}.

§4.2 [ (�) ÿÀ+�ëÏ5�Ä�5�

�!ky²�3��ëÏ�[ÿÀ+¦ÙØ´ÿÀ+, `²ëÏ53[ÿ

À+¥�7�5.

~ 4.2.1 �3�����K�!1��ê�ëÏ[ÿÀ+¦ÙØ´ÿÀ+.

y² �¢²¡\+ G = R2, ¿D� G R/ÿÀ [63, ~ 9.10], K G ´���

K�!1��ê�[ÿÀ+, � G Ø´ÿÀ+. ½ÂN� f : G → R Xe: é

?¿ (x, y) ∈ G, f(x, y) = y. w,, f ´ G � R þ�ëYmN�, Ù¥ R D�
Ï~ÿÀ, � G �f�m H = kerf = R × {0} äkÏ~ÿÀ. �â [12, ½n

1.5.3], G/H ÿÀÓ�u R. Ï� H � G/H Ñ´ëÏ�, d [162, 5 2.4 (2)],

G ´ëÏ�. y..

·K 4.2.2 �ÿÀ+ G�ëÏ©| cG ´ G�4�ØCf+,�é?¿ x ∈ G,

cG(x) = xcG = cGx.

y² w,, cG ´4�. ey cG ´ G �ØCf+. é?¿ x ∈ cG, e ∈ x−1cG.

Ï� G ��C�´ëY�, ¤± x−1cG ´ëÏ�. Ïd, x−1cG ⊆ cG. dd��

(cG)−1c(G) =
⋃
x∈cG x

−1cG ⊆ cG. ùL² cG ´ G �f+. é?¿ g ∈ G, Ï�
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G ��ÝC�: x 7→ gxg−1 ´ëY�, ¤± cG 3TN�e�� gcGg
−1 ´ëÏ

���¹ e. l gcGg
−1 ⊆ cG. nþ��: cG ´ G �4�ØCf+.

Ï�é?¿ x ∈ G, C� y 7→ xy Ú y 7→ yx Ñ´ G þ�Ó�N�, Ïdé

?¿ x ∈ G, cG(x) = xcG = cGx. y..

~ 4.2.3 �3�����K�!¢DØëÏ�[ÿÀ+¦ÙØ´ÿÀ+.

y² � [138, ~ 3.9] ¥�[ÿÀ+ G. Ï� G ´ T0 �!"��!f1��ê

[ÿÀ+�Ø´1��ê�, Ïd G ´���K�!¢DØëÏ�[ÿÀ+¦

ÙØ´ÿÀ+. y..

Ún 4.2.4 e G ´�ÿÀ+, K G/cG ´¢DØëÏ�.

y² � π : G→ G/cG ´IOÓ�, H � cG/cG 3 π e�_�.

ey H ´ëÏ�. - H = A∪B,A∩B = ∅, Ù¥ A,B ´ G ¥��l8.

w,, A � B Ñ´ G �4f8.

ey A = AcG. é?¿ a ∈ A, acG ´ëÏ�, u´

acG ∩ A 6= ∅ ⇒ acG = (acG ∩ A) ∪ (acG ∩B)⇒ acG ∩B = ∅.

Ï acG ∩ A = acG ½ acG ⊆ A. dd�� AcG ⊆ A ⊆ AcG, l A = AcG.

Ón�� B = BcG. ¤±

H = A ∪B = AcG ∪BcG = π−1π(A) ∪ π−1π(B).

u´ cG/c(G) = π(A)∪ π(B). Ï� π−1(π(A)) = A ´4�, ¤± π(A) �´4�.

Ón π(B) ´4�. qÏ�

π−1(π(A) ∩ π(B)) = π−1π(A) ∩ π−1π(B) = A ∩B = ∅,

¤± π(A) ∩ π(B) = ∅. Ï� cG/cG ´ëÏ�, l π(A) = ∅ ½ π(B) = ∅, =
A = ∅ ½ B = ∅. ¤± H ´ëÏ�. � π−1(cG/cG) ⊆ cG ½ cG/cG = {cG}. y
..

P QTopGr �¤k[ÿÀ+/¤��Æ. T�Æ�é�´[ÿÀ+, ��

´[ÿÀ+�m�ëYÓ�.
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½n 4.2.5 ¤k T1 [ÿÀ+/¤��Æ´ QTopGr ���f�Æ.

y² - N = {e} =
⋂
{V : V ´ e ���}, K N ´ G �4ØCf+. Ï

G/N ´ T1 �[ÿÀ+. P rc : G→ G/N ´ G � G/N þ�IOÓ�.

� H �?¿ T1 �[ÿÀ+� f : G→ H ´ëYÓ�. ey f(N) = {eH}.
¯¢þ,é eH 3 H ¥�?¿�� V ′,�3 e3 G¥��� U ¦� f(U) ⊆ V ′.

Ïd f(N) ⊆ V ′, l f(N) = {eH}.

d [12, ½n 1.5.11] , �3ëYÓ� f : G/N → H, Ù¥é?¿ x ∈ G,

f(xH) = f(x). w,, frc = f . ´y f ´���. y..

½n 4.2.6 ¤k¢DØëÏ[ÿÀ+/¤��Æ HQTopGr´�Æ QTopGr�

��f�Æ.

y² � G ´[ÿÀ+. P rG � G � G/cG þ�IOÓ�. dÚn 4.2.4,

G/cG ´¢DØëÏ�. � A ´¢DØëÏ�[ÿÀ+� f : G→ A ´ëYÓ

�, K f(C) = {eA}. d [12, ½n 1.5.11], �3ëYÓ� f : G/cG → A ¦�é

?¿ x ∈ G, f(xcG) = f(x). ´� frG = f , � f ´���. y..

�m X ¡��´ëÏ�, e X ¥?¿ü:Ñ�3 X ¥ë�§���´.

�m X ¡�ÛÜ�´ëÏ�, e X �z�:Ñäkd�´ëÏf8/¤��

�Ä. � G ´�ÿÀ+, P a(G) ´ G ¥ü � e ��´ëÏ©|, KkXe

(Ø.

·K 4.2.7 �ÿÀ+ G ��´ëÏ©| a(G) ´ G �ØCf+.

y² é?¿ x ∈ a(G), e ∈ x−1a(G). Ï��C�´ëY�,¤± x−1a(G)´�

´ëÏ�. Ïd, x−1a(G) ⊆ a(G). dd�� a(G)−1a(G) =
⋃
x∈a(G) x

−1a(G) ⊆
a(G). ùL² a(G)´ G�f+. qÏ�é?¿ g ∈ G,�ÝN� x 7→ gxg−1 ´

ëY�, ¤± a(G) 3T�ÝN�e�� ga(G)g−1 ´�´ëÏ���¹ e. Ï

d ga(G)g−1 ⊆ a(G). � a(G) ´ G �ØCf+. y..

§4.3 [ (�) ÿÀ+�i\

é?¿ÿÀ+ G, S. Hartman � J. Mycielski [68] |^ Lebesgue ÿÝ�E


���´ëÏ�ÛÜ�´ëÏ�ÿÀ+ G•, ¿y²
Xe½n.
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½n 4.3.1 z�� T2 ÿÀ+ G ÿÀÓ�u���´ëÏ�ÛÜ�´ëÏÿÀ

+ G• �4f+.

ù�!, Ì�ÏL?� [68] ��E9y²�{y²?�[ (�) ÿÀ+ G

ÿÀÓ�u���´ëÏ�ÛÜ�´ëÏ�[ (�) ÿÀ+ G• �f+, ¿3d

Ä:þ?�Ú?Ø§��m�ÿÀ5�.

� G ´��+. - J = [0, 1), GJ ´ J � G ��NN��8Ü, G• � GJ

�f8�÷vXe^�:

(4): f ∈ G• ��=��3,�k�S� 0 = a0 < a1 < · · · < an = 1 ÷v

é?¿ k = 0, 1, · · · , n− 1, f 3 [ak, ak+1) þ�½�.

½Â8Ü G• þ���$� ∗ Xe: é?¿ f, g ∈ G• 9 x ∈ J , -

(f ∗ g)(x) = f(x)g(x).

N´�y (G•, ∗)´��+�Ùü �� e• ,Ù¥é?¿ r ∈ J k e•(r) = e.

éz� f ∈ G• k���_ f−1 ∈ G•, Ù¥é?¿ r ∈ J k

f−1(r) = (f(r))−1.

é?¿[ (�) ÿÀ+ G, � N ´ü ����Ä. ½Â G• þ�ÿÀX

e: é?¿ V ∈ N 9¢ê ε > 0, -

O(V, ε) = {f ∈ G• : µ({r ∈ J : f(r) /∈ V }) < ε},

Ù¥ µ ´ J þ� Lebesgue ÿÝ. -

N • = {O(V, ε) : V ∈ N (e), ε > 0},

Keãü�·K¤á. Ïd, 8x N • ´ G• þ,[ (�) ÿÀ+ÿÀ3ü �

e• ?���Ä. d� G• þ�ÿÀo´�d e• ���Ä N • )¤�ÿÀ.

·K 4.3.2 e G ´�ÿÀ+, K8x N • ÷v·K 4.1.2 ¥�^� (a)-(c); e

G ´[ÿÀ+, K (d) �¤á.

y² � G ´�ÿÀ+.
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(a)éN •¥�?¿ü� O(V1, ε1)� O(V2, ε2),� U ∈ N ¦� U ⊆ V1∩V2
9 ε = min{ε1, ε2}. ´�y O(U, ε) ⊆ O(V1, ε1) ∩O(V2, ε2).

(b) é?¿ O(V, ε) ∈ N • 9 f ∈ O(V, ε), �3k�S� 0 = a0 < a1 <

· · · < an = 1 9 {xk : k = 0, 1, · · · , n− 1} ⊆ G ¦�é?¿ x ∈ Jk = [ak, ak + 1)

9 k = 0, 1, · · · , n− 1, f(x) = xk. � A = {k : xk ∈ V, i = 0, 1, · · · , n− 1}, K�
3 U ∈ N ¦� Uxk ⊆ V é?¿ k ∈ A ¤á. - δ = ε− µ{r ∈ J : f(r) /∈ V },
K O(U, δ)f ⊆ O(V, ε). ¯¢þ, é?¿ g ∈ O(U, δ), d Lebesgue ÿÝ�5�,

eãªf¤á

{r ∈ J : g(r)f(r) /∈ V } =
n−1⋃
k=0

{r ∈ [ak, ak+1) : g(r)xk /∈ V }

=
⋃
k∈A

{r ∈ [ak, ak+1) : g(r)xk /∈ V } ∪⋃
k∈{0,1,··· ,n−1}\A

{r ∈ [ak, ak+1) : g(r)xk /∈ V }

⊆ {r ∈ J : g(r) /∈ U} ∪ {r ∈ J : f(r) /∈ V }.

Ïd,

µ({r ∈ J : g(r)f(r) /∈ V }) ≤ µ({r ∈ J : g(r) /∈ U} ∪ {r ∈ J : f(r) /∈ V })

≤ µ({r ∈ J : g(r) /∈ U}) + µ({r ∈ J : f(r) /∈ V })

< ε.

u´ g ∗ f ∈ O(V, ε), l O(U, δ)f ⊆ O(V, ε).

(c) é?¿ O(V, ε) ∈ N • 9 f ∈ G•, �3k�S� 0 = a0 < a1 < · · · <
an = 1 9 {xk : k = 0, 1, · · · , n − 1} ⊆ G ¦�é?¿ x ∈ Jk = [ak, ak + 1) 9

k = 0, 1, · · · , n − 1 k f(x) = xk. Ï� G ´�ÿÀ+, K�3 U ∈ N ¦�é

?¿ k = 0, 1, · · · , n− 1, xkUx
−1
k ⊆ V . Ïd, é?¿ g ∈ O(U, ε) k

{r ∈ J : f(r)g(r)f(r)−1 /∈ V } =
n−1⋃
k=0

{r ∈ [ak, ak+1) : xkg(r)x−1k /∈ V }

⊆
n−1⋃
k=0

{r ∈ [ak, ak+1) : g(r) /∈ U}

= {r ∈ J : g(r) /∈ U}.
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Ï

µ({r ∈ J : f(r)g(r)f(r)−1 /∈ V }) ≤ µ({r ∈ J : g(r) /∈ U}) < ε.

¤± fgf−1 ∈ O(V, ε), u´ fO(U, ε)f−1 ⊂ O(V, ε).

e G ´[ÿÀ+.

(d) é?¿ O(V, ε) ∈ N •, �3 U ∈ N ¦� U−1 ⊆ V � U = U−1. u´

O(U, ε) 3 G• ¥´é¡�. w,, e• ∈ O(U, ε) ⊆ O(V, ε).

·K 4.3.3 e[ (�) ÿÀ+ G ´ Ti �, K G• �´ Ti �, Ù¥ i ∈ {1, 2}.

y² � f ∈ G• � f 6= e•, K ε = µ({r ∈ J : f(r) 6= e}) > 0 � f(r) ��=k

k��.

e i = 1, K�3 V ∈ N ¦� V Ø¹Ø e 	�?Û f(r) ��. l

f /∈ O(V, ε). Ïd
⋂

N • = {e•}, = G• ´ T1 �.

e i = 2,K�3 V ∈ N ¦� V V −1 Ø¹Ø e	�?Û f(r)��.lé

?¿ f ∈ O(V, ε
2
), µ({r ∈ J : f(r)g(r) /∈ V }) ≥ ε

2
. Ïd f /∈ O(V, ε

2
)(O(V, ε

2
))−1.

¤±
⋂
U∈N • UU−1 = {e•}, = G• ´ T2 �. y..

·K 4.3.4 �ÿÀ+ G• ´�´ëÏ�ÛÜ�´ëÏ�.

y² �Iy²é�ÿÀ+ G, G• ´ÛÜ�´ëÏ�=�, Ù¦�/aq. Ï

��ÿÀ+´à5�m, �Iyé?¿ O(V, ε) ´�´ëÏ�. ?� O(V, ε) 9

f ∈ O(V, ε), K�3ëY¼ê ϕ : [0, 1] → O(V, ε) ¦� ϕ(0) = e• 9 ϕ(1) = f .

¯¢þ,d G• �½Â,�3k�¢ê� 0 = a0 < a1 < · · · < an = 1¦�éz�

k = 0, 1, · · · , n− 1, f 3 [ak, ak+1) þ�½�. é?¿ t ∈ [0, 1] 9z��K�ê

k < n, - bk;t = ak + t(ak+1− ak). ´�, é?¿ 0 < t < 19 k = 0, 1, · · · , n− 1

k bk;0 = ak, bk;1 = ak+1 9 ak < bk;t < ak+1. ½ÂN� ϕ : [0, 1] → G• Xe:

ϕ(0) = e•, ϕ(1) = f , é?¿ 0 < t < 1 9 0 ≤ r < 1,

ϕ(t)(r) =

{
f(r), e ak ≤ r < bk;t;

e, e bk;t ≤ r < ak+1.

éz� t ∈ [0, 1], Ï�

{r ∈ J : ϕ(t)(r) /∈ V } ⊆ {r ∈ J : f(r) /∈ V },
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KN� ϕ(t) ∈ O(V, ε). ey ϕ 3 [0, 1] þ´ëY�. ?� t0 ∈ [0, 1], -

δ = ε− µ({r ∈ J : ϕ(t0)(r) /∈ V }), K ϕ(t0 − δ, t0 + δ) ⊆ O(V, ε). ¢Sþ, é?

¿ t ∈ (t0 − δ, t0 + δ), e�ªf¤á

{r ∈ J : ϕ(t)(r) /∈ V } = {r ∈ J : ϕ(t)(r) /∈ V, ϕ(t)(r) = ϕ(t0)(r)} ∪

{r ∈ J : ϕ(t)(r) /∈ V, ϕ(t)(r) 6= ϕ(t0)(r)}

⊆ {r ∈ J : ϕ(t0)(r) /∈ V } ∪ {r ∈ J : ϕ(t)(r) 6= ϕ(t0)(r)}.

�

µ({r ∈ J : ϕ(t)(r) 6= ϕ(t0)(r)}) =
n−1∑
k=1

µ({r ∈ [ak, ak+1 : ϕ(t)(r) 6= ϕ(t0)(r)})

= |
n−1∑
k=1

(bk;t − bk;t0)|

= |t− t0| < δ.

Ïd,

µ({r ∈ J : ϕ(t)(r) /∈ V }) ≤ µ({r ∈ J : ϕ(t0)(r) /∈ V })

+µ({r ∈ J : ϕ(t)(r) 6= ϕ(t0)(r)})

< µ{r ∈ J : ϕ(t0)(r) /∈ V }+ δ = ε.

l, ϕ(t) ∈ O(V, ε). d t �?¿5,

ϕ(t0 − δ, t0 + δ) ⊆ O(V, ε).

Ïd,é?¿ f ∈ O(V, ε),�3 O(V, ε)¥ë� f � e•��´. ù`²é O(V, ε)

¥�?¿ü��3 O(V, ε) ¥ë�ùü:��´. � O(V, ε) ´�´ëÏ�. y

..

½n 4.3.5 éz��[ (�) ÿÀ+ G, �3��l G ��´ëÏ�ÛÜ�´

ëÏ[ (�) ÿÀ+ G• �f+�g,ÿÀÓ� iG : G → G•. e G ´ T2 �,

K iG(G) 4u G•.

y² éz� x ∈ G, G• ¥�� x• ½ÂXe: é?¿ r ∈ J , x•(r) = x. N�

iG : G → G•, x 7→ x• ´ÿÀü�. ¯¢þ, w, iG : G → iG(G) ´Ó�N�.

é?¿ V ∈ N ,

iG(V ) = {x• : x ∈ V } = O(V, 1) ∩ iG(G)
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9

i−1G (O(V, ε) ∩ iG(G)) = i−1G ({x• : x ∈ V }) = V.

Ïd, iG ´ÿÀü�.

d·K 4.3.4, �ÿÀ+ G• ´�´ëÏ�ÛÜ�´ëÏ�. e G ´ T2 �,

ey iG(G) ´ G• �4f+.

?� f ∈ G• \ iG(G). w,, N� f Ø´ J � G �~�N�. Ïd, �3

¢ê a1, a2, a3, a4 ÷v 0 ≤ a1 < a2 ≤ a3 ≤ a4 ≤ 1 9 x1, x2 ∈ G ¦� f 3

[a1, a2) þ��� x1, 3 [a3, a4) þ��� x2. Ï� x1, x2 ´ G ¥ØÓ:� G

´ T2 �, l�3 V ∈ N ¦� V x1 ∩V x2 = ∅. - ε = min{a2− a1, a4− a3},
K iG(G) ∩O(V, ε)f = ∅. ¢Sþ, ?� g ∈ O(V, ε),

µ{r ∈ J : g(r) /∈ V } < ε.

w,, �À� r1 ∈ [a1, a2) 9 r2 ∈ [a3, a4) ¦� g(r1), g(r2) ∈ V . Ïd,

gf(r1) = g(r1)f(r1) = g(r1)x1 ∈ V x1

�

gf(r2) = g(r2)f(r2) = g(r2)x2 ∈ V x2.

qÏ� V x1 ∩ V x2 = ∅, ¤± gf(r1) 6= gf(r2). lN� f /∈ iG(G)
G•

, = iG(G)

4u G•. y..

�e5·�?Ø G � G• �m�ÿÀ5�. eã(Øí2
ÿÀ+¥��

A(J.

½n 4.3.6 � κ ´Ã�Äê, G ´�ÿÀ+�äkXe5���:

(a) χ(G) ≤ κ;

(b) nw(G) ≤ κ;

(c) d(G) ≤ κ;

(d) G ´ κ-narrow,

K G• �äk�Ó�5�.

y² (a) b� G 3ü � e ?k��Ä N ÷v |N | ≤ κ. d G• þÿÀ�

½Â, 8x N • = {O(V, 1/n) : V ∈ N , n ∈ N} ´ G• ¥ü � e• ���Ä,

� |N •| ≤ |N | · ω ≤ κ. ùÒy²
 (a).
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(b) � G �� P ÷v |P| ≤ κ. é?¿ m ∈ N, P J(m) = {(b1, . . . , bm) :

0 < b1 < · · · < bm = 1�éz� i ∈ {1, . . . ,m}, bi ∈ Q}. �½m,n ∈ N9
−→
b =

(b1, . . . , bm) ∈ J(m),
−→
P = (P1, . . . , Pm) ∈ Pm, ½Â G• �f8 Q(m,n,

−→
b ,
−→
P )

Xe: g ∈ Q(m,n,
−→
b ,
−→
P ) ��=�

µ({r ∈ J :�3 k ∈ {0, 1, . . . ,m− 1} ¦� bk ≤ r < bk+1, g(r) /∈ Pk+1}) <
1

n
.

- L = {Q(m,n,
−→
b ,
−→
P ) : m,n ∈ N,

−→
b ∈ J(m),

−→
P ∈ Pm}, K |L| ≤ κ. ey

L ´ G• ��. ¯¢þ, ?� f ∈ G• 9 O(V, ε), K�3 a0, a1, · · · , am ÷v
0 = a0 < a1 < · · · < am = 1 ¦� f 3z��m«m Jk = [ak, ak+1) þ�½

�. éz� k ∈ {0, 1, . . . ,m − 1}, - xk = f(ak), Ï� P ´ G ��, ¤±�3

Pk+1 ∈ P ¦� xk ∈ Pk+1 ⊆ xkV . À� n ∈ N 9
−→
b = (b1, . . . , bm) ∈ J(m) ÷v

1
n
< ε �é?¿ k ∈ {1, . . . ,m− 1} k ak ≤ bk < ak+1, 9

∑m−1
k=1 (bk − ak) < 1

2n
.

� b0 = 0, bm = 1, �e5�I�y: f ∈ Q(m, 2n,
−→
b ,
−→
P ) ⊆ fO(V, ε). d

−→
b 9

−→
P �À���,é?¿ k ∈ {0, 1, . . . ,m−1}9 r ∈ [bk, ak+1), f(r) = xk ∈ Pk+1.

Ïdeé,� k < m k bk ≤ r < bk+1 9 f(r) /∈ Pk+1, K r ∈ [ak+1, bk+1) 9

k + 1 6= m. Ï�
∑m−1

k=1 (bk − ak) < 1
2n

, K f ∈ Q(m, 2n,
−→
b ,
−→
P ). �
�¤y²,

�Iyé?¿ g ∈ Q(m, 2n,
−→
b ,
−→
P ), k f−1g ∈ O(V, ε). -

L = {r ∈ J :�3 k ∈ {0, 1, . . . ,m− 1} ¦� bk ≤ r < bk+1, g(r) /∈ Pk+1},

d Q(m, 2n,
−→
b ,
−→
P ) �½Â� µ(L) < 1

2n
. eé,� k < m k r ∈ J \ L 9

bk ≤ r < ak+1, K g(r) ∈ Pk+1 � f(r) = xk. dd��, (f−1 ∗ g)(r) = x−1k g(r) ∈
x−1k Pk+1 ⊆ V . ù`²

M = {r ∈ J : f−1 ∗ g)(r) /∈ V } ⊆ L ∪
m−1⋃
k=1

[ak, bk).

Ïd, µ(M) < 1
2n

+ 1
2n

= 1
n
. u´ f−1g ∈ O(V, ε),=Q(m, 2n,

−→
b ,
−→
P ) ⊆ fO(V, ε).

� L ´ G• ��.

(c) �È�f8 D ⊆ G ÷v |D| ≤ κ. P S � G• ¥÷vXe^��� f

�8Ü: �3knê b0, b1, · · · , bm ÷v 0 = b0 < b1 < · · · < bm = 1 ¦� f 3

z��m«m Jk = [bk, bk+1) þ�½� xk ∈ D. ´� |S| ≤ |D| · ω ≤ κ, ey S

3 G• ¥È�. ¯¢þ, � fO(V, ε) ´ f ∈ G• �m��, Ù¥ V ´ G ¥ü 

� e �m��� ε > 0. u´�3¢ê 0 = a0 < a1 < · · · < an = 1 ÷vé?¿
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k = 0, 1, · · · , n−1, f 3 [ak, ak+1)þ�½�.� J ¥�knê b1, · · · , bn−1 ¦�
éz� k < n, ak ≤ bk < ak+1�

∑n−1
k=1(bk−ak) < ε. éz� k < n,Ï� D´ G

�È�f8,¤± D∩xkV 6= ∅. � yk ∈ D∩xkV ,Ù¥ xk = f(ak). - b0 = 09

bn = 1. ½Â� g ∈ S Xe: é?¿ r ∈ [bk, bk+1)9 k = 0, · · · , n−1, g(r) = yk,

K {r ∈ J : f−1g(r) /∈ V } ⊆ {r ∈ J : r ∈ [ak, bk), k = 0, 1, · · · , n− 1}. dd��
µ({r ∈ J : f−1g(r) /∈ V }) ≤ µ({r ∈ J : r ∈ [ak, bk), k = 0, 1, · · · , n − 1}) < ε.

Ïd g ∈ fO(V, ε), l S ´ G• �È�f8.

��y² (d). � G ´ κ-narrow. � O = O(V, ε) ´ e• 3 G• ¥�?

¿m��, Ù¥ V ´ e 3 G ¥�m��� ε > 0, K�38Ü D ⊆ G ¦�

G = DV 9 |D| ≤ κ. P S � G• ¥÷vXe^��� g �8Ü: �3knê

b0, b1, · · · , bn ÷v 0 = b0 < b1 < · · · < bn = 1, �¼ê g 3z� Jk = [bk, bk+1)

þ�½�, Ù�´ D ¥��. ´� |S| ≤ κ. ey G• = SO. ?� f ∈ G•,

K�3 0 = a0 < a1 < · · · < an = 1 ¦�é?¿ k = 0, 1, · · · , n − 1, f 3

[ak, ak+1)þ�½�.aqu (c)¥��E�{,�knê b0, b1, · · · , bn ¦�é?
¿ k = 1, · · · , n− 1 k b0 = 0, bn = 1, ak ≤ bk < ak+1, �

∑n−1
k=1(bk − ak) < ε. é

z� k ∈ {0, 1, ..., n− 1}, � xk ∈ D ¦� f(ak) ∈ xkV . P g � G• ¥��¦�

g 3 Jk = [bk, bk+1) þ���� xk, K g ∈ S � f ∈ gO. ùÒy²
 G• = SO,

� G• ´ κ-narrow. y..

d½n 4.3.5 Ú 4.3.6 9Ún 2.1.1, e�üíØ´w,�.

íØ 4.3.7 � G [ (�) ÿÀ+, K G ´1��ê���=� G• ´1��ê

�.

íØ 4.3.8 � G ´ T2 �[ÿÀ+, K G ´�Ýþ���=� G• ´�Ýþ

�.

½n 4.3.9 e�ÿÀ+ G ´ σ ;�, K G• �´ σ ;�.

y² � G ´�ê�;f8 Ki �¿, Ù¥ i ∈ N. Ø��é?¿ i ∈ N,

Ki ⊆ Ki+1. é?¿ n,m ∈ N, -

An = {(a1, · · · , an) ∈ In : 0 < a1 < · · · < an < 1}

9

An,m = {(a1, · · · , an) ∈ An : é?¿ k ≤ n, ak+1 − ak ≥ 1/m},
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Ù¥ a0 = 0 9 an+1 = 1. ´� An =
⋃∞
m=1An,m �z� An,m 4u In.

AO/, An,m ´;�. �½ n ∈ N, ½ÂN� ϕn : Gn × An → G• Xe:

ϕn(x0, · · · , xn, a1, · · · , an) = f , Ù¥é?¿ k ≤ n, f : J → G 3 [ak, ak+1)

þ��� xk. Ké?¿ m ∈ N, ϕn ��� Gn × An,m þ´ëY�. ¯¢

þ, � p = (x0, · · · , xn, a1, · · · , an) ∈ Gn × An,m �- f = ϕn(p). �Ä f

3 G• ¥�m�� fO(V, ε), Ù¥ V ´ G ¥ü ��m��� ε > 0. �

δ < min{ε/(2n), 1/(2m)}, ¿½Â p 3 Gn × Rn ¥��� W Xe

W = x0V × · · · × xnV × (a1 − δ, a1 + δ)× · · · × (an − δ, an + δ).

eyé?¿ q ∈ W ∩ (Gn × An,m), ϕn(q) ∈ fO(V, ε).

w,, q = (y0, · · · , yn, b1, · · · , bn),Ù¥ (y0, · · · , yn) ∈ Gn+19 (b1, · · · , bn) ∈
An,m. - g = ϕn(q), ´�é?¿ k ≤ n, x−1k yk ∈ V . eé,� k ≤ n k

r ∈ J \
⋃n
k=1(ak − δ, ak + δ) 9 ak ≤ r < ak+1, K bk ≤ r < bk+1 � g(r) = yk (Ù

¥, b0 = 0 � bn+1 = 1). Ïd, f(r)−1g(r) = x−1k yk ∈ V . ù`²

L = {r ∈ J : (f−1 ∗ g)(r) /∈ V } ⊆
n⋃
k=1

(ak − δ, ak + δ),

l µ(L) ≤ 2nδ < ε. u´, f−1 ∗ g ∈ O(V, ε). ¤± g = ϕn(q) ´ fO(V, ε) ¥

��, = ϕn 3 Gn ×An,m þëY. N´�y G• =
⋃∞
i,n,m=1 ϕn(Kn

i ×An,m), Ù

¥z� ϕn(Kn
i × An,m) ´ G• ¥�;f8. � G• ´ σ ;�. y..

Ï� σ ;5´4¢D�, ÏdkXeíØ.

íØ 4.3.10 � G ´ T2 �[ (�) ÿÀ+, K G ´ σ ;���=� G• ´ σ

;�.
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�½: �Ù¥N�þ�ëY�÷N�.

Borsuk Ú Ulam [27] Ú?
?¿ÿÀ�mé¡È�Vg. éuÿÀ�m X

9z� n ∈ N, n é¡È Fn(X) �±ÏLÈ�m Xn �û�m¼�. éü 

4«m I, Borsuk � Ulam y²
� n ∈ {1, 2, 3} �, n é¡È Fn(I) Ó�
u In; �e n ≥ 4 �, Fn(I) ØÓ�uî¼�m Rn �?Ûf8; é?¿ n ∈ N
k dimFn(I) = n. Bott [28] y²
 F3(S1) Ó�u S3, Ù¥ S1 Ú S3 ©OL

«ü �±Ú 3 �¥¡. ��, Ganea [54], Molski [119], Schori [136] 9 Maćıas

[107, 108, 109, 110] �?�ÚïÄ
é¡È.

�C, Good Ú Maćıas [60] ?Ø
2ÂÝþ�m�é¡È. ¦�¼�
�


2ÂÝþ5� P ¦�é?¿ n ∈ N, �m Fn(X) äk5� P ��=� X

äk5� P. ùL²é¡È�5�3,«§Ýþ�N
ÈÿÀ�5�. ���

Ñ�´, ¦���{´�E5�, Ø�6uÈÿÀÚ4N�, ù?�Ú�«
�

m X � Fn(X) �SÜ(��m�éX. Ó�¦��Ñ
�
~f`²�m X

äk,
5�, � F2(X) ØäkT5�.

�, Good � Maćıas �Ñ [60, p. 94]: “·�¦�U��y²·��(J

Ø´�6u¦È�4N�”, ·�E,}Á|^4f�m, k�¦ÈÚk��

�4N�, ¿|^ù��{Ú��{z©z [60] ¥®¼��(J9¼�é¡È

�
#�(J. Äk·�¼�é?¿ n ∈ N, 'u Xn �����½5½n

(½n 5.2.1). ����½5½n�A^, ·��ÄÿÀ5� P ¦��m X

äk5� P ��=� Fn(X) äk5� P, �Þ½y²
 43 �÷v��½

5½n�ÿÀ5�, ¿3½n 5.2.9¥�Ñ
 [60, ¯K 3.35]��½£�.3 5.3

!, ¼�
'u Xn ��� Fn(X) �_����½5½n (½n 5.3.1). �

�ù�½n�A^, ·��	ÿÀ5� P ¦�é?¿ n ∈ N 9�m X, È�

m Xn äk5� P ��=� Fn(X) äk5� P, �Þ½y²
 25 �÷vù

�½n�ÿÀ5�, ¿3~ 5.3.16 ¥�Ñ
 [60, ¯K 3.6] �Ä½£�.

kNõ5�÷v½5½n, ùp=�Þ
Ù¥��Ü©.

�Ù�áu�öÚ�Æ�Ç!�4ã�Ç�CuL�Ø©/Zhongbao Tang,

Shou Lin, Fucai Lin, Symmetric products and closed finite-to-one mappings,

Topol. Appl. 234 (2018), 26-450, =ë�©z [144].

39
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§5.1 ý��£

� (X, τ) ´ÿÀ�m, Ù¥ τ ´ X þ�ÿÀ. �Ä X ¥�e�f8x:

1. 2X = {A ⊆ X : A ´ X ���;f8};

2. F (X) = {A ∈ 2X : A ´k�8};

3. Fn(X) = {A ∈ 2X : |A| ≤ n}, n ∈ N.

w,, é?¿ n ∈ N, Fn(X) ⊆ Fn+1(X) ⊆ 2X � F (X) =
⋃
n∈N Fn(X).

D�f8x 2X Vietoris ÿÀ τV , ¤k/Xe��f8�¤ τV ���Ä:

〈U1, . . . , Uk〉 = {A ∈ 2X : A ⊆
⋃
i≤k

Ui �éz� i ∈ {1, . . . , k}, A ∩ Ui 6= ∅},

Ù¥éz� k ∈ N 9 i ≤ k, Ui ´ X ¥�m8.

D�f8xFn(X)�F (X)'u 2X �f�mÿÀ.�m 2X ¡� X ��

�;f8���m; f�m F (X)¡� X �k�f8���m; é?¿ n ∈ N,

f�m Fn(X) ¡� X � n é¡È.

N� fn : Xn � Fn(X)½ÂXe: é?¿ (x1, . . . , xn) ∈ Xn, fn(x1, . . . , xn) =

{x1, . . . , xn}. TN�3�Ù¥ò�E¦^, �kXeÚn.

Ún 5.1.1 � X ´ÿÀ�m, n ∈ N, K

(1) Fn(X) ´ F (X) �4f8;

(2) fn : Xn � Fn(X) ´k���4N� [60].

dÚn 5.1.1, é?¿ m,n ∈ N, e m < n, K Fm(X) ´ Fn(X) �4f8,

�N� f1 : X � F1(X) ´Ó�N�.

é��m�©l5kXe(J [113, ½n 4.9]: �m X ´ T2 (�K, ��

�K) �m��=� 2X ´ T2 (�K, ���K) �m.
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§5.2 Xn ��

ù�!·�Ì�?ØÿÀ5� P ¦��m X äk5� P ��=�éz

�½,� n ∈ N, Fn(X) äk5� P. kXe��½5½n.

½n 5.2.1 eÿÀ5� P ÷v:

(1) P ´4¢D�;

(2) P ´k��¦�;

(3) P ´�k���4N��±.

� X ´ÿÀ�m, n ∈ N, K X äk5� P ��=� Fn(X) äk5� P.

y² e�m X äk5� P, d^� (2), È�m Xn äk5� P. �âÚn

5.1.1, N� fn : Xn � Fn(X) ´k���4N�. d^� (3), Fn(X) äk5

� P.

��, � Fn(X) äk5� P. d^� (1) 9Ún 5.1.1, X äk5� P.

y..

����½5½n�A^, ·�ò�Ñ½y² 43 �÷v½n 5.2.1 ^�

�ÿÀ5�, �5 5.2.2 9 5.2.3, íØ 5.2.7, Ú½n 3.2.8 � 5.2.15. Ù¥�

��´'u�m�4N�5�, �ë�©z [35, 94].

5 5.2.2 e�5� P ÷v½n 5.2.1 �^�, Ïd�m X äk5� P ��

=�éz�½,� n ∈ N, Fn(X) äk5� P, ù
5�3 [60] ¥´ÏL�

E5�{y²�.

α �m [59, 157], ℵ0 �m [116], cosmic �m [116], �Ð�m [34, 59], 1

��ê�m [156], γ �m [59, 80], ÛÜ;�m[48], Ýþ�m [121], Moore �

m [34, 48, 59], M2 �m [26, 40], Nagata �m [25, 40], ��m [25, 40], σ �

m [48, 126, 141], �K�m [48], r �m [94].

5 5.2.3 e�5� P ÷v½n 5.2.1 �^�, Ïd�m X äk5� P ��

=�éz�½,� n ∈ N, Fn(X) äk5� P, ù
5�3 [60] ¥vk�Ñ.

ℵ �m [93, 128], Čech ���m [48], hemi ;�m [94], k Ýþ�m [16],

k∗ Ýþ�m [16], k ���m [55, 106], kω �m [53], [�Ð�m [22, 37], [Ý
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þ�m [59, 81], �Ýþ�m [59, 156], ���m [44], sn Ýþ�m [57], so Ý

þ�m [100], äk�ê.��m [153], äk:�ê.��m [50, 96], äk δθ

Ä��m [14, 38], äk:�êÄ��m [14, 50], äk:�ê k ���m[65],

äk σ :k�Ä��m [14, 50], äk��Ä��m [14, 34, 155] 1, î� p �

m [45, 59], r Σ �m [32, 122], r Σ] �m [102].

3þã5�¥=�y k Ýþ�m÷v½n 5.2.1¥�^�.N� f : X → Y

¡� proper N� [16, p. 477], e K ´ Y �;f8, K f−1(K)´ X �;f8.

Ýþ�m� proper N�¡� k Ýþ�m [16, p. 484].

Ún 5.2.4 k Ýþ�m÷v½n 5.2.1 ¥�^�.

y² (1) k Ýþ�m´¢D�. b� Y ´ k Ýþ�m� Z ´ Y�f�m, K

�3Ýþ�m X � proper N� f : X → Y . � S = f−1(Z), K S ´�Ýþz

�m. e A ´ Z �;f8, K A �´ Y�;f8. l, f−1(A) ´ X�;f

8, � (f|S)−1(A) = f−1(A) ´ S �;f8. ¤± f|S : S → Z ´ proper N�,

l Z ´ k Ýþ�m.

(2) k Ýþ�m´�ê�¦�. b� {Yn}n∈N ´ k Ýþ�m�, K�3

��Ýþ�m {Xn}n∈N 9�� proper N� {fn : Xn → Yn}n∈N. ½ÂN�

f :
∏

n∈NXn →
∏

n∈N Yn Xe: éz� (xn) ∈
∏

n∈NXn, f((xn)) = (fn(xn)). ´

� f ´ proper N�. Ïd
∏

n∈N Yn ´ k Ýþ�m.

(3) k Ýþ�m�k���4N��±. Ï�ü� proper N��EÜ�´

proper N�, ¤± k Ýþ�m� proper N��±. w,, z�k���4N�

´ proper N�. Ïd, k Ýþ�m�k���4N��±.

5 5.2.5 e�ÿÀ5� P Ø÷v½n 5.2.1 ¥�^�, � [60] ¥y²
�m

X äk5� P ��=�éz�½,� n ∈ N, Fn(X) äk5� P.

�©�m [60, ½n 3.10], äk Gδ é�� (G∗δ é��) ��m [60, ½n

3.21], ÷v�êó^���m (MA+¬CH) [60, íØ 5.5].

1[34]� [155]vkJ9äk��Ä��m. �â [48,Ún 5.4.7],�mäk��Ä��=

�T�m´�Ð� meta ;�m. � f ´ X � Y þ���N�. e X äk��Ä, K X

´�Ð� meta;�m. d [34, p. 273,1 2-71]9 [155,½n 1, p. 175], Y ´�Ð� meta

;�m. Ïd Y äk��Ä.
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�ÿÀ5� P ÷v�ê4Ú½n, dÚn 5.1.1, ez� Fn(X) äk5�

P, Kd F (X) =
⋃
n∈N Fn(X), F (X) äk5� P. u´ke�(Ø.

5 5.2.6 e�5� P ÷v^�: e�m X äk5� P, K F (X) �äk5

� P 2.

Cosmic �m [2, 116], ���m [126], �©�m, σ �m [126], r Σ �m

[122], r Σ] �m [117].

�m (X, τ) ¡�g�Ýþ� [63], e�3 X þ�ÿÀ τ ′ ¦� τ ′ ⊆ τ �

(X, τ ′) ´�Ýþ�. g�Ýþ5Ø�k���4N��± [131, ~ 1].

íØ 5.2.7 � X ´ÿÀ�m, n ∈ N, K X ´g�Ýþ�m��=� Fn(X)

´g�Ýþ�m.

y² Ï�g�Ýþ5´¢D�, ��Iy7�5. � (X, τ) ´g�Ýþ�m.

K�3 X þ�ÿÀ τ ′ ¦� τ ′ ⊆ τ � (X, τ ′) ´�Ýþ�. N´�y 2X þ�

Vietoris ÿÀ÷v τ ′V ⊆ τV . - T ′
n = τ ′V |Fn(X) 9 Tn = τV |Fn(X), K Fn(X)

þ�f�mÿÀ÷v T ′
n ⊆ Tn. d½n 5.2.1, (Fn(X),T ′

n) ´�Ýþ�. Ïd

Fn(X) ´g�Ýþ�. y..

Good � Maćıas [60, p. 94] JÑ
eã¯K.

¯K 5.2.8 [60, ¯K 3.35] � X ´ÿÀ�m, n ∈ N. e Fn(X) ´ Morita �

P �m, @o X ´ Morita � P �mí?

e¡�Ñ¯K 5.2.8 ��½£�. £Á Morita � P �m�½Â. �m X

¡� Morita � P �m [120], e X �m8x {U(α1, . . . , αn) : α1, . . . , αn ∈
A;n ∈ N}÷veã^�:é?¿ α1, . . . , αn+1 ∈ A9 n ∈ Nk U(α1, . . . , αn) ⊆
U(α1, . . . , αn, αn+1), K�3 X �48x {F (α1, . . . , αn) : α1, . . . , αn ∈ A;n ∈
N} ÷veã^�:

(1) F (α1, . . . , αn) ⊆ U(α1, . . . , αn);

(2)eéz�S� {αn}n∈Nk
⋃
n∈N U(α1, . . . , αn) = X,K

⋃
n∈N F (α1, . . . , αn) =

X.

2�K5Ø÷v�ê4Ú½n [48, ~ 1.5.6]. e X ´�K�m, K 2X ´�K� [113, ½

n 4.9], Ïd F (X) ´�K�.
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½n 5.2.9 � X ´ÿÀ�m, n ∈ N, K X ´ Morita � P �m��=�

Fn(X) ´ Morita � P �m.

y² d [60, ½n 3.34], 7�5®y. �âÚn 5.1.1, �Iy Morita � P �

mäk4¢D5=�.

� X ´ Morita � P �m, Y ´ X �4f�m. b� Y �m8x

{U(α1, . . . , αn) : α1, . . . , αn ∈ A;n ∈ N} ÷veã^�:

é?¿ α1, . . . , αn+1 ∈ A 9 n ∈ N, U(α1, . . . , αn) ⊆ U(α1, . . . , αn, αn+1).

- H(α1, . . . , αn) = U(α1, . . . , αn) ∪ (X − Y ), K H(α1, . . . , αn) mu X �

H(α1, . . . , αn) ⊆ H(α1, . . . , αn, αn+1). d Morita � P �m�½Â, �3 X �

48x {F (α1, . . . , αn) : α1, . . . , αn ∈ A;n ∈ N} ÷veã^�:

(1) F (α1, . . . , αn) ⊆ H(α1, . . . , αn);

(2)eé?¿S� {αn}n∈Nk
⋃
n∈NH(α1, . . . , αn) = X,Kk

⋃
n∈N F (α1, . . . , αn) =

X .

N´�y8x {F (α1, . . . , αn)∩ Y : α1, . . . , αn ∈ A;n ∈ N} ÷v Morita �

P �m�½Â. � Y ´ Morita � P �m. y..

d [120,½n 3.3],4N��± Morita� P �m. �·�Ø�� Morita�

P �m´Ä´k��¦�.

�e5·�òy² snf �ê (sof �ê, csf �ê) �m÷v½n 5.2.1 ¥

�^�, AO´§��k���4N��±.

N� f : X → Y ¡�S�ûN� [24, p. 174], e f−1(H) ´ X ¥�S�

m8, K H ´ Y ¥�S�m83. ·��� f ´S�ûN���=�é?¿Â

ñu y ∈ Y �S� {yn}n∈N, �3 X ¥�S� {xi}i∈N ÷vé {yn}n∈N �,�
fS� {yni

}i∈N k xi ∈ f−1(yni
), � {xi}i∈N Âñu,� x ∈ f−1(y) [24, ½n

4.5].

Ún 5.2.10 � f : X → Y ´k���4N�, K f ´S�ûN�.

y² b� {yn}n∈N ´ Y ¥Âñu: y ∈ Y �S�. - S = {yn : n ∈ N}∪{y},
K f−1(S) ´ X �;��êf8, Ïd f−1(S) ´;Ýþ�m [63, ½n 2.13,

4.6]. é?¿ n ∈ N, �: xn ∈ f−1(yn), K f−1(S) ¥�S� {xn}n∈N kÂñf
S� {xni

}i∈N. d [24, ½n 4.5], f ´S�ûN�. y..

3� f : X → Y ´ëY�. e H ´ Y ¥�S�m8, K f−1(H) ´ X ¥�S�m8.
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Ún 5.2.11 � f : X → Y ´k���4N�, e X ´ snf �ê�, K Y �

´ snf �ê�.

y² � y ∈ Y �é,� n ∈ N, f−1(y) = {x1, . . . , xn}. Ï� X ´ snf �ê

�, Kéz� i ∈ {1, . . . , n} �3 xi �4~� sn � {Ui,j}j∈N. é?¿ j ∈ N,

- Vj =
⋃
i≤n Ui,j, K f(Vj) ´ Y ¥: y �S���. eØ,, �3 Y ¥�S�

{yn}n∈N Âñu y ¦�é?¿ n ∈ N k yn /∈ f(Vj). dÚn 5.2.10, f ´S�û

N�, Ï�3 X ¥�S� {zk}k∈N Âñu: z ∈ f−1(y) ¦�éz� k ∈ N,

ynk
= f(zk). Ïd,�3 i0 ∈ {1, . . . , n}÷v z = xi0 . qÏ� Ui0,j ´ xi0 �S�

��, ¤±�3 k0 ∈ N ¦�é?¿ k > k0 k zk ∈ Ui0,j ⊆ Vj, =é?¿ k > k0,

ynk
= f(zk) ∈ f(Vj),gñ. ey8x {f(Vj)}j∈N´ y3 Y ¥� sn�. � y ∈ W

� W mu Y , K f−1(y) = {x1, . . . , xn} ⊆ f−1(W ). éz� i ∈ {1, . . . , n}, �
3 ji ∈ N ¦� xi ∈ Ui,ji ⊆ f−1(W ). - j = max{ji : i ∈ {1, . . . , n}}, K
f−1(y) ⊆ Vj ⊆ f−1(W ), = y ∈ f(Vj) ⊆ W . y..

íØ 5.2.12 � f : X → Y ´k���4N�. e X ´f1��ê (1��

ê) �m, K Y �´f1��ê (1��ê) �m.

y² Ï�S� (Fréchet) �m�4N��± [51, ·K 1.2, 2.3], ¤± Y ´S

� (Fréchet) �m. dÚn 5.2.11, Y ´ snf �ê�m. qÏ��m´f1��

ê (1��ê) ��=�T�m´S� (Fréchet) � snf �ê�m [97, 99]. �

Y ´f1��ê (1��ê) �m. y..

Ún 5.2.13 � f : X → Y ´k���4N�. e X ´ sof �ê�, K Y �

´ sof �ê�.

y² � σX, σY ©O´�m X, Y �S�{��. ½ÂN� g : σX → σY X

e: é?¿ x ∈ X, g(x) = f(x). w, g ´k����.

äó 1. σX ´1��ê�.

� P =
⋃
x∈X Px ´ X � so �. Ï� X ´ sof �ê�, é?¿ x ∈ X,

Ø��8xPx ´ X ¥�4~�S�m8x. w,, P ´ σX ¥�m8x. e

y8x Px = {Px,n}n∈N ´ x 3 σX ¥���Ä. eØ,, K�3 σX ¥ x �

m�� U ¦�é?¿ n ∈ N k Px,n \ U 6= ∅. éz� n ∈ N, � xn ∈ Px,n \ U ,
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KS� {xn}n∈N Âñu x. Ïd U Ø´ X ¥�S�m8, gñ. � σX ´1�

�ê�.

äó 2. g ´ëY4N�.

� F 4u σY , = F ´ Y ¥�S�48. Ï� f ´ëY�, ¤± f−1(F )

´ X ¥�S�48. l f−1(F ) 4u σX. Ïd, g ´ëY�.

� A ´ σX �4f8. e {yn}n∈N ´ f(A) ¥Âñu: y ∈ Y �S�. é

?¿ n ∈ N, À� xn ∈ A ¦� yn = f(xn). dÚn 5.2.10, �3 {xn}n∈N �
ÂñfS� {xni

}i∈N. �S� {xni
}i∈N Âñu x ∈ X. Ï� A ´ X ¥�S�

48, ¤±Âñ: x ∈ A. Ïd, S� {f(xni
)} = {yni

} Âñu y ∈ Y . ù¿�

X y = f(x) ∈ f(A), � f(A) ´ Y �S�48, = f(A) 4u σY . u´N�

g : σX → σY ´4�.

�âíØ 5.2.12 Úäó 1 � 2, �m σY ´1��ê�. � Y ´ sof �ê

�. y..

Ún 5.2.14 � f : X → Y ´k���4N�. e X ´ csf �ê�, K Y �

´ csf �ê�.

y² b� y ∈ Y 9é,� n ∈ N, f−1(y) = {x1, . . . , xn}. éz� i ∈
{1, . . . , n},� {Ui,j}j∈N´ xi� cs�. -Py = {f(Ui,j) : i ∈ {1, . . . , n}, j ∈ N},
K8xPy ´ y 3 Y ¥� cs∗ �. ¯¢þ,� {yn}n∈N ´ Y ¥Âñu: y �S

�, � V ´ y 3 Y ¥���. dÚn 5.2.10, f ´S�ûN�. l�3 X ¥

�ÂñS� {zk}k∈N ¦� {f(zk)}k∈N ´ {yn}n∈N �fS�. �S� {zk}k∈N Â
ñu z ∈ f−1(y), K�3 i ∈ {1, . . . , n} ¦� z = xi. d z ∈ f−1(V ), �3 j ∈ N
¦� Ui,j ⊆ f−1(V ) �S� {zk}k∈N ªu Ui,j. Ïd, S� {yn}n∈N kfS�ª
u f(Ui,j) � f(Ui,j) ⊆ V . ùL²8x Py ´ y 3 Y ¥� cs∗ �. ¤±, Y ´

cs∗f �ê�. d [17, ·K 2], Y ´ csf �ê�. y..

d½ÂN´�y snf �ê�m (sof �ê�m, csf �ê�m) Ñäk4¢

D5Úk��¦5. Ïd, dÚn 5.2.11 (Ún 5.2.13 Ú 5.2.14) 9½n 5.2.1,

kXe(J.

½n 5.2.15 � X ´ÿÀ�m, n ∈ N, K X ´ snf �ê� (sof �ê�, csf

�ê�) ��=� Fn(X) ´ snf �ê� (sof �ê�, csf �ê�).
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äk σ 4��±Ä��K�m¡� M1 �m [40]. [60,½n 3.26]¥y²


Xe(J: � X ´ÿÀ�m, n ∈ N, K X ´ M1 �m��=� Fn(X) ´ M1

�m. 3 [60, ½n 3.26] y²L§¥, �ö�Ñ M1 �m�z�4f8´ M1 �

m. ¯¢þ, þãy²�3¦É,Ï�ÿØ�Ù M1 ´4¢D� [64, ¯K 1Ú½

n 1.1]. Ïd, ·�kXe¯K.

¯K 5.2.16 � X ´ÿÀ�m. eé,��ê n ≥ 2, Fn(X) ´ M1�m, @o

X ´ M1 �mí?

���K�m X ¡� p �m [63, p. 441-442], e�3 Čech-Stone ;z

βX ¥�m8x� {Un}n∈N ÷v (i) z� Un CX X; (ii) éz� x ∈ X,⋂
n∈N st(x,Un) ⊆ X.

¯K 5.2.17 XJ X ´ p �m, @o�3�ê n ≥ 2 ¦� Fn(X) ´ p �m

í?

§5.3 Fn(X) �_�

ù�!·�Ì�?ØØäkk��¦5�ÿÀ�m� n é¡È. �Ä

ÿÀ5� P ¦�é?¿ n ∈ N, �m X �È�m Xn äk5� P ��=

�Fn(X) äk5� P.

dÚn 5.1.1, N´y²Xe��½5½n.

½n 5.3.1 eÿÀ5� P ÷v:

(1) P �k���4N��±;

(2) P �k���4N�_�±.

� X ´ÿÀ�m, n ∈ N, KÈ�m Xn äk5� P ��=� Fn(X) äk5

� P.

����½5½n�A^, e¡�Ñ½y² 25 �÷v½n 5.3.1 ¥^�

�ÿÀ5�, �5 5.3.2 � 5.3.3, ½n 5.3.6, 5.3.8, 5.3.10, 5.3.12 Ú 5.3.14, 9í

Ø 5.3.11.
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5 5.3.2 e�ÿÀ5�÷v½n 5.3.1 ¥^�:

β �m [87, 147], k �m [3, 48], q �m [87, 156], S��m [52, 164], Σ

�m [122], Σ] �m [102, 127], wM �m [75, 87], wσ �m [87, 147].

5 5.3.3 e�ÿÀ5�÷v½n 5.3.1 ¥^�:

Iso ;�m [15], Lindelöf �m [48], meso ;�m [79, 111], meta ;�m

[61, 155], �;�m [48, 114], � Lindelöf �m [35, 36], g�;�m [32, 33],

θ \[�m [35, 77], f θ \[�m [39, 165].

Ún 5.3.4 � f : X → Y ´k���4N�. e Y ´ Fréchet (r Fréchet) �

m, K X �´ Fréchet (r Fréchet) �m.

y² TÚn®3 [94] ¥uÙ, Ùy²´#�. ùp=y²r Fréchet �m. �

{An}n∈N ´ X ¥4~�8��÷v x ∈
⋂
n∈NAn, K f−1(f(x)) = {x1, . . . , xn}

é,� n ∈ N ¤á�- x1 = x. Ï� X ´ T2 �m, ¤±�3 x �m��

V ¦� V ∩ {x2, . . . , xn} = ∅. lé?¿ n ∈ N, x ∈ V ∩ An ⊆ V ∩ An.

Ïd, f(x) ∈ f(V ∩ An) = f(V ∩ An). qÏ� Y ´r Fréchet �m, ¤±é

?� n ∈ N �3 zn ∈ V ∩ An ¦�S� {f(zn)}n∈N Âñu f(x). dÚn

5.2.10 9 {An}n∈N ´4~8�, S� {zn}n∈N 3 X ¥Âñ, �Ù4�:áu8

Ü V ∩ f−1(f(x)) = {x}, = {zn}n∈N Âñu x. � X ´r Fréchet �m. y..

�m X ¡� wγ �m [72], e�3 X þ� g ¼ê¦�XJé?¿ n ∈ N
k yn ∈ g(n, p) 9 xn ∈ g(n, yn), KS� {xn}n∈N 3 X ¥kà:. d g ¼ê¡

� wγ ¼ê.

4N� f : X → Y ¡�[��� [35], eéz� y ∈ Y , f−1(y) ´ X ¥�

�ê;f8.

Ún 5.3.5 � f : X → Y ´[��N�. e X ´ wγ �m, K Y �´ wγ �

m.

y² Ï� (X, τX) ´ wγ �m, K�3 X þ� wγ ¼ê g : N×X → τX .

äó. e X ¥�S� {xn}n∈N kà:, K?�÷v zn ∈ g(n, xn) �S�

{zn}n∈N 3 X ¥kà:.
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¢Sþ, � x ´S� {xn}n∈N 3 X ¥�à:, K�3 {xn}n∈N �fS�
{xnk
}k∈N ¦�é?� k ∈ N, xnk

∈ g(k, x). Ïd, znk
∈ g(nk, xnk

) ⊆ g(k, xnk
).

¤±S� {znk
}k∈N 3 X ¥kà:.

½Â¼ê h : N× Y → τY Xe: é?¿ n ∈ N, y ∈ Y , h(n, y) = Y \ f(X \
∪{g(n, x) : f(x) = y}). Ï� f ´4�, K h ´ Y þ� g ¼ê. ey h ´ Y

þ� wγ ¼ê. ¯¢þ, éz� q ∈ Y , � {bn}n∈N � {yn}n∈N ´ Y ¥�S�

�é?¿ n ∈ N, bn ∈ h(n, q) 9 yn ∈ h(n, bn). Ï� f−1(yn) ⊆ f−1(h(n, bn)) ⊆⋃
{g(n, x) : f(x) = bn}, K�3 an ∈ f−1(bn) 9 xn ∈ f−1(yn) ∩ g(n, an). qÏ

� f−1(bn) ⊆ f−1(h(n, q)) ⊆
⋃
{g(n, x) : f(x) = q}, ¤±�3 pn ∈ f−1(q) ¦�

an ∈ g(n, pn). du f−1(q) ´ X ¥��ê;f8, ¤±S� {pn}n∈N kà:.

�âäó9 an ∈ g(n, pn)� xn ∈ g(n, an), S� {xn}n∈N 3 X ¥kà:. Ïd,

d xn ∈ f−1(yn), S� {yn}n∈N 3 Y ¥kà:. � Y ´ wγ �m. y..

Ï� Fréchet �m (r Fréchet �m) ��mN� (�êVûN� [139, ·

K 3.4]) �± [51, ·K 2.3] 9 wγ �m�[��N�_�± [87], dÚn 5.3.4

(Ún 5.3.4, 5.3.5) Ú½n 5.3.1, e�(J´w,�.

½n 5.3.6 � X ´ÿÀ�m, n ∈ N,KÈ�m Xn ´ Fréchet�m (r Fréchet

�m, wγ �m) ��=� Fn(X) ´ Fréchet �m (r Fréchet �m, wγ �m).

¡ÿÀ�m X äk�ê tightness [118, ½Â 8.2 �·K 8.5] 4, eé X �

?¿f8 A 9 x ∈ A, �3�êf8 C ⊆ A ¦� x ∈ C.

Ún 5.3.7 � f : X → Y ´k���4N�. e Y äk�ê tightness, K X

�äk�ê tightness.

y² � A ⊆ X 9 x ∈ A, K f−1(f(x)) = {x1, . . . , xn} é,� n ∈ N ¤
á�- x = x1. Ï��m X ´ T2, K�3 X �pØ���m8 V1, V2 ¦

� x ∈ V1 � {x2, . . . , xn} ⊆ V2. l, x ∈ V1 ∩ A ⊆ V1 ∩ A. Ïd, f(x) ∈
f(V1 ∩ A) = f(V1 ∩ A). qÏ��m Y äk�ê tightness, ¤±�3�êf

8 C ⊆ V1 ∩ A ¦� f(x) ∈ f(C) = f(C). ù`² f−1(f(x)) ∩ C 6= ∅. d
f−1(f(x)) ∩ C ⊆ (V1 ∪ V2) ∩ V1 = V1, f

−1(f(x)) ∩ C = {x}, = x ∈ C. � X ä

k�ê tightness. y..

4�ê tightness �¡�d�ê8(½�5� [118].
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Ï�ûN��±äk�ê tightness��m [118, Ún 8.4], dÚn 5.3.79

½n 5.3.1, eã(Ø´w,�.

½n 5.3.8 � X ´ÿÀ�m, n ∈ N, KÈ�m Xn äk�ê tightness ��=

� Fn(X) äk�ê tightness.

S��m´äk�ê tightness � k �m [118, p. 119 �Ún 8.3].

~ 5.3.9 �3�� Fréchet �m X ¦� F2(X) QØ´ k �m�Øäk�ê

tightness.

y² - X = Sω1 , K�m X ´ Fréchet �m, �È�m X2 QØ´ k �m [62,

Ún 5] �Øäk�ê tightness [66, p. 303]. d½n 5.3.1 9 5.3.8, F2(X) Q

Ø´ k �m�Øäk�ê tightness. y..

z�é¡Ýþ�mÑ´f1��ê� [4, p. 129]. é¡Ýþ�mØ�k�

��4N�_�± [112, ~ 4.8].

½n 5.3.10 � X ´ÿÀ�m, n ∈ N. e�(Ø�p�d:

(1) X ´é¡Ýþ�m� Xn ´ k �m;

(2) Xn ´é¡Ýþ�m;

(3) Fn(X) ´é¡Ýþ�m.

y² d [142, ½n 4.2], (1)⇔ (2).

(2) ⇒ (3). Ï�k���4N��±é¡Ýþ�m [142, p. 110], dÚn

5.1.1, Fn(X) ´é¡Ýþ�m.

(3) ⇒ (1). e Fn(X) ´é¡Ýþ�m, K Fn(X) ´S��m [140, 1.4]

� X ´é¡Ýþ�m. Ï�k���4N�_�±S��m [164], ¤±dÚn

5.1.1 �, È�m Xn ´S��m. � Xn ´ k �m. y..

íØ 5.3.11 � X ´ÿÀ�m, n ∈ N. eã(Ø�p�d:

(1) X ´ g Ýþ�m� Xn ´ k �m;

(2) Xn ´ g Ýþ�m;

(3) Fn(X) ´ g Ýþ�m.
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y² d [143, ½n 2.9], (1)⇔ (2).

(2)⇒ (3). Ï�k���4N��± g Ýþ�m [95],dÚn 5.1.1, Fn(X)

´ g Ýþ�m.

(3) ⇒ (1). e Fn(X) ´ g Ýþ�m. w,, X ´ g Ýþ�m. Ï� g Ýþ

�m´é¡�m [140, 1.8], d½n 5.3.10, Xn ´ k �m. y..

½n 5.3.12 � X ´ÿÀ�m, n ∈ N. eã(Ø�p�d:

(1) X ´ snf �ê�� Xn ´S��m;

(2) Xn ´f1��ê�m;

(3) Fn(X) ´f1��ê�m.

y² (1) ⇒ (2). Ï� X ´ snf �ê�, N´�yÈ�m Xn ´ snf �ê�.

Ïd, d [97, Ún 5.1], Xn ´f1��ê�m.

(2) ⇒ (3). Ï� fn : Xn � Fn(X) ´k���4N��È�m Xn ´f

1��ê�m, díØ 5.2.12, Fn(X) ´f1��ê�m.

(3) ⇒ (1). e Fn(X) ´f1��ê�m, K X ´ snf �ê�� Fn(X)

´S��m. qÏ� fn : Xn � Fn(X) ´k���4N�, ¤±d [164, ½n

5.1], È�m Xn ´S��m. y..

~ 5.3.13 �3 g Ýþ�m X ¦� F2(X) Ø´ k �m.

y² - Y = S2 × (P ∪ {0}), Ù¥ S2 ´ Arens �m [48, ~ 1.6.19] � P ´Ã
nê�m, K�m Y Ø´ k �m [102, ~ 1.8.6, p. 44]. - X = S2 ⊕ (P ∪ {0}).
Ï� S2 � (P ∪ {0}) Ñ´ g Ýþ�m, ¤±�m X ´ g Ýþ�m. qÏ� Y

´ X2 �4f8� k �m´4¢D�, ¤± X2 Ø´ k �m. dÚn 5.1.1 ½5

5.3.2, F2(X) Ø´ k �m. y..

~ 5.3.13`²�3�� g Ýþ�m (é¡Ýþ�m, f1��ê�m, S�

�m, k �m) X ¦� F2(X) Ø´ g Ýþ�m (é¡Ýþ�m, f1��ê�

m, S��m, k �m).

�m X ¡� Lašnev �m [35], e X ´Ýþ�m�4N�.

½n 5.3.14 é�m X, eã(Ø�p�d:
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(1) é?¿ n ∈ N, Fn(X) ´Ýþ�m;

(2) �3�ê n ≥ 2, Fn(X) ´Ýþ�m;

(3) �3�ê n ≥ 2, Fn(X) ´ Lašnev �m;

(4) X2 ´ Lašnev �m;

(5) X ´Ýþ�m.

y² w,, (1)⇒ (2)⇒ (3). d [74, ½n B], k (4)⇔ (5). d½n 5.2.1 ½5

5.2.2, (1)⇔ (5).

ey (3)⇒ (4). e�3�ê n ≥ 2, Fn(X) ´ Lašnev �m. dÚn 5.1.1,

F2(X) ´ Fn(X) �4f8, ¤± F2(X) ´ Lašnev �m. �â [60, ½n 3.9],

X2 ´ Lašnev �m. y..

Good � Maćıas [60, p. 94] JÑ
eã¯K.

¯K 5.3.15 [60, ¯K 3.6] � X ´ Lašnev �m, @o�3�ê n ≥ 2 ¦�

Fn(X) ´ Lašnev �mí?

eã~f�Ñ
¯K 5.3.15 �Ä½£�.

~ 5.3.16 �3�� Lašnev �m X ¦�é?¿�ê n ≥ 2, Fn(X) Ø´

Lašnev �m.

y² � X = Sω, K�m X ´Ø�Ýþ� Lašnev �m [102, ~ 1.8.7, p. 45].

Ïd, d½n 5.3.14, Fn(X) Ø´ Lašnev �m. y..

�m (X, τ) ¡� w∆ �m [102, ½Â B.3.36], e�3 X þ� g ¼ê

g : N × X → τ ¦�XJé?¿ n ∈ N k {x, xn} ⊆ g(n, yn), KS� {xn}n∈N
3 X ¥kà:.

¯K 5.3.17 � X ´ÿÀ�m, �ê n ≥ 2. eÈ�m Xn ´ w∆ �m, @o

Fn(X) ´ w∆ �mí?

5 5.3.18 e Fn(X) ´ w∆ �m, d [102, ·K 3.6.15], Xn ´ w∆ �m.
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5 5.3.19 �C, $ûÈÚ�� [130] �Ä
2ÂÝþ�m�é¡È. ¦���

{�´�E5�, Ø�6¦È$�Ú4N�. ¦�y²
: � X ´ÿÀ�m,

n ∈ N, K X äk5� P ��=� Fn(X) äk5� P, Ù¥ P ´e�5�

��:

(G); m (G); äk:�êÄ��m; 1��ê�m; äk�K Gδ é���

�m; ���m; �Ýþ�m; k ���m; scattered �m; äk:�ê cs ��

�m (Ýþ�m�S�CX s N�); z�;f8´�Ýþz��m.
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§6.1 [ÿÀ+�[ïÄ��

[ÿÀ+��ÿÀ+�í2, gVgJÑ�, ïÄ?Ðé�ú. �©l[ÿ

À+�2ÂÝþ5�!ÄêØCþ!n�m¯K9ëÏ5A��¡ïÄ
[ÿ

À+. [ÿÀ+�ïÄâm©åÚ, Ùcµ2,. ��uÿÀ+��ÿÀ+�ï

Ä, Ø
�©ïÄ�A��¡, [ÿÀ+�kXe[ïÄ���UY&?.

��ÿÀ�m X � Hausdorff ;z�{��´ X �, Hausdorff;z bX

�f�m bX\X. éÿÀ�m� Hausdorff;z�{�ïÄ´��ÿÀÆ���

ïÄ��.ïÄ Hausdorff;z�{����¯K´�� Tychonoff�mX �

Hausdorff;z�{äk�o��ÿÀ5�? M. Henriksen� J. Isbelly²
�

m X ´�ê.���=� X �?Û;z�{´ Lindelöf [70]. A. Arhangel’skǐı

ïÄ
ÿÀ+� Hausdorff ;z�{¿��
éõ�(J, AO´�©5½

n: e G ´ÿÀ+, K G � Hausdorff ;z�{½ö´�;�½ö´ Lindelöf.

$^�©5½n¼�
�X�(J, � [8, 9, 89, 103, 105] �. 'u�ÿÀ+Ú

�ÿÀ+� Hausdorff ;z�{�(J�Fì´L, � [92, 154, 159, 160, 158]

�. 8c'u[ÿÀ+� Hausdoff ;z�{�ïÄÿá�x, Ïd���[

ÿÀ+ïÄ�d3��.

ÿÀ+ G ¡� R-factorizable [148, 149], eé G þ�?�¢�ëY¼ê

f , �3äk�êÄ�ÿÀ+ H, ëYÓ� p : G → H 9 H þ�¢�ëY¼

ê h, ¦� f = h ◦ p. 'u R-factorizable ÿÀ+��[(Jë� [12, 1 8

Ù]. �|ù�?�ÚïÄ
�ÿÀ+� R-factorizability, � [161, 163] �. 8

cÿÃ'u[ÿÀ+� R-factorizability ��'(J, �k M. Tkachenko 3

[135, ¯K 3.12 (h)] ¥J�[ÿÀ+� R-factorizability. Ï�ïÄ[ÿÀ+

� R-factorizability.

§6.2 [ÿÀ+¥��
úm¯K

�!ò©z¥'u[ÿÀ+�¯K8¥, ø?�ÚïÄ.

¯K 6.2.1 [12, úm¯K 3.2.3] z��ÛÜ�;��ÿÀ+ ([ÿÀ+) ´�

;�í?
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¯K 6.2.2 [12, úm¯K 3.2.4] z��ÛÜ�5��ÿÀ+ ([ÿÀ+) ´�

5�í?

¯K 6.2.3 [12, úm¯K 3.2.5] z��ÛÜ meta ;(g�;) ��ÿÀ+ ([

ÿÀ+) ´ meta ;(g�;) í?

¯K 6.2.4 [12, úm¯K 4.5.3] Tychonoff (�K) �4ØëÏ�[ÿÀ+�z

�;f8´k��í?

¯K 6.2.5 [12, úm¯K 4.5.5] � G ´4ØëÏ�[ÿÀ+, @o G äkQ

m�4���f+í?

¯K 6.2.6 [12, úm¯K 5.2.2] � κ ´Ã�Äê. e Hausdorff (�K, Ty-

chonoff) �[ÿÀ+ G ¹k κ-narrow �È�f+, @o G ´ κ-narrow í?

¯K 6.2.7 [12, úm¯K 5.2.4] � κ ´Ã�Äê. e G ´ Hausdorff (�K,

Tychonoff) τ -narrow [ÿÀ+¦� ψ(G) ≤ κ, @o G �ÄêØ�L 2κ í?

¯K 6.2.8 [151, ¯K 4.5] ´Äz�� (Hausdorff, �K) σ ;�ÿÀ+ G ä

k�ê�nÝ? XJ G ´[ÿÀ+, @o(JqN�Q?

¯K 6.2.9 [151, ¯K 4.6] ´Äz�� (Hausdorff, �K) precompact �ÿÀ+

G äk�ê�nÝ? XJ G ´[ÿÀ+, @o(JqN�Q?

¯K 6.2.10 [138, ¯K 3.6] z�� Hausdorff, Baire �Ð[ÿÀ+´ÿÀ+

í?

¯K 6.2.11 [138, ¯K 3.11] � G ´� ([) ÿÀ+�¹k Sω �4��, @

o G ¹k S2 �4��í?

¯K 6.2.12 [12, úm¯K 3.3.5] � G ´[ÿÀ+� G �z�;f�m´1

��ê�, @o G �z�;f�m´�Ýþ�í?

¯K 6.2.13 [10, ¯K 6.1] ´Ä�3�����K�S� (Fréchet) [ÿÀ+

äk�ê δ A�¦ÙØ´1��ê�?



§6.2 [ÿÀ+¥��
úm¯K 157�

¯K 6.2.14 [10, ¯K 6.2] ´Ä�3���K�VS�[ÿÀ+äk1��ê

�;z�{¦ÙØ´1��ê�?

¯K 6.2.15 [10, ¯K 6.3] Ä�3���K[ÿÀ+ G äk�ê π A��Ø

äk�ê δ A�, � G ��÷veã^���:

1) G ´S��m;

2) G ´ Fréchet �m;

3) G �?¿;z�{QØ´ Lindelöf ��Ø´�;�;

4) G �3��1��ê�;z�{.

¯K 6.2.16 [135,¯K 3.9]� G´ Hausdorff�ÿÀ+,@oªf π(Q2(G)) =

πχ(Q2(G)) ¤áí?

¯K 6.2.17 [71, ¯K 1] 3 ZFC ¥´Ä�3�;�[ÿÀ+ (�ÿÀ+) G ¦

� G×G Ø´�;�?

¯K 6.2.18 [71, ¯K 4] z�� Hausdorff �ê;[ÿÀ+´ÿÀ+í?

¯K 6.2.19 [71, ¯K 5] 3 ZFC ¥´Ä�3 Hausdorff �ê;�[ÿÀ+

G,H ¦� G×H Ø´�ê;�?
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