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�Ø©Ì�ïÄ�ÿÀ+¥� R-factorizability 9Ù�'¯K.

1�Ü© (=1�Ù) Ú\ ω ��ëY¼ê9 property ω-U �qg, ¿d

d�Ñ
 R-, m- Ú M -factorizable ÿÀ+��x. Ì�y²
: (1) G ´ R-

factorizable ÿÀ+��=� G ´ ω-narrow ÿÀ+�äk property ω-U (½

n 2.3.9); (2) G ´ m-factorizable ÿÀ+��=�§´ ω-narrow ÿÀ+�ä

k property strongly ω-U (½n 2.4.9); (3) G ´ M -factorizable ÿÀ+��=

�§´ ω-balanced ÿÀ+�äk property strongly ω-U (½n 2.4.12); (4) M -

factorizable ÿÀ+ G �z�û+´ M -factorizable ÿÀ+ (½n 2.4.14), ù

�½/£�
 A. V. Arhangel’skǐı Ú M. Tkachenko JÑ���¯K [12, Open

Problem 8.4.4].

1�Ü© (=1nÙ)Ì�ïÄ�ÿÀ+¥ÄêØCþ,r�ÿÀ+¥��


�ê5�J,�Äê¼ê,¿rÿÀ+¥��
²;�Äê¼êí2��ÿÀ+

¥. Ì�y²
: (1)z��ÿÀ+ Gk w(G) = ib(G∗)×χ(G) (½n 3.1.10); (2)

z� T1 �ÿÀ+ G Ñ÷vØ�ª |G| ≤ 2ib(G
∗)×ψ(G), Ïdk, |G| ≤ 2l(G

∗)×ψ(G)

Ú |G| ≤ 2c(G
∗)×ψ(G) (½n 3.1.20); (3) z����K��ÿÀ+ G k nw(G) =

Nag(G)×ψ(G) (½n 3.1.24). ���?Ø
�ÿÀ+¥ ω [��ëY¢�¼ê

�5�, ù�1oÙïÄ R-factorizable �ÿÀ+�O�.

1nÜ© (=1oÙ)Ì�ïÄ R-factorizable�ÿÀ+. Ì�y²
: (1)z

� R-factorizable�ÿÀ+´ R3-factorizable�ÿÀ+,Ïd, R-, R0-, R1, R2-�

R3-factorizable�ÿÀ+´Ó�a�m (½n 4.2.8); (2) totally ω-narrow�ÿÀ

+ G ´ R-factorizable �ÿÀ+��=�§äk property ω-QU (½n 4.2.17);

(3) Tychonoff R-factorizable �ÿÀ+ G �z�û+´ R-factorizable �ÿÀ

+ (·K 4.2.20), d·K3���K��ÿÀ+a¥�½/£�
 M. Sanchis

Ú M. Tkachenko ���¯K (� [69, Problem 5.2]); (4) Tychonoff �ÿÀ+

G ´ R-factorizable �ÿÀ+��=�§´ totally ω-narrow �ÿÀ+±9äk

property ω-QU (½n 4.2.21); (5) ÷v T1 ©lún� totally Lindelöf Σ �ÿÀ

+ G �z�f+ H ´ R-factorizable �ÿÀ+ (½n 4.3.8), d½n�½/£�

i




 M. Sanchis Ú M. Tkachenko �q��¯K (� [69, Problem 5.4]), �dd

½n���íØU?
©z [69] ¥��
(J.

1oÜ© (=1ÊÙ)Ì�ïÄÿÀ+Ú�ÿÀ+� Hausdorff;z�{,�

�
�ÿÀ+¥;z�{����Ü5½n. Ì�y²
: (1) � G ´�ÛÜ;

�ÿÀ+±9 Y = bG \ G ´ G �;z�{, XJ Y ÷v: éz� y ∈ Y , 3

Y ¥�3�¹ y �m�� U(y) ¦� U(y) ¥�z��ê;f8´�Ýþ��

´ U(y) ¥� Gδ 8, @o G ´�©�Ýþ�m� Y ´1��ê� Lindelöf p

�m (½n 5.1.9), ùÜ©/£�
 [41, Question 2.15]; (2) � G ´�ÛÜ;�

ÿÀ+, XJ G �;z�{ Y = bG \ G äkÛÜ5� Φ �5� Φ ÷v (L),

@o bG ´�©�Ýþ�m (½n 5.1.10), d½n�����íØÜ©/£�


[50, Question 14 Ú Remark 10]; (3) � G ´�ÛÜ;�ÿÀ+±9 G �;z�

{ Y = bG \ G ´ÛÜé¡�m, XJ Y ¥�z��ü:8´ Gδ 8, K bG ´

�©�Ýþ�m (½n 5.1.18), d½nÜ©/£�
 [50, Question 6]; (4) � G

´�ÛÜ;��ÿÀ+±9 Y = bG \ G ´ G �;z�{, @o±e^��d:

(a) Y ´ σ æ;� Ohio complete�m; (b) Y ´æ;� Ohio complete�m; (c)

Y ´�;� Ohio complete �m; (d) Y ´ Lindelöf �m; (e) G ´�ê.�m

(½n 5.2.3), d½nU?
 A. V. Arhangel’skǐı [5] ��
(J; (5) � G ´�Û

Ü;��ÿÀ+, @o G �;z�{ Y = bG \G ´ p �m��=� G �o´

σ ;�, �o´ Lindelöf p �m (½n 5.2.8), d½nU?
 A. V. Arhangel’skǐı

[11, Theorem 4.5] �(J; (6) � G ´�ÿÀ+, K�o G �z�;z�{äk

Baire 5�, �o G �z�;z�{´ σ ;�m (½n 5.3.5), d½n´�ÿÀ

+¥;z�{����Ü5½n, �½/£�
 [45, Question 3.1].

1ÊÜ© (=18Ù) ´�Ø©�(åÙ, Ì�{üo(
�©±9�Þ


�
�d�K�'�¯K��±�ïÄ���.

'�c: ÿÀ+;�ÿÀ+; R-factorizability; Property ω-U ; Property ω-QU ;

Lindelöf Σ �m; Äê¼ê; �Ýþz; Hausdorff ;z�{.
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A Study on R-factorizability and Related Questions in

Paratopological Groups

Major: Fundamental Mathematics

Graduate Student: Xie Li-Hong Supervisor: Lin Shou

This thesis is devoted to studying R-factorizability and related fields in paratopo-

logical groups.

In the part 1 (Chapter 2), first, we introduce some concepts, for example, ω-

uniform continuity, property ω-U and so on. Using those concepts, we get the char-

acterizations of R-, m- and M -factorizable topological groups. The main results are

that: (1) G is an R-factorizable topological group if and only if it is an ω-narrow group

with property ω-U (Theorem 2.3.9); (2) G is an m-factorizable topological group if

and only if it is ω-narrow and has property strongly ω-U (Theorem 2.4.9); (3) G is

an M -factorizable topological group if and only if it is ω-balanced and has property

strongly ω-U (Theorem 2.4.12); (4) every quotient group of an M -factorizable group

is M -factorizable (Theorem 2.4.14), which gives a positive answer to a question posed

by A. V. Arhangel’skǐı and M. Tkachenko [12, Open Problem 8.4.4].

In the second part (Chapter 3), the cardinal invariants in paratopological groups

are investigated. We extend countable properties to higher cardinality, and some classi-

cal cardinal functions in topological groups are extended to paratopological groups. We

mainly obtain that: (1) w(G) = ib(G∗) × χ(G) holds for every paratopological group

G (Theorem 3.1.10); (2) every T1 paratopological group G satisfies |G| ≤ 2ib(G
∗)×ψ(G),

therefore, |G| ≤ 2l(G
∗)×ψ(G) and |G| ≤ 2c(G

∗)×ψ(G) (Theorem 3.1.20); (3) nw(G) =

Nag(G) × ψ(G) is valid for every completely regular paratopological group G (Theo-

rem 3.1.24). At last, in order to study R-factorizable paratopological groups in the next

chapter, we also discuss some properties of the ω-quasi-uniformly continuous real-valved

functions on the paratopological groups.

In the third part (Chapter 4), it is devoted to studying R-factorizable paratopo-

logical groups. The main results are that: (1) every R-factorizable paratopological

group is R3-factorizable; hence the concepts of R-, R0-, R1, R2- and R3-factorizability

coincide in the class of paratopological groups (Theorem 4.2.8); (2) a totally ω-narrow

iii



paratopological group G is R-factorizable if and only if it has property ω-QU (The-

orem 4.2.17); (3) every quotient group of a Tychonoff R-factorizable paratopological

group G is R-factorizable (Proposition 4.2.20), which answers to [69, Problem 5.2] in

the class of Tychonoff paratopological groups; (4) a Tychonoff paratopological group

G is R-factorizable if and only if it is totally ω-narrow and has property ω-QU (The-

orem 4.2.21); (5) every subgroup H of a totally Lindelöf Σ-group G satisfying the T1

separation axiom is R-factorizable (Theorem 4.3.8), which gives an answer to another

question of M. Sanchis and M. Tkachenko (see [69, Problem 5.4]). Some corollaries of

this theorem improve some results in [69].

In the part 4 (Chapter 5), we mainly study the remainders of the Haussdorff

compactifications of topological and paratopological groups. A dichotomy-theorem in

the remainders of paratopological groups is given. We mainly show that: (1) let G

be a non-locally compact topological group; if Y = bG \ G satisfies that: for each

point y ∈ Y , there exists an open neighborhood U(y) of y such that every countably

compact subset of U(y) is a metrizable Gδ-subset of U(y), then G is separable and

metrizable, and Y is a first-countable and Lindelöf p-space (Theorem 5.1.9), which

partially answers to [41, Question 2.15]; (2) let G be a non-locally compact topological

group, and Y = bG\G have locally a property-Φ satisfying (L), then bG is separable and

metrizable (Theorem 5.1.10), of which a corollary partially answers to [50, Question 14

and Remark 10]; (3) let G be a non-locally compact topological group, and Y = bG\G
be locally symmetrizable, then bG is separable and metrizable if each singleton of Y is

a Gδ-subset in Y (Theorem 5.1.18), which partially answers to [50, Question 6]; (4) let

G be a non-locally compact paratopological group and Y = bG \G, then the following

are equivalent: (a) Y is σ-metacompact and Ohio complete; (b) Y is metacompact and

Ohio complete; (c) Y is paracompact and Ohio complete; (d) Y is Lindelöf; (e) G is of

countable type (Theorem 5.2.3), which improves some results of A. V. Arhangel’skǐı [5];

(5) suppose that G is a non-locally compact paratopological group; then the remainder

Y = bG \G is a p-space if and only if G is σ-compact or a Lindelöf p-space (Theorem

5.2.8), which improves a result of A. V. Arhangel’skǐı [11, Theorem 4.5]; (6) let G be

a semitopological group, then either every remainder of G has the Baire property, or

every remainder of G is σ-compact (Theorem 5.3.5), which is a dichotomy-theorem in

the remainders of paratopological groups and answers to [45, Question 3.1].

In the part 5 (Chapter 6), it is a conclusion of this thesis. Some questions related

to this topic are listed, which lead us to research in the future.
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erty ω-U ; Property ω-QU ; Lindelöf Σ-spaces; Cardinal functions; Metrizabilities; the

Remainders of Hausdorff compactifications.

v



vi



Ú ó

3 “Ú��êÆ” g�e, ÿÀ��ê�KÜ®¤�y�êÆuÐª³��.

ïÄÿÀ�ê���g´Ò´Ï¦½ïÄd,«A½ëY��ê$�¤(½�5

�. ��¡, ýu3,«ÿÀ5�e�ÑïÄé���ê(��£ã. ~X,é

z�;�Ù�ÿÀ+ G,�3Äê κ,¦� GÿÀÓ�u Z(2)κ (ù´ Pontryagin-

van Kampen éó½n [37, 57] �{üíØ). ,��¡, ýuïÄd,«�ê

(�¤(½ïÄé��ÿÀ5�. ~X, z�;�C��Û+´"��m [35].

3 20 V, Nõ`D�ÿÀ�êÆ[, X, J. Dieudonné, L. S. Pontryagin, A.

Weil±9 H. Weyl�,�ÿÀ�ê�uÐ�Ñ
R���z. cÙ´ 2008c,d

A. V. Arhangel’skǐı Ú M. Tkachenko ÜÍ� “Topological Groups and Related

Structures” [12]´éc<ó�éÐ/o(,p¡�Ñ�þ�úm¯KQ�ïÄö

�²
��, qNy
ÿÀ�ê%Ç�)·å.

¯¢þ, þ¡J��ü�(Jþ5guÿÀ+nØ, ù´ÿÀ�ê+�¥²

;���� [20, 21, 22, 35, 58]. �C,��ÿÀ+��«í2k�ÿÀ+,[ÿÀ

+, �ÿÀ+�. Ù¥��ÿÀ+, 3þ�V 50 c�Òk�'�(J. ¯¢þ,

���Ä
ÿÀ(�Ú�ê(��m�f�'X, X, K. Numakura [55] �Ä;

�+±9Í¶� Ellis ½n: z�;� Hausdorff mÿÀ�+Ñ�3�����

[24]. ,, ISþXÚïÄ�ÿÀ+´3å8�� 20 cc [16, 17, 18, 31, 65].

X8, �ÿÀ+®l²1uÿÀ+nØ�g�Ú(J¥ø�Ñ, )�Ñäkg

C�AÚnØÚ?nE|, ®²¤�¿÷¹å, ØäuÐ�êÆ©|��.

�ÿÀ+ÚÿÀ+kXé��ØÓ. Äk, �ÿÀ+�©l5ÒØXÿÀ+

Ð, ~X, ´Äz��K��ÿÀ+´���K�mÒ´��È]�û�úm¯

K [2] (®�z� T0 �ÿÀ+´���K�m [12]); Ùg, �ÿÀ+¥f+�4

���Ø�½´�+ (d(Ø3ÿÀ+¥w,¤á), $�é1��ê�C��

�ÿÀ+ÑØ¤á [12]; �-<¯Û�´, Sorgenfrey ��´1��ê, ¢D�

5��ÿÀ+, ,%´Ø�Ýþ�. �Ï�ù
ØÓ, Ò¦�ïÄ�ÿÀ+(

J, ,ïÄ�ÿÀ+�äk��¿Â, lISþ�
ÿÀ½�êÆö�

)
é�ÿÀ+ïÄ�ßþ,�. A. V. Arhangel’skǐı [11], M. Tkachenko [87],

I. I. Guran [31] ±9 T. Banakh [13] ��1`D�ÿÀ�êÆ[3d+�®�

Ñ
`D�¤J. Ù¥?¿õ��;��ÿÀ+�¦È´�;�m [64] Úz�

σ ;� T2 �ÿÀ+��nÝ�ê [11] Ò´Ù¥`D(J��L. X8�ÿÀ

i



+�ïÄ��¯õ, Ù¥Ì�k: (1) ©lún [2, 63]; (2) �o�ÿ�ÿÀ+¤

�ÿÀ+ [8, 11, 16, 17, 18, 24, 25, 64, 66, 92]; (3) �ÿÀ+¥�ÄêØCþ

[11, 31, 47, 62, 63]; (4) �ÿÀ+�¦È�i\ [68, 72, 85]; (5) gd�ÿÀ+

[42, 43, 59, 60, 61, 67], �.

3ISêÆïÄ��µe, ISÍ¶ÿÀ�êÆ[ A. V. Arhangel’skǐı Ú

W. W. Comfort �U5·IùÆ, mé
ISÿÀ�êïÄ��. !JcÚ�Æ

35êÆcr6þuL� “ÿÀ+¥2ÂÝþ5����5P” [76] ´ISÆö

ïÄÿÀ�ê�1�1¤J, 4AÚ�Æ3ISÿÀÆÏr5Topology and Its

Application6þuL� “Generalized metric spaces with algebraic structures” [52]

iå
ISïÄÿÀ�ê�9�. ��3oA�Æ!±H���Æ�ISp�N

õÆöªªÝ\�ÿÀ�ê�ïÄ�¥. Ù¥`D¤JØäZy, X, �4ãÚ

4A®�E~f`²äk�ê�A�� T2 �ÿÀ+�7´g�Ýþ� [46], ù

Ä½/£�
 [12, Open Problem 3.3.1];oø{�y²
z�1��ê ω-narrow

�ÿÀ+´�©�m [40], ù�½/£�
 [12, Open Problem 3.4.1]. Ù§`D

¤J�� [42, 43, 47, 56, 90] �. ���J�´, �4ã?Í�5ÿÀ�ê�2

ÂÝþ�m6[44] Qo(
ISÆö�C3ù�¡�`D¤J, p¡�Þ��þ

úm¯Kq�ïÄö�²
��.

R-factorizable �ÿÀ+´�aAÏ��ÿÀ+, ®ÚåISNõÆö�,

�, e¡{ü0��e§�59�ó.

ISÍ¶êÆ[ L. S. Pontryagin [57]@Òuy;ÿÀ+ Gþ�z�ëY¢

�¼ê f , �3l G �1��ê�ÿÀ+ H þ�ëYÓ� p, ±9 H þ�ëY

¢�¼ê h, ÷v f = h ◦ p. �� W. W. Comfort Ú K. A. Ross [23] uy�;�

ÿÀ+�kd5�. ùÒéu M. Tkachenko [79, 81] 3 1991 crd5�JõÑ

5, ¡÷vd5��ÿÀ+� R-factorizable ÿÀ+. ïÄL²daÿÀ+Ñ�

¿��2�äkéõk��5� [33, 34, 70, 78, 79, 80, 81, 84], ,�3kéõ

úm¯K, X, R-factorizable ÿÀ+� ω-narrow ÿÀ+kÛ'X [83]? 2010 c

M. Sanchis Ú M. Tkachenko [69] qrÿÀ+¥� R-factorizability í2��ÿ

À+¥. du�ÿÀ+�©l5���, ù¦���J±c?��K�\(J.

Äu±þ©Û, �Ø©�´�7�ÿÀ+� R-factorizability 9Ù�'¯K

Ðm, Ü©½��/£�
A. V. Arhangel’skǐı, M. Sanchis Ú M. Tkachenko �

JÑ�A�¯K.
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1�Ù Ä�Vg�PÒ

�½: �Ø©¥¤?Ø�ÿÀ�me�AO`², þ�ýkb�÷v?Û©

lún. 3�©¥N��¼ê´Ó�Vg; ���K� Tychonoff ´Ó�Vg.

3�Ù¥0��
Ä�Vg. �
Ö��B, �Ú?�
PÒ.

§1.1 ��ÿÀ�m¥�â��PÒ

^ N L«��ê8; R L«¢ê�m; ω L«1��Ã�Äê; ω1 L«1�

�Ø�êÄê.

� X ´ÿÀ�m, B ⊂ X, ^ |B| L«8Ü B �³; B
X
L« B 3 X ¥�

4�, e¿Â²(, K{�¤ B; IntB L« B 3 X ¥�SÜ.

� X ´8Ü, A Ú B ´8Ü X ×X þ�f8, =8Ü X þ�'X. A �

_'X^ −A L«,  A Ú B �EÜ^ A+B L«, Ïdk

−A = {(x, y) ∈ X ×X : (y, x) ∈ A}

±9

A+B = {(x, y) ∈ X ×X : �3 z ∈ X ¦� (x, z) ∈ A � (z, y) ∈ B}.

é8Ü X þ�'X A Ú n ≥ 2 �g,ê, 8B½Â'X nA Xe:

1A = A Ú nA = (n− 1)A+ A.

^ ∆ L«8Ü X ×X þ�é�8, = ∆ = {(x, x) ∈ X ×X : x ∈ X}; DX

L« X ×X ¥¤k�¹é�8�f8x, = DX = {D ⊂ X ×X : ∆ ⊂ D}.

fx U ⊂ DX ¡�8Ü X þ�[��(�, e U ÷vXe^� (1)-(3):

(1) XJ V ∈ U ±9 V ⊂ W , @o W ∈ U ;

(2) XJ V1, V2 ∈ U , @o V1 ∩ V2 ∈ U ;

(3) éz� V ∈ U , �3 W ∈ U ¦� 2W ⊂ V ;

XJ U �÷vXe^�, K¡ U ´8Ü X þ���(�:

(4) éz� V ∈ U , �3 W ∈ U ¦� −W ⊂ V .

1



12� 1�Ù Ä�Vg�PÒ

� U ´8Ü X þ� ([) ��(�, @o¡Sé (X,U) � ([) ���m

[26, 89], 3¿Â²(e{�� X. � (X,U) ´ ([) ���m, éz� U ∈ U ,

P U [x] = {y ∈ X : (x, y) ∈ U} ±9 τU = {O ⊂ X : ?� x ∈ O, �3 U ∈
U ¦� U [x] ⊂ O}, @o τU ´8Ü X þ���ÿÀ, ¡ (X, τU) ´d X þ�

([) ��(� U p�Ñ5�ÿÀ�m.

� X ´ÿÀ�m, ^ τ L«ÙÿÀ, XJ�3 X þ� ([) ��(� U ¦
� τU = τ , K¡�m X � ([) ��z, U ¡��m X þ� ([) ��(�.

� X ´8Ü, e¼ê d : X ×X → [0,+∞) ÷ve¡^�(1)-(3), K¡ d ´

X þ��Ýþ:

(1) ?� x, y ∈ X, k d(x, y) = d(y, x);

(2) e x = y, K d(x, y) = 0;

(3) ?� x, y, z ∈ X, k d(x, y) ≤ d(x, z) + d(z, y);

erþ¡^� (2) \r� (2′), K¡ d ´ X þ�Ýþ:

(2′) ?� x, y ∈ X, K x = y ��=� d(x, y) = 0.

� (X, τ) ´ÿÀ�m, XJ�3 X �Ýþ d ÷v: é?¿� U ∈ τ Ú

x ∈ U , �3 ε > 0 ¦� B(x, ε) ⊂ U , Ù¥ B(x, ε) = {y ∈ X : d(x, y) < ε}, K¡
�m X �Ýþz [26].

� X ´8Ü, d ´ X þ�Ýþ, é?¿ ε > 0, - Vε = {(x, y) ∈ X × X :

d(x, y) < ε}, V = {Vε : ε ´�¢ê}, ±9 U = {U ⊂ X × X : �3 Vε ∈
V ¦� Vε ⊂ U}, K¡ U ´dÝþ d p����(�.

±e©O^ c(X), d(X), w(X), nw(X), l(X), k(X), χ(X) ±9 ψ(X) L«

ÿÀ�m X þ��nÝ (cellularity), È�Ý (density), �³ (weight), �ä�

³ (network weight), Lindelöf Ý (Lindelöf degree), ;CXê (compact-covering

number), A� (character) ±9�A� (pseudocharacter), ½Â©OXe:

�nÝ: c(X) = sup {|U| : U ´ X ¥pØ�����mf8x}+ ω;

È�Ý: d(X) = min {|S| : S ⊂ X � S = X}+ ω;

�³: w(X) = min {|U| : U ´ X �Ä}+ ω;

�ä�³: nw(X) = min {|U| : U ´ X ��ä1}+ ω;

1� X ´ÿÀ�m, P ´�m X �f8x, eé?Û� x ∈ X Ú�¹ x �?¿m��

U , �3 P ∈P ¦� x ∈ P ⊂ U , @o¡ P ´ X ��ä (network) [29].
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Lindelöf Ý: l(X) = min {λ ∈ Card : é X z�mCX V �3fCX U ⊂
V ÷v |U| ≤ λ}+ ω;

;CXê: k(X) = min {λ ∈ Card : U ´ X ¥�;f8x÷v |U| ≤
λ �

⋃
U = X}+ ω;

A�: χ(X) = sup {inf {|Bx| : Bx ´ x ?���Ä}+ ω : x ∈ X};

�A�: ψ(X) = sup {inf {|Ux| : Ux ´ X ¥�mf8x�÷v
⋂
Ux =

{x}}+ ω : x ∈ X} (d?�¦�m X ÷v T1 ©lún).

ÿÀ�m X ¥÷vXe^����mf8x B ¡��m X ¥: x ?�

π Ä (π-base): é?¿�¹ x �m��Ñ���¹ B ¥���.

- πχ(x,X) = min{|B| : B ´ x ?� π Ä}+ω,@o πχ(X) = sup{πχ(x,X) :

x ∈ X} ¡� X � π A� (π-character)

§1.2 ÿÀ�ê¥�â��PÒ

� (G, ·) L«Ä�+, ?� a, b ∈ G, P ab = a · b ±9 a−1 � a �_�. ?

� A,B ⊂ G, Kk

AB = {ab : a ∈ A, b ∈ B}; An L« n � A �¦

±9

A−1 = {a−1 : a ∈ A}.

?� g ∈ G, ½Â λg : G→ G � λg(x) = gx; %g : G→ G � %g(x) = xg, @

o©O¡ λg Ú %g ´+ G þ'u g ��C�ÚmC�.

� (G, ·) ´Ä�+, τ ´ G þ�ÿÀ, @o

(1)XJ Gþ¤k��C�'uÿÀ τ ëY,K¡ (G, ·, τ)��ÿÀ+ (left

topological group);

(2)XJ Gþ¤k�mC�'uÿÀ τ ëY,K¡ (G, ·, τ)�mÿÀ+ (right

topological group);

(3) XJ (G, ·, τ) Q´�ÿÀ+�´mÿÀ+, K¡ (G, ·, τ) ��ÿÀ+

(semitopological group);

(4) XJ�ÿÀ+ (G, ·, τ) �_$�q'u τ ëY, K¡ (G, ·, τ) �[ÿÀ

+ (quasitopological group);
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(5)XJ · : G×G→ G'uÿÀ τ ëY,K¡ (G, ·, τ)��ÿÀ+ (paratopo-

logical group);

(6) XJ (G, ·, τ) Q´�ÿÀ+q´[ÿÀ+, K¡ (G, ·, τ) �ÿÀ+.

�
�B±�r (G, ·, τ) {P� G. �â½Âw,k:

(1) G ´ÿÀ+��=� G ´�ÿÀ+Ú[ÿÀ+;

(2) �ÿÀ+ ⇒ �ÿÀ+ ⇒ m (�) ÿÀ+;

(2) [ÿÀ+ ⇒ �ÿÀ+.

� X ´ÿÀ�m, XJé?¿� x, y ∈ X, �3Ó� f : X → X ÷v

f(x) = y, K¡�m X �à5�m. w,z�� (m) ÿÀ+´à5�m.

� G´�ÿÀ+±9 τ ´Ã�Äê, XJé G¥�¹ü � e�z�m�

� U ,�3�¹ e�m��x U ÷vXe^�: (1)éz� x ∈ G,�3 V ∈ U ÷
v xV x−1 ⊆ U ; (2) |U| ≤ τ , K¡ G ´ τ -balanced �ÿÀ+;  G � invariance

number, {P� inv(G), �½Â����Ã�Äê τ ¦� G ´ τ -balanced �ÿ

À+ [12].

� G ´�ÿÀ+, XJé G ¥�¹ü ��z��� V , �3k�f8

M ⊂ G ÷v G = MV = VM , K¡�ÿÀ+ G ´ precompact [12]. � τ ´Ã

�Äê, XJé G ¥�¹ü ��z��� U , �3f8 K ⊂ G ÷v |K| ≤ τ

� KU = UK = G, @o¡ G ´ τ -narrow �ÿÀ+ [12].

3�ÿÀ+¥��é��Äê¼ê´ index of narrowness, P� ib(G), �

½Â���Ã�Äê τ ¦��ÿÀ+ G ´ τ -narrow �ÿÀ+. ω-narrow �ÿ

À+�¡ ℵ0-bounded �ÿÀ+ [30].

�©�
�½Â�â�� [26].
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� G ´ÿÀ+, XJ G þ�z�ëY¢�¼êÑ´��ëY�, K¡ G

äk property U [39]. ¯¤±�, ;�mÚlÑ�mþ�z�ëY¢�¼êÑ´

��ëY�, Ïdz�;ÿÀ+Úz�lÑÿÀ+Ñäk property U . 1966 c

W. W. Comfort Ú K. A. Ross [23] y²
z��;�ÿÀ+�äk property U .

É�ù
(J�éu, ·�g,Ò¬¯: Lindelöf ÿÀ+þ�ëY¢�¼êkÛ

5�?

3�Ù¥Äkr���mþ���ëY¼êVg\±í2, ·�¡�� ω

��ëY (ω-uniform continuity). ?aqu property U , 3ÿÀ+¥Ú\

property ω-U , y²
z� Lindelöf ÿÀ+Ñäk property ω-U , �|^ù


Vg�Ñ
 R-, m- Ú M -factorizable ÿÀ+a��x. ?��z� M -

factorizable ÿÀ+�ëYmÓ��´ M -factorizable ÿÀ+. ù�½/£�


A. V. Arhangel’skǐı Ú M. Tkachenko JÑ���úm¯K [12, Open problem

8.4.4]. �ÙÌ��áu�ö����Æ�ÇÜ��©Ù “R-factorizability and

ω-uniform continuity in topological groups”.

�Ù¤k�ÿÀ�mb�÷v T2 ©lún�¤k����m (X,U ) ÷v⋂
U = ∆.

§2.1 ���m¥� ω ��ëY5

� (X,U ) Ú (Y,V ) ´���m±9 f : X → Y ´¼ê, XJéz�

V ∈ V ,�3 U ∈ U ¦�� (x, x′) ∈ U �k (f(x), f(x′)) ∈ V ,@o¡ f ´��

ëY¼ê (uniformly continuous function) [26]. ¡¢�¼ê f : X → R´��ë
Y¼ê´�r¢ê�m R��Ï~����m�, f ´��ëY¼ê. �Ò´`,

éz� ε > 0, �3 U ∈ U ¦�éz� x ∈ X k f(U [x]) ⊂ (f(x)− ε, f(x) + ε).

3���m¥����ëY¼êVg�í2, e¡Ú\ ω ��ëY¼êVg.

½Â 2.1.1 � (X,U ) Ú (Y,V ) ´���m±9 f : X → Y ´¼ê, XJé

z� V ∈ V , �3�ê8x U ⊂ U ÷v: éz� x ∈ X, �3 Ux ∈ U ¦�
f(Ux[x]) ⊂ (Vf(x)[f(x)]), @o¡ f ´ ω ��ëY¼ê (ω-uniformly continuous

function).

5
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�r½Â 2.1.1 ¥����m (Y,V ) ��¢ê�m R �, �Ò´r R ��
dî¼ålp�����m�, �±��±e½Â.

½Â 2.1.2 � (X,U ) ´���m±9 f : X → R ´¼ê, XJé?¿ ε > 0

�±é��ê8xV ⊂ U , ¦�éz� x ∈ X Ñ�3 Vx ∈ V k f(Vx[x]) ⊂
(f(x)− ε, f(x) + ε), @o¡ f ´ ω ��ëY¼ê (ω-uniformly continuous func-

tion).

5 2.1.3 d½Â 2.1.2 éN´wÑ: ��ëY¼ê ⇒ ω ��ëY¼ê ⇒ ëY
¼ê, ,c¡¤k�_ÑØ¤á, �5 2.1.8 Ú½n 2.3.9.

� (X,U ) ´���m±9 ρ ´ X þ��Ýþ, XJéz� ε > 0, �3

V ∈ U ¦�� (x, y) ∈ V �k ρ(x, y) < ε, @o¡�Ýþ ρ ´'u U ���

[26].

Ún 2.1.4 [26, Corollary 8.1.11] � X ´8Ü±9 U ´ X þ���(�, @

oéz� V ∈ U , �38Ü X þ��Ýþ ρ ÷v: (1) �Ýþ ρ ´'u U �

��; (2) {(x, y) ∈ X ×X : ρ(x, y) < 1} ⊂ V .

5 2.1.5 � (X,U ) ´���m, éz� V ∈ U , �÷vÚn 2.1.4 ¥^�

��Ýþ ρV . 38Ü X þ½Â'X EV Xe: xEV y ��=� ρV (x, y) = 0.

éN´�y'X EV ´8Ü X þ��d'X. � XV ´d�d'X EV ¤(

½�û8, ½Â¼ê ρV : XV × XV → R Xe: é?Û� [x], [y] ∈ XV k

ρV ([x], [y]) = ρV (x, y). éN´��¼ê ρV ´8Ü XV þ�Ýþ. - UV �8

Ü XV þdÝþ ρV p�Ñ5���(�, ½Â¼ê fV : (X,U ) → (XV ,UV )

Xe: é?¿� x ∈ X k fV (x) = [x], KdÚn 2.1.4 éN´�� fV ´��ë

Y¼ê.

� (X,U ) ´���m, XJ8Ü X þ�3Ýþ ρ ÷v: dÝþ ρ p�Ñ

5���(� Uρ ���(� U �Ó, @o¡���m (X,U ) �Ýþz [26].

¯¤±�, ���m (X,U ) �Ýþz��=���(� U äk�êÄ [26].

½n 2.1.6 � (X,U ) ´���m, f : X → R ´¼ê, Ke¡^��d:

(1) f ´ ω ��ëY¼ê;
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(2) �3�Ýþz����m (Y,V ), ��ëY¼ê g : X → Y ÚëY¼ê

p : Y → R, ¦� f = p ◦ g.

y² (1) ⇒ (2). � f : X → R ´ ω ��ëY¼ê. éz� n ∈ N, d

½Â 2.1.2 ���êx ζn ⊂ U ÷v: éz� x ∈ X Ñ�3 Vx ∈ ζn ¦�

f(Vx[x]) ⊂ (f(x) − 1
n
, f(x) + 1

n
). - ζ =

⋃
n∈N ζn, @ow,k |ζ| ≤ ω. �âÚ

n 2.1.4, éz� V ∈ ζ, 38Ü X þ�3÷vXe^���Ýþ ρV : (a) ρV ´

'u��(� U���; (b) {(x, y) ∈ X ×X : ρV (x, y) < 1} ⊂ V . �â5 2.1.5

½Â�Ýþz����m (XV ,UV ) Ú��ëY¼ê gV : X → XV . éu¼êx

{gV : V ∈ ζ} ½Âé�È¼êXe:

g = ∆V ∈ζgV : (X,U )→ (
∏
V ∈ζ

XV ,
∏
V ∈ζ

UV ).

Ï�éz� V ∈ ζ k gV ´��ëY¼ê, ¤± g = ∆V ∈ζgV �´��ëY

¼ê. w,, È�m (
∏

V ∈ζ XV ,
∏

V ∈ζ UV ) ´�Ýþz����m.

äó: é?¿� x1, x2 ∈ X, XJ g(x1) = g(x2), Kk f(x1) = f(x2).

¯¢þ, eäóØ¤á, K�3 x1, x2 ∈ X Ú n ∈ N ÷vXe^�:

g(x1) = g(x2) � f(x1) /∈ (f(x2)−
1

n
, f(x2) +

1

n
).

�âþ¡ÀJ� ζn, é x2 ·��±é� V ∈ ζn ÷vXe^�

f(V [x2]) ⊂ (f(x2)−
1

n
, f(x2) +

1

n
).

d g(x1) = g(x2) �� gV (x1) = gV (x2), Ïd ρV (x1, x2) = 0, ldÚn 2.1.4

Ú5 2.1.5 k

(x2, x1) ∈ {(x, y) ∈ X ×X : ρV (x, y) < 1} ⊂ V,

� x1 ∈ V [x2], ù%¹

f(x1) ∈ f(V [x2]) ⊂ (f(x2)−
1

n
, f(x2) +

1

n
),

�b�gñ, läó¤á.

d±þäó�é�¼ê p : g(X)→ R ÷v f = p ◦ g. e¡�Iy²¼ê p

´ëY�.
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?� y ∈ g(X) Ú ε > 0, ÀJ n ∈ N ÷v 1
n
< ε, ±9��: x ∈ X ¦�

g(x) = y. w,, éu x �±é� V ∈ ζn ÷vXe^�:

f(V [x]) ⊂ (f(x)− 1

n
, f(x) +

1

n
) = (p(y)− 1

n
, p(y) +

1

n
) ⊂ (p(y)− ε, p(y) + ε).

-

B = {z ∈ XV : ρV (πV (y), z) < 1},

d?� ρV ´�â5 2.1.5 ¤½Â�� πV :
∏

V ′∈ζ XV ′ → XV ´g,Ý�. 2-

W = g(X) ∩ (
∏

V ′∈ζ\{V }

XV ′ ×B),

w,, W ´�¹ y �m��. e¡�Iy² p(W ) ⊂ (p(y)− ε, p(y) + ε), dd�

� p ´ëY¼ê.

¯¢þ, dÚn 2.1.4 Ú5 2.1.5 ��

g−1(W ) = g−1V (B) = {z ∈ X|ρV (x, z) < 1} ⊂ V [x],

Ïd

p(W ) = f(g−1(W )) ⊂ f(V [x]) ⊂ (f(x)− ε, f(x) + ε) = (p(y)− ε, p(y) + ε).

(2) ⇒ (1). Ï����m (Y,V ) �Ýþz, ¤±��(� V äk�êÄ,

Ø��� µ. ½Â ψ = (g, g) : X ×X → Y × Y , - γ = {ψ−1(V ) : V ∈ µ}, @o
w,k |γ| ≤ ω. Ï� g ´��ëY¼ê, ¤± γ ⊂ U . ?� ε > 0. Ï� p ´ë

Y¼ê, ¤±�3 V ∈ µ ÷v p(V [g(x)]) ⊂ (f(x)− ε, f(x) + ε). d

ψ−1(V ) ∈ γ Ú f(ψ−1(V )[x]) ⊂ p(V [g(x)]) ⊂ (f(x)− ε, f(x) + ε)

´� f ´ ω ��ëY¼ê. y..

d½n 2.1.6 N´��±e(J.

íØ 2.1.7 �Ýþz����mþ�z�ëY¢�¼êÑ´ ω ��ëY�.

5 2.1.8 íØ 2.1.7 ¥� “ω ��ëY” ØUO�¤ “��ëY”. ~X, ¢ê�

m R D�Ï~���(�´�Ýþz�, �´w,¿� R þ¤k�ëY¢�¼
êÑ´��ëY�, ù�`² ω ��ëY¼ê ; ��ëY¼ê.
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§2.2 ÿÀ+¥� ω ��ëY5

� G ´ÿÀ+, 3ùÙ¥�e5^ N (G, e) L«+ G ¥�¹ü � e �

¤km��. � f : G→ R ´¼ê, XJé?¿ ε > 0, �3 U ∈ N (G, e), ¦�

� x−1y ∈ U (yx−1 ∈ U) �k |f(x)− f(y)| < ε, @o¡ f ´� (m) ��ëYê

(left (right) uniformly continuous function); XJ f Q´���ëY¼ê, �´

m��ëY¼ê, @o f ´��ëY¼ê (uniformly continuous function) [12].

3ÿÀ+¥����ëY¼êVg�í2·�e¡Ú\ ω ��ëY¼ê�Vg.

½Â 2.2.1 � G ´ÿÀ+±9 f : G → R ´¼ê, é?¿ ε > 0, XJ�

3�êx U ⊂ N (G, e) ÷v: éz� x ∈ G, �3 U ∈ U ¦�� x−1y ∈ U

(yx−1 ∈ U) �k |f(x) − f(y)| < ε, @o f ´� (m) ω ��ëY¼ê (left

(right) ω-uniformly continuous function).

½Â 2.2.2 XJÿÀ+ G þ�¢�¼ê f Q´� ω ��ëY�, q´m ω �

�ëY�, @o f ´ ω ��ëY¼ê (ω-uniformly continuous function).

5 2.2.3 (1) � G ´ÿÀ+, @o�â©z [12] ��: 3 G þ�3ü�g,

���(�, ©O´���(� V l
G Úm��(� V r

G . u´�rÿÀ+ G w�

���m (G,V l
G) ½ (G,V r

G) �, @o½Â 2.2.1 �½Â 2.1.2 ´�d�.

(2) Ï�¢ê�m R ´ÿÀ+, ¤±�â (1) Ú5 2.1.8 ´�3ÿÀ+¥

k: ω ��ëY¼ê; ��ëY¼ê.

�â±þ½ÂéN´��½n 2.2.4 Ú½n 2.2.5.

½n 2.2.4 � f ´ÿÀ+ G þ�¢�¼ê, @o

(1) XJ f ´� (m) ��ëY¼ê, K f ´� (m) ω ��ëY¼ê;

(2) XJ f ´��ëY¼ê, K f ´ ω ��ëY¼ê.

� X ´ÿÀ�m, XJ X ¥�z� Gδ 8 (=�±L«¤�êõ�m8�

�8Ü) Ñ´m8, @o X ´ P �m (P -space) [12]. XJ�ÿÀ+ G w�ÿÀ

�m�´ P �m, @o¡ G ´ P + (P -group) [12].
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½n 2.2.5 � f ´ P +þ�¢�¼ê, @o

(1) f ´� (m) ��ëY¼ê��=� f ´� (m) ω ��ëY¼ê;

(2) f ´��ëY¼ê��=� f ´ ω ��ëY¼ê.

±e½n�Ñ
ÿÀ+þ� ω ��ëY¼êÚm ω ��ëY¼ê��x,

�â½ÂéN´y²§.

½n 2.2.6 � f ´ÿÀ+ G þ�¢�¼ê, @oe¡^��d:

(1) f ´� (m) ω ��ëY¼ê;

(2) �3�êx Uf ⊂ N (G, e) ÷v: éz�: x ∈ G Úz� ε > 0, �3

U ∈ Uf , ¦�� x−1y ∈ U (yx−1 ∈ U) �, k |f(x)− f(y)| < ε.

e¡½n3�Öö�öS.

½n 2.2.7 � G ´ÿÀ+, K G þz�ëY� (k.ëY�) ¢�¼ê´� ω

��ëY¼ê��=� G þz�ëY� (k.ëY�) ¢�¼ê´m ω ��ë

Y¼ê.

§2.3 ω ��ëY5� R-factorizable ÿÀ+

3d!¥·�A^c¡Ú\� ω��ëY¼êVg5ïÄ R-factorizableÿ

À+. � G ´ÿÀ+, XJé G þ�z�¢�ëY¼ê f , �3äk�êÄ�ÿ

À+ H, ëYÓ� p : G → H ±9 H þ�ëY�¼ê h, ¦� f = h ◦ p, @o
¡ G´ R-factorizable ÿÀ+ [79, 81]. 3�Ñ�!Ì�(J�c,·����


O�ó�. J. M. Kister ¤½Â� property U ®3�ÙmÞ�Ñ. XJÿÀ+ G

þ�z�k.�ëY¢�¼êÑ´��ëY¼ê, @o W. W. Comfort Ú K. A.

Ross [23] ¡ G äk property BU . ég,/·�k±e½Â.

½Â 2.3.1 XJÿÀ+ G þ�z�ëY� (k.ëY�) ¢�¼êÑ´ ω ��

ëY�, @o¡ G äk property ω-U (property Bω-U).



§2.3 ω ��ëY5� R-factorizable ÿÀ+ 111�

5 2.3.2 �â property ω-U Ú property Bω-U �½Â±9½n 2.2.5 ��: z

�äk property U (property BU) �ÿÀ+äk property ω-U (property Bω-U).

®�ÿÀ+ Gäk property BU ��=� Gäk property U [23, Theorem

2.8]. ·�k±eaq�(J.

½n 2.3.3 ÿÀ+ G äk property Bω-U ��=� G äk property ω-U .

y² w,, property ω-U %º property Bω-U . ��,� f ´ Gþ�ëY¢�¼

ê, Ï� G äk property Bω-U , ¤±é?¿ n ∈ N, k.ëY¼ê (−n)∨ f ∧ n
�½´ ω ��ëY�. �âù�¯¢Ú½n 2.2.6 éN´�y f ´ ω ��ëY

¼ê, � G äk property ω-U . y..

½n 2.3.4 z� Lindelöf ÿÀ+äk property ω-U .

y² � G ´ Lindelöf ÿÀ+, �â½n 2.2.7 Ú½Â 2.3.1, �Ly² G þ

�z�ëY¢�¼ê f ´� ω ��ëY�. Ï� G ´ Lindelöf �m, ¤±

éz� n ∈ N ·�éN´é�8x Uf,n = {Vj : j ∈ ω} ⊂ N (G, e) Úf8

Af,n = {hj : j ∈ ω} ⊂ G ÷vXe^�:

(i) G =
⋃
j∈ω hjVj;

(ii) éz� j ∈ ω k f(hjV
2
j ) ⊂ (f(hj)− 1

n
, f(hj) + 1

n
).

- Uf =
⋃
n∈N Uf,n, e¡��y² Uf ÷v½n 2.2.6 ¥�^� (2), dd`

² f ´� ω ��ëY¼ê. w,,k |Uf | ≤ ω Ú Uf ⊂ N (G, e). ?� h ∈ GÚ
ε > 0, K�3 n0 ∈ N ÷v 1

n0
< ε

2
. �âþ¡�^� (i), �±é� j0 ∈ ω ¦�

h ∈ hj0Vj0 , Ù¥ hj0 ∈ Af,n0 ±9 Vj0 ∈ Uf,n0 ⊂ Uf . q�âþ¡^� (ii) ��

f(hVj0) ⊂ f(hj0V
2
j0

) ⊂ (f(hj0)−
1

n0

, f(hj0) +
1

n0

) ⊂ (f(hj0)−
ε

2
, f(hj0) +

ε

2
),

�Ò´`, � h−1y ∈ Vj0 �k

|f(h)− f(y)| ≤ |f(h)− f(hj0)|+ |f(hj0)− f(y)| < ε

2
+
ε

2
= ε.

y..

d½n 2.3.4 éN´��Xe(J.
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íØ 2.3.5 z�äk�ê�ä�ÿÀ+�f+äk property ω-U , AO/, z�

äk�êÄ�ÿÀ+�f+äk property ω-U .

5 2.3.6 ½n 2.3.4 ÚíØ 2.3.5 ¥� “property ω-U” ØUO�¤ “property

U”. ~X, ¢ê�mþ�\{ÿÀ+ (R,+) äk�êÄ, �´¿Ø´ (R,+) þ

¤k�ëY¢�¼êÑ´��ëY�.

Ún 2.3.7 [12, Corollary 3.4.19] � G ´ ω-narrow ÿÀ+, @oé G ¥�¹

ü ��z�m�� U , �3äk�êÄ�ÿÀ+ H ÚëYÓ� π : G → H,

� π ÷vXe^�: �3 H ¥�¹ü ��m�� V ÷v π−1(V ) ⊂ U .

Ún 2.3.8 � G ´ ω-narrow ÿÀ+±9 f : G → R ´¼ê, XJ f ´� ω

��ëY¼ê½m ω ��ëY¼ê, @o�3äk�êÄ�ÿÀ+ K, ±9ë

YÓ� π : G→ K ÚëY¼ê p : K → R ÷v f = p ◦ π.

y² b� f ´ G þ�� ω ��ëY¼ê. �â½n 2.2.6, �±é��êx

Uf ⊂ N (G, e) ÷vXe^�: é G ¥�z�: x Ú?¿ ε > 0, �3 V ∈ Uf ,
¦�� x−1y ∈ V �, k |f(x)− f(y)| < ε.

Ï� G ´ ω-narrow ÿÀ+, ¤±�âÚn 2.3.7, éz� V ∈ Uf Ñ�3

l G �äk�êÄ�ÿÀ+ HVþ�ëYÓ� πV , � πV ÷vXe^�: �3

HV ¥�¹ü ��m�� U ÷v π−1V (U) ⊂ V . ½Â π = ∆V ∈Uf
πV �¼êx

{πV : V ∈ Uf} �é�È.

éw,, G �Ó�� π(G) ´äk�êÄ�ÿÀ+, ù´Ï�
∏

V ∈Uf
HV ä

k�êÄ.

äó: ?� h1, h2 ∈ G, XJ π(h1) = π(h2), Kk f(h1) = f(h2).

¯¢þ, eäóØ¤á, K�3 h1, h2 ∈ G Ú ε > 0 ÷v

π(h1) = π(h2) � f(h2) /∈ (f(h1)− ε, f(h1) + ε).

�âþ¡ Uf �ÀJ, é h1 Ú ε �±é� Vh1,ε ∈ Uf , ¦�� h−11 y ∈ Vh1,ε �k
|f(h1) − f(y)| < ε, ù�du f(h1Vh1,ε) ⊂ (f(h1) − ε, f(h1) + ε). 2�â πVh1,ε

�5��±é�ÿÀ+ HVh1,ε
¥�¹ü ��m�� U ÷v π−1Vh1,ε

(U) ⊂ Vh1,ε.
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�ÿÀ+ HVh1,ε
¥�¹ü ��m�� W ¦� W 2 ⊂ U . - g = πVh1,ε(h1). Ï

� π(h1) = π(h2), ¤± g = πVh1,ε(h2), ?k

h2 ∈ π−1Vh1,ε(gW ) = π−1Vh1,ε
(g)π−1Vh1,ε

(W )

= h1π
−1
V h1,ε

(e)π−1Vh1,ε
(W ) ⊂ h1π

−1
Vh1,ε

(W )π−1Vh1,ε
(W )

= h1π
−1
Vh1,ε

(W 2) ⊂ h1π
−1
Vh1,ε

(U) ⊂ h1Vh1,ε,

l

f(h2) ∈ f(h1Vh1,ε) ⊂ (f(h1)− ε, f(h1) + ε),

�ddgñ���äó�y².

�â±þäó�±é����¼ê p : π(G)→ R ÷v f = p ◦ π. e¡�L

y² p ´ëY�.

?� ε > 0 Ú g ∈ π(G), ��: h ∈ G ¦� g = π(h). Ï� f = p ◦ π ±9
�âþ¡ÀJ� Uf , ¤±�3 Vh,ε ∈ Uf ÷v

f(hVh,ε) ⊂ (f(h)− ε, f(h) + ε) = (p(g)− ε, p(g) + ε).

2d πVh,ε �5�, �±é�+ HVh,ε ¥�¹ü ��m�� U ¦� π−1Vh,ε(U) ⊂
Vh,ε. 2ÀJ+ HVh,ε ¥�¹ü ��m�� W ÷v W 2 ⊂ U . -

O = π(G) ∩ (W ×
∏

V ∈Uf\{Vh,ε}

HV ).

·�äók p(gO) ⊂ (p(g)− ε, p(g) + ε), l`² p ´ëY¼ê.

¯¢þ, Ï� gVh,ε = πVh,ε(h), l

p(gO) ⊂ f(π−1(gO))

= f(π−1(π(G) ∩ (gVh,εW ×
∏

V ∈Uf\{Vh,ε}

HV )))

= f(π−1Vh,ε(gVh,εW )) ⊂ f(hπ−1Vh,ε(U)) ⊂ f(hVh,ε)

⊂ (f(h)− ε, f(h) + ε) = (p(g)− ε, p(g) + ε).

ùÒ�¤
� f ´� ω ��ëY¼ê��y².

� f ´m ω ��ëY¼ê�Ón�y. y..

�e5�Ñ R-factorizable ÿÀ+����x.
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½n 2.3.9 G ´ R-factorizable ÿÀ+��=� G ´ ω-narrow ÿÀ+�äk

property ω-U .

y² ¿©5��dÚn 2.3.8 ��. ��, b� G ´ R-factorizable ÿÀ+, @

o G ´ ω-narrow ÿÀ+ [81, Lemma 2.2], Ïd�Iy² G äk property ω-U .

?� G þ�ëY¢�¼ê f , Ï� G ´ R-factorizable ÿÀ+, ¤±�3äk�

êÄ�ÿÀ+ K, ëYÓ� π : G→ K ±9ëY¼ê p : K → R÷v f = p ◦π.

� B ´+ K ¥ü ���êÛÜÄ. - Uf = {π−1(U) : U ∈ B}. ·�éN´
�y Uf ´+ G¥�¹ü ���êm��x�÷vXe^�:éz�: x ∈ G
Ú?¿ ε > 0, �3 Ux,ε ∈ Uf ¦�� x−1y ∈ Ux,ε �k |f(x)− f(y)| < ε, l�

â½n 2.2.6�� f ´� ω ��ëY¼ê. 2d½n 2.2.7´� Gäk property

ω-U . y..

Ï��3 ω-narrow ÿÀ+ G �Ø´ R-factorizable ÿÀ+ [12, Example

8.2.1], ¤±�â½n 2.3.9 �3 G þ�,�ëY¢�¼êØ´ ω ��ëY�.

íØ 2.3.10 [12, 8.1.b] XJ G ´ ω-narrow ÿÀ+�äk property U , @o

G ´ R-factorizable ÿÀ+.

Ï�z� Lindelöf ÿÀ+´ ω-narrow ÿÀ+ [12, Proposition 3.4.6], ¤±

�â½n 2.3.4 Ú½n 2.3.9 ��±e(J.

íØ 2.3.11 [82, Theorem 5.5] z� Lindelöf ÿÀ+´ R-factorizable ÿÀ+.

Ï�z� precompact ÿÀ+´ R-factorizable [81, Corollary 1.14], ¤±�

â½n 2.3.9 k±e(J.

íØ 2.3.12 z� precompact ÿÀ+äk property ω-U .

5 2.3.13 íØ 2.3.12 ¥ “property ω-U” ØUO�¤ “property U”, Ï�z�

precompact ÿÀ+�äk property U ´�;�m [23, Theorem 2.7].

� X ´ÿÀ�m, XJ X ¥�z�ÛÜk� (�dulÑ) m8xÑ´�

ê�, @o X ´� ω1 ;�m (pseudo-ω1-compact space) [12]. w,, z��;�

m´� ω1 ;�m.
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íØ 2.3.14 � G ´äk property U �ÿÀ+, K

(1) G ´� ω1 ;�m��=� G ´ R-factorizable ÿÀ+;

(2) XJ G ´ ω-narrow ÿÀ+, @o G �z�ëYÓ��´ R-factorizable ÿ

À+.

y² (1) Ï��ÿÀ+ G ´ P �m�, G ´� ω1 ;�m��=� G ´

R-factorizable ÿÀ+ [84, Theorem 4.16], ¤±Ø�b� G Ø´ P +�äk

property U .

¿©5. Ï�eÿÀ+äk property U , @o§�o´ precompact ÿÀ+,

�o´ P + [23, Theorem 2.2], Ïd G ´ precompact ÿÀ+. qÏ�z�

precompact �äk property U �ÿÀ+´�;�m [23, Theorem 2.7], ¤± G

´� ω1 ;�m.

7�5. b� G ´� ω1 ;�ÿÀ+�äk property U . �â [12, Proposi-

tion 3.4.31] Ú5 2.3.2 �� G ´ ω-narrow ÿÀ+�äk property ω-U , Ïdd

½n 2.3.9 �� G ´ R-factorizable ÿÀ+.

(2) b� G ´ ω-narrow ÿÀ+�äk property U , Ïdd½n 2.3.9 ��

G ´ R-factorizable ÿÀ+. Ï�®²�� R-factorizable P +�z�ëYÓ�

�´ R-factorizable ÿÀ+ [84, Corollary 5.9], Ïd�Iy²� G Ø´ P +�,

G �ëYÓ��´ R-factorizable ÿÀ+.

¯¢þ,� GØ´ P +�äk property U �,3 (1)�¿©5y²¥·�®

²y² G´�;�m. qÏ��;5�ëYN�¤�±� ω-narrow5��ëY

Ó�¤�± [12, Proposition 3.4.2], �z��;ÿÀ+Ñäk property U [23,

Theorem 1.5],¤±d5 2.3.2Ú½n 2.3.9�� G�ëYÓ��´ R-factorizable

ÿÀ+. y..

íØ 2.3.15 [79, Theorem 3.8] ÛÜëÏ� R-factorizable ÿÀ+ G ¥�z�

ÛÜk�m8x´�ê�.

y² b�3 G ¥�3Ø�ê�ÛÜk�m8x, K3 G ¥�±é�Ø�êõ

�lÑ���m8x {Oα : α < ω1} [75, Lemma 1]. ¯¤±�, z� Haudsorff

ÿÀ+Ñ´���K�, Ïdéz� α < ω1 ÀJ�: xα ∈ Oα, �±½ÂëY¼
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ê fα : G→ [0, 1]÷v fα(xα) = 1� fα(G \Oα) = {0}, @o¼ê f =
∑

α<ω1
fα

´ëY�. Ï� G ´ R-factorizable ÿÀ+, ¤±d½n 2.3.9 �� f ´ ω ��

ëY¼ê. qÏ� G ´ÛÜëÏ�, ¤±�±é�+ G ¥�¹ü ��ëÏm

���êx V ÷vXe^�:éz�: x ∈ GÑ�3 V ∈ V ,¦�� y ∈ xV �,

k |f(x) − f(y)| < 1, léz� β < ω1, �3 Vβ ∈ V ÷v xβVβ ⊂
⋃
α<ω1

Oα.

qÏ� xβVβ ´ëÏ�±9 {Oα : α < ω1} ´lÑ�, ¤±k xβVβ ⊂ Oβ. Ï

� V ´�ê�, ¤±�3 V0 ∈ V ±9Ø�êf8 A ⊂ ω1 ¦�éz� α ∈ A
÷v xαV0 ⊂ Oα, l� α, β ∈ A � α 6= β �k xαV0 ∩ xβV0 = ∅. � W

´+ G ¥�¹ü ��é¡m���÷v W 2 ⊂ V0, d½n 2.3.9 �� G ´

ω-narrow ÿÀ+, Ïd�3�êf8 K ⊂ G ÷v G = WK. qÏ� A ´Ø�

ê8, ¤±·��±é��: x ∈ K ±9ØÓ� α, β ∈ A ÷v {xα, xβ} ⊂ Wx,

� x−1β xα ∈ W 2 ⊂ V0, �Ò´`, xα ∈ xβV0, ù� xαV0 ∩ xβV0 = ∅ gñ. y..

½n 2.3.16 � G ´ÿÀ+�äk property ω-U (property Bω-U), XJ N ´

G ¥4�ØCf+, @oû+ G/N äk property ω-U (property Bω-U).

y² � p : G→ G/N ´ûÓ�,@o p´m�ëYÓ� [12, Theorem 1.5.1]. ?

� G/N þëY (k.ëY)¢�¼ê f ,@o f ◦p´ Gþ�ëY (k.ëY)¢

�¼ê. Ï� Gäk property ω-U (property Bω-U),¤±d½Â 2.3.1�� f ◦p
´ ω ��ëY¼ê. �â½n 2.2.6, ·��±é��êx Uf◦p ⊂ N (G, e) ÷v

Xe^�: éz� x ∈ G ±9z� ε > 0, �3 Ux,ε ∈ Uf◦p, ¦�� x−1y ∈ Ux,ε
�, k |f ◦ p(x) − f ◦ p(y)| < ε. - Uf = {p(U) : U ∈ Uf◦p}, Ï� p ´mëY

Ó�, ¤±·�éN´�y Uf ÷v½n 2.2.6 ¥^� (2), ùÒ`² f ´ (�)

ω ��ëY¼ê, Ïdd½n 2.2.7 ��û+ G/N äk property ω-U (property

Bω-U). y..

Ï�ëYÓ��± ω-narrow 5� [12, Proposition 3.4.2], ¤±d½n 2.3.9

Ú½n 2.3.16 éN´��±e(J.

íØ 2.3.17 [79, Theorem 3.10] R-factorizable ÿÀ+�z�mëYÓ��´

R-factorizable ÿÀ+.
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§2.4 ω ��ëY5� m-factorizable ÿÀ+

� G ´ÿÀ+, M ´?¿�Ýþz�m, XJéz�ëY¼ê f : G→M ,

�3äk�êÄ (1��ê) �ÿÀ+ K, ëYÓ� p : G → K ÚëY¼ê

g : K → M , ÷v f = g ◦ p, @o¡ G ´ m-factorizable ÿÀ+ [12] (M -

factorizable ÿÀ+ [12]). w,, z� m-factorizable ÿÀ+´ R-factorizable ÿ

À+. �´, ´Äz� R-factorizable ÿÀ+´ m-factorizable ÿÀ+, E,´�

úm¯K [12, Open Problem 8.5.1].

±e¯K´ A. V. Arhangel’skǐı Ú M. Tkachenko 3 2008 cJÑ5�. d

!¥·�ò�Ñd¯K��¡£�.

¯K 2.4.1 [12, Open Problem 8.4.4] M -factorizable ÿÀ+�û+E´ M -

factorizable ÿÀ+í?

3£�¯K 2.4.1 �c, Äk·��r½Â 2.2.1 Ú½Â 2.2.2 í2�Ýþ�

mþ.

½Â 2.4.2 � G ´ÿÀ+, (M,ρ) ´Ýþ�m±9 f : G → M ´¼ê, XJ

éz� ε > 0, �3�êx U ⊂ N (G, e) ÷vXe^�: éz�: x ∈ G, �3

U ∈ U , ¦�� x−1y ∈ U (yx−1 ∈ U) �k ρ(f(x), f(y)) < ε, @o f ´� (m)

ω ��ëY¼ê (left (right) ω-uniformly continuous function).

½Â 2.4.3 � G ´ÿÀ+, (M,ρ) ´Ýþ�m±9 f : G → M ´¼ê, XJ

f Q´� ω ��ëY¼ê, q´m ω ��ëY¼ê, @o f ´ ω ��ëY¼ê

(ω-uniformly continuous function).

5 2.4.4 ¯¢þ, �r½Â 2.2.1 Ú½Â 2.2.2 ¥¢ê�mw�Ï~�î¼Ýþ

�m�, ¦����Ò�½Â 2.4.2 Ú½Â 2.4.3 ��.

Ún 2.4.5 [12, Theorem 3.4.18] � G ´ ω-balanced ÿÀ+, @o, é G ¥�

¹ü ��z�m�� U , �3�Ýþ�ÿÀ+ H, ëYÓ� π : G → H ±9

H ¥�¹ü ���� V ÷v π−1(V ) ⊂ U .



118� 1�Ù ÿÀ+¥ R-factorizability � ω ��ëY5

¯¤±�, ÿÀ+ G ´�Ýþz���=� G ´1��ê� [35, Theorem

3.3.12]. lÚn 2.3.8 �y²¥�±wÑ, Ùy²�^�¢ê�m R �Ýþ5�,

vk^�§�S(�5�, Ïd��éÙy²��NUÄ, 2dÚn 2.3.7 Ú

Ún 2.4.5 ÒU��±eÚn.

Ún 2.4.6 � G ´ ω-narrow (ω-balanced) ÿÀ+, (M,ρ) ´Ýþ�m±9

f : G → M ´¼ê, XJ f ´� ω ��ëY¼ê½m ω ��ëY¼ê, @

o�31��ê (1��ê) �ÿÀ+ K, ëYÓ� p : G → K ÚëY¼ê

h : K →M , ¦� f = h ◦ p.

±e(J3�Öö�öS.

Ún 2.4.7 � G ´ÿÀ+±9 (M,ρ) ´Ýþ�m, @oz�l G � M þ�

ëY¼ê´� ω ��ëY���=�z�l G � M þ�ëY¼ê´m ω �

�ëY�.

½Â 2.4.8 � G ´ÿÀ+, ?�Ýþ�m (M,ρ), XJz�ëY¼ê f : G →
M ´ ω ��ëY�, @o¡ G äk property strongly ω-U .

z� m-factorizable ÿÀ+Ñ´ ω-narrow ÿÀ+ [12]. �âÚn 2.4.6 ±9

Ún 2.4.7, ·���é½n 2.3.9 �y²��NUÄÒ�±��±e(J.

½n 2.4.9 ÿÀ+ G ´ m-factorizable ÿÀ+��=�§´ ω-narrow ÿÀ+

�äk property strongly ω-U .

Ún 2.4.10 [12, Theorem 3.4.22] ÿÀ+ G ´ ω-balanced ÿÀ+��=�§

ÿÀÓ��x�ÝþzÿÀ+�È�m�,�f+.

Ún 2.4.11 z� M -factorizable ÿÀ+´ ω-balanced ÿÀ+.

y² � G ´M -factorizable ÿÀ+. �y² G ´ ω-balanced ÿÀ+, �âÚ

n 2.4.10, �Iy²ÿÀ+ G ÿÀÓ��x�ÝþzÿÀ+�È�m�,�f

+.

Ï� G ÷v Hausdorff ©lúp, ¤± G ´���K�. ^ γ = {fα : α ∈
Λ} L« G þ¤k�ëY¢�¼ê, @o γ U©l G ¥�z�:ÚØ�¹d
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:�48. qÏ� G ´ M -factorizable ÿÀ+, ¤±éz� fα ∈ γ �31�

�ê�ÿÀ+ Kα, ëYÓ� pα : G → Kα ±9ëY¼ê gα : Kα → R, ÷v

fα = gα ◦ pα. Ï�z�1��ê�ÿÀ+´�Ýþz�, ¤±z�ÿÀ+ Kα ´

�Ýþz�. - δ = {pα : α ∈ Λ}, ·�òy²¼êx δ U©l G ¥�z�:

ÚØ�¹d:�48. � G ¥?¿�: x Ú?¿48 F �÷v x /∈ F , @o�

3 fα ∈ γ ¦� fα(x) /∈ fα(F ). e¡y² pα(x) /∈ pα(F ), ùÒ`² δ U©l G

¥�:ÚØ�¹d:�48. ¯¢þ, b�Ø¤á, @o pα(x) ∈ pα(F ), 2�â

fα = gα ◦ pα ±9 gα �ëY5��

fα(x) = gα(pα(x)) ∈ gα(pα(F )) ⊂ gα(pα(F )) = fα(F ),

�gñ, l ∆α∈Λpα : G →
∏

α∈ΛKα ´ÿÀÓ�i\N�, Ù¥ ∆α∈Λpα ´¼

êx δ �é�È. y..

�âÚn 2.4.6, Ún 2.4.7 Ú Ún 2.4.11, é½n 2.3.9 �y²��NUÄ

ÒéN´��±e½n.

½n 2.4.12 ÿÀ+ G ´ M -factorizable ÿÀ+��=�§´ ω-balanced ÿ

À+�äk property strongly ω-U .

e¡�(J´w,�.

Ún 2.4.13 ω-balanced ÿÀ+�z�ëYmÓ��´ ω-balanced ÿÀ+.

±e½n�¡£�
¯K 2.4.1.

½n 2.4.14 M -factorizable ÿÀ+�z�û+´ M -factorizable ÿÀ+.

y² � G ´ M -factorizable ÿÀ+±9 p : G → K ´ûÓ�, Ù¥ K ´

ÿÀ+. �â [12, Theorem 1.5.1] �� p ´mÓ�, ÏddÚn 2.4.11 ÚÚn

2.4.13 �� K ´ ω-balanced ÿÀ+. ?�Ýþ�m (M,ρ), �âÚn 2.4.7 Ú

½n 2.4.12, �Iy²z�l K � (M,ρ) þ�ëY¼êÑ´� ω ��ëY¼

ê. Ï� G ´ M -factorizable ÿÀ+, ¤±d½n 2.4.12 �� f ◦ p ´ ω ��

ëY¼ê. ?� ε > 0, d½Â 2.4.2 �±é��êx µ ⊂ N (G, e) ÷vXe^

�: éz�: x ∈ G, �3 U ∈ µ, ¦�� x−1y ∈ U �k ρ(f(p(x)), f(p(y))) < ε.
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- γ = {p(U) : U ∈ µ}, @ow, γ ´ÿÀ+ K ¥�¹ü ��é¡��ê

m��x. éz�: x ∈ K, ��: z ∈ G ÷v x = p(z), K�3 U ∈ µ, ¦

�� z−1y ∈ U �k ρ(f(p(z)), f(p(y))) < ε, �Ò´`, �3 p(U) ∈ γ ¦��
x−1x′ ∈ p(U) �kρ(f(x), f(x′)) < ε, ùÒy²
 f ´� ω ��ëY¼ê. y..



1nÙ �ÿÀ+¥�ÄêØCþ� ω [��ëY5

�Ù¥ÄkïÄ�ÿÀ+¥�ÄêØCþ,rÿÀ+¥�
²;�Äê¼ê

í2��ÿÀ+¥, ±93�ÿÀ+¥ïáåÄê¼ê�m��
#�éX, ù


(JU?
 A. V. Arhangel’skǐı Ú M. Tkachenko ��
(J. ���ïÄ


�ÿÀ+þ�ëY¢�¼ê, ��[��ëY¼ê�í2, 3�ÿÀ+¥·�Ú

\ ω [��ëY¢�¼ê�ïÄ
§��
5�. ¯¢L², ω [��ëY¼ê

3�e5��Ù¥^5�x R-factorizable �ÿÀ+åX��^. �ÙÌ��

áu�ö����Æ�ÇÜ��©Ù “Cardinal invariants and R-factorizability

in paratopological groups”.

§3.1 �ÿÀ+¥�ÄêØCþ

3d!¥, Ì�ïÄ�ÿÀ+¥�ÄêØCþ, Äk0��
Vg.

� G´�ÿÀ+,^ τ L« Gþ�ÿÀ.- τ−1 = {U−1 : U ∈ τ},@o¡ÿ
À τ−1 � G þ��ÝÿÀ (conjugate topology) [68]. w, G′ = (G, τ−1) �´�

ÿÀ+�_$� x→ x−1 ´l G � G′ �Ó�. �þ(.ÿÀ τ ∗ = τ ∨ τ−1, K
τ ∗ ´ G þ�+ÿÀ, �¡ÿÀ+ G∗ = (G, τ ∗) � G ���ÿÀ+ (topological

group associated to G) [68]. éN´�±��8x {U ∩ U−1 : e ∈ U ∈ τ} ´ÿ
À+ G∗ ¥ü � e ?ÛÜÄ. ù
ÎÒ3�e5�Ù!¥Ñ÷^. w,, (1) é

z� T0 �ÿÀ+ G, K��ÿÀ+ G∗ ÷v Hausdorff ©lún; (2) ð�N�

i : G∗ → G ´ëY�; (3) éz�ÿÀ+ H k H = H∗.

� P ´ÿÀ5�, G ´�ÿÀ+, XJ G ���ÿÀ+ G∗ äk5� P , @

o¡ G ´ totally P �ÿÀ+ [68, Definition 3.1].

·K 3.1.1 £ã
�ÿÀ+ G Ú§���ÿÀ+ G∗ �m�'X, §´ [68,

Corollary 3.3] ���/ª.

·K 3.1.1 � P ´k�¦È�±�'u4f�m¢D�ÿÀ5�, XJ T1 �

ÿÀ+ G äk5� P, K§���ÿÀ+ G∗ �äk5� P.

y² ½Â¼ê f : G×G′ → GXe: f(x, y) = xy−1. Ï� G´�ÿÀ+, ¤±

éN´�y f ´ëY¼ê. qÏ� G ÷v T1©lún, ¤± G × G′ �é��

21
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∆ = {(x, x) : x ∈ G} = f−1(e) 3 G×G′ ¥´48, Ù¥ e ´ G ¥ü �. �â

[69, Lemma 3.2], �� ∆ ´÷v Hausdorff ©lún�ÿÀ+�ÿÀÓ�u G∗.

qÏ�5� P k�¦È�±�'u4f�m¢D, ld·K¤á. y..

�â·K 3.1.1 éN´��±e(J.

íØ 3.1.2 � P ´k�¦È�±, 'u4f�m¢D��ëYN��±�ÿÀ

5�, @o�ÿÀ+ G äk5� P ��=�§���ÿÀ+ G∗ äk5� P.

� G ´÷v Hausdorff ©lún��ÿÀ+±9 e ´ G �ü �. G �

Hausdorff number [85], {P� Hs(G), ´÷vXe^����Äê κ: é�¹ e

�z��� U , �3�¹ e ���x γ ÷v
⋂
V ∈γ V V

−1 ⊂ U ±9 |γ| ≤ κ. a

q/, e G ÷v�K©lún, @o G � index of regularity [85], {P� Ir(G),

´÷vXe^����Äê κ: é�¹ e �z��� U , �±é��¹ e ��

� V Ú��x γ ÷v
⋂
W∈γ VW

−1 ⊂ U ±9 |γ| ≤ κ. w,, z� T0 ÿÀ+k

Hs(G) = 1 ±9 Ir(G) = 1, �z�1��ê��÷v Hausdorff (�K) ©lú

n��ÿÀ+ G k Hs(G) ≤ ω (Ir(G) ≤ ω).

l [85, Theorem 2.7, Theorem 3.6] �y²¥éN´��±eÚn. dÚn

3ùÙ¥åX��^.

Ún 3.1.3 � G ´ Hausdorff (�K) ω-balanced �ÿÀ+�÷v Hs(G) ≤ ω

(Ir(G) ≤ ω), @oé G ¥�¹ü � e �z�m�� U , �3 Hausdorff (�

K) 1��ê��ÿÀ+ H, ëYÓ� π : G→ H ±9 H ¥�¹ü ��,�

�� V , ¦� π−1(V ) ⊂ U .

½n 3.1.4 � G´ Hausdorff, ω-balanced�ÿÀ+�÷v Hs(G) ≤ ω, XJ G

�z�÷v1��ê�ëYÓ��´ τ -narrow�ÿÀ+, @o G�´ τ -narrow

�ÿÀ+.

y² � U ´ G ¥�¹ü ��m��, � G ¥�¹ü ��m�� V ÷v

V 2 ⊂ U , @odÚn 3.1.3, �3 Hausdorff 1��ê��ÿÀ+ H, ëYÓ�

π : G → H ÷vXe^�: �3 H ¥�¹ü ���� W ¦� π−1(W ) ⊂ V .

�âb�k H ´ τ -narrow�ÿÀ+,Ïdém��W �ÀJf8 K ⊂ H ÷v

|K| ≤ τ � KW = WK = H. � G ¥f8 F ÷v |F | ≤ τ � π(F ) = K, ·�
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äó UF = FU = G. ¯¢þ, �?¿ x ∈ G, @o�3 b ∈ K ¦� π(x) ∈ bW .

ÀJ�� a ∈ F ¦� π(a) = b. w,, π(x) ∈ bW = π(a)W ⊂ π(aV ), l

x ∈ π−1(π(aV )) = aV π−1(e) ⊂ aV π−1(W ) ⊂ aV V ⊂ aU ⊂ FU.

ùÒy²
 FU = G. Ón, éN´y² UF = G, � G ´ τ -narrow �ÿÀ+.

y..

w,, z�C��ÿÀ+´ ω-balanced ÿÀ+, ÏdéN´��±e(J.

íØ 3.1.5 [12, Proposition 5.1.13] � G ´C��ÿÀ+, XJ G �z�÷

v1��ê�ëYÓ��´ τ -narrow ÿÀ+, @o G ´ τ -narrow ÿÀ+.

½n 3.1.6 z� totally τ -narrow �ÿÀ+´ τ -balanced �ÿÀ+.

y² � G ´ totally τ -narrow �ÿÀ+, e ´ G �ü �. ?��¹ e �m

�� U , ÀJ�¹ e �m�� V ÷v V 3 ⊂ U . Ï� G ���ÿÀ+ G∗ ´

τ -narrow ÿÀ+, ¤±é G∗ ¥�¹ü ��m�� O = V ∩ V −1, �3f8
C ⊂ G∗ ÷v CO = OC = G∗ � |C| ≤ τ . w,, O ⊂ V ±9 O ⊂ V −1. Ï� G

¥�¦{$�éÜëY, ¤±éz� x ∈ C �±é� G ¥�¹ü ��m��

Wx, ¦� xWxx
−1 ⊂ V . ·�äó8x γ = {Wx : x ∈ C} láu U , �Ò´`,

é?¿� x ∈ G, �3 W ∈ γ, ¦� xWx−1 ⊂ U .

¯¢þ, �?¿ y ∈ G, K�3 x ∈ C ÷v y ∈ Ox, Ïd

yWxy
−1 ⊂ OxWxx

−1O−1 ⊂ V (xWxx
−1)V ⊂ V 3 ⊂ U.

ùÒy²
 inv(G) ≤ τ , = G ´ τ -balanced �ÿÀ+. y..

íØ 3.1.7 [68, Proposition 3.8] z� totally ω-narrow �ÿÀ+ G ´ ω-

balanced �ÿÀ+, = inv(G) ≤ ω.

� G´�ÿÀ+, B ´ G�f8,XJé G¥�¹ü ��z�m�� U ,

�3f8 F ⊂ G ÷v |F | ≤ τ � B ⊂ FU ∩ UF , @o¡ B ´ G ¥ τ -narrow

f8 [12]. w,, G ´ τ -narrow �ÿÀ+��=� G 3g�¥´ τ -narrow f

8. z� τ -narrow �ÿÀ�?¿f83d+¥´ τ -narrow f8.
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½n 3.1.8 � G ´�ÿÀ+, K G ¥÷ve¡^����?¿f8Ñ´ G ¥

� τ -narrow f8:

(1) l(B) ≤ τ ;

(2) c(B∗) ≤ τ , Ù¥ B∗ ´w�f8 B �D� G ���ÿÀ+ G∗ �f�mÿ

À.

y² éu (1)A�´w,�. ¯¢þ,e U ´ G¥�¹ü ��?¿m��,@

ow, {xU : x ∈ G}Ú {Ux : x ∈ G}´G�ü�mCX.Ï� l(B) ≤ τ ,¤±�

3 G ¥�ü�f8 C1 Ú C2 �÷v |Ci| ≤ τ (i = 1, 2) ±98x {xU : x ∈ C1}
Ú8x {Ux : x ∈ C2} ÑCX B, �du B ⊂ C1U ∩ UC2, � B ´ G ¥�

τ -narrow f8.

éu (2), e U ´ G ¥�¹ü ��?¿m��, @ow, U �´ G∗ ¥

�m��. Ï� c(B∗) ≤ τ , ¤±�â [12, Proposition 5.1.3] ·��±é�f8

C ⊂ G∗ = G (w�8Ü�) ÷v B ⊂ CU ∩ UC � |C| ≤ τ , ùÒ`² B �´ G

¥� τ -narrow f8. y..

íØ 3.1.9 z��ÿÀ+ G Ñ÷vØ�ª ib(G) ≤ l(G) Ú ib(G) ≤ c(G∗).

�e5ïÄ�ÿÀ+¥ÄêØCþ�m#�éX.

½n 3.1.10 z��ÿÀ+ G k w(G) = ib(G∗)× χ(G).

y² w,,�â·K 3.1.1k χ(G∗) ≤ χ(G)×χ(G) = χ(G). Ï�z�ÿÀ+ H

k w(H) = ib(H)×χ(H) [12, Proposition 5.2.3],2\þ G´§���ÿÀ+ G∗

�ëY�, ¤±k nw(G) ≤ w(G∗) ≤ ib(G∗)× χ(G). - nw(G) = δ, ib(G∗) = κ,

±9 χ(G) = γ. ?� G ¥ü �?���Ä V = {Vα : α ∈ γ} ±9 G ¥��

�ä U = {Uβ : β ∈ δ}. ·�äó8x {UβVα : (β, α) ∈ δ×γ}´ G���Ä.ù

Ò`² w(G) ≤ δ× γ = nw(G)×χ(G) ≤ ib(G∗)×χ(G)×χ(G) = ib(G∗)×χ(G).

¯¢þ, ?� G ¥��m8 U ±9?¿: x ∈ U , �â G �¦{$�

´éÜëY, �±é� G ¥�ü�m8 Vα Ú W ÷v Vα ∈ V , x ∈ W ±9

WVα ⊂ U . Ï�8x U ´ G ��ä, ¤±�3 Uβ ∈ U ¦� x ∈ Uβ ⊂ W , l

x ∈ UβVα ⊂ WVα ⊂ U .
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e¡y² ib(G∗)×χ(G) ≤ w(G). w,, χ(G) ≤ w(G), ���y² ib(G∗) ≤
w(G) Òv

. ¯¢þ, �â·K 3.1.1 ÚíØ 3.1.9 éN´�� ib(G∗) ≤
l(G∗) ≤ w(G∗) ≤ w(G)× w(G) = w(G). y..

5 3.1.11 3½n 3.1.10 ¥ “ib(G∗)” ØU^ “ib(G)” �O, �Ò´`, �ª

w(G) = ib(G)× χ(G) �7é¤k��ÿÀ+ G Ñ¤á. ¯¢þ, Sorgenfrey �

� S ´1��ê�� Lindelöf �ÿÀ+, �díØ 3.1.9 �� ib(S) ≤ ω ±9

χ(S) ≤ ω, �w,k w(S) > ω = ω × ω ≥ ib(S)× χ(S).

�â½n 3.1.10, éN´��íØ 3.1.12 ÚíØ 3.1.13.

íØ 3.1.12 z� totally ω-narrow �ÿÀ+ G k w(G) = χ(G).

íØ 3.1.13 [68, Proposition 3.5] z�1��ê� totally ω-narrow �ÿÀ+

äk�êÄ.

íØ 3.1.14 z��ÿÀ+ G k w(G) = nw(G)× χ(G).

y² w,, nw(G) × χ(G) ≤ w(G). d·K 3.1.1 ÚíØ 3.1.9 �� ib(G∗) ≤
l(G∗) ≤ nw(G∗) ≤ nw(G), Ïd2�â½n 3.1.10 k w(G) = ib(G∗) × χ(G) ≤
nw(G)× χ(G). y..

íØ 3.1.15 [11, Proposition 2.13] z�1��ê�äk�ê�ä��ÿÀ+

äk�êÄ.

y² ��díØ 3.1.14 ��. y..

� G ´ T1 �ÿÀ+, XJé G þ�z�¢�ëY¼ê f , �3 T1 1��

ê��ÿÀ+ H, ëYÓ� π : G→ H ÚëY¼ê h : H → R, ÷v f = h ◦ π,

@o¡ G´ R1-factorizable �ÿÀ+ [69]. Ï�z����K� R1-factorizable

�ÿÀ+Ñ´ totally ω-narrow �ÿÀ+ [69, Proposition 3.5], ¤±éN´��

±e(J.

íØ 3.1.16 [69, Proposition 3.4] z����K� R1-factorizable �ÿÀ+ G

÷v�ª w(G) = χ(G).
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íØ 3.1.17 z� T1 �ÿÀ+ G Ñke¡�ªÚØ�ª¤á:

(1) w(G) = d(G∗)× χ(G);

(2) w(G) = c(G∗)× χ(G);

(3) w(G) = l(G∗)× χ(G);

(4) w(G) = w(G∗)× χ(G);

(5) w(G) ≤ k(G∗)× χ(G) ≤ k(G)× χ(G).

y² (1)Ï�z�ÿÀ+ H k ib(H) ≤ c(H) ≤ d(H) [12],¤±�â½n 3.1.10

���Ø�ª w(G) = ib(G∗)×χ(G) ≤ d(G∗)×χ(G)é�ÿÀ+ G¤á. w,,

χ(G) ≤ w(G). 2�â·K 3.1.1, éN´�� w(G∗) ≤ w(G)×w(G) = w(G), ù

Ò`² d(G∗) ≤ w(G∗) ≤ w(G), l d(G∗)× χ(G) ≤ w(G)× w(G) = w(G).

(2) �âíØ 3.1.9 k ib(G∗) ≤ c(G∗). 2�â½n 3.1.10 �� w(G) =

ib(G∗) × χ(G) ≤ c(G∗) × χ(G). d·K 3.1.1 w,k χ(G) ≤ w(G) Ú c(G∗) ≤
w(G∗) ≤ w(G)× w(G) = w(G), l c(G∗)× χ(G) ≤ w(G)× w(G) = w(G).

(3) �âíØ 3.1.9 k ib(G) ≤ l(G). d½n 3.1.10 �� w(G) = ib(G∗) ×
χ(G) ≤ l(G∗)×χ(G). 2�â·K 3.1.1w,k l(G∗) ≤ w(G∗) ≤ w(G)×w(G) =

w(G) ±9 χ(G) ≤ w(G), l l(G∗)× χ(G) ≤ w(G)× w(G) = w(G).

(4)d·K 3.1.1�� w(G∗) ≤ w(G)×w(G) = w(G),l w(G∗)×χ(G) ≤
w(G) × w(G) = w(G). w,, ib(G∗) ≤ w(G∗). 2�â½n 3.1.10 �� w(G) =

ib(G∗)× χ(G) ≤ w(G∗)× χ(G).

(5) d·K 3.1.1 ´� k(G∗) ≤ k(G)× k(G) = k(G). Ï�z�ÿÀ+ H k

ib(H) ≤ l(H) ≤ k(H), ¤± ib(G∗) ≤ k(G∗) ≤ k(G), ?�â½n 3.1.10 ��

w(G) = ib(G∗)× χ(G) ≤ k(G∗)× χ(G) ≤ k(G)× χ(G). y..

5 3.1.18 (1) 3íØ 3.1.17 ¥ d(G∗), c(G∗) Ú l(G∗) ØU©O� d(G), c(G)

Ú l(G) ¤�O. ¯¢þ, � S ´ Sorgenfrey ��, K S ´�ÿÀ+. w,,

c(S) = d(S) = l(S) = ω ±9 χ(S) = ω, ,, w(S) > ω = d(S) × χ(S) =

l(S)× χ(S) = c(S)× χ(S).

(2) ¯¢þ, 3íØ 3.1.17 ¥(1), (2) Ú (4) ØI��¦�ÿÀ+÷v T1 ©

lún.
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íØ 3.1.19 z� σ ;� T1 �ÿÀ+ G k w(G) = χ(G).

y² w,, w(G) ≥ χ(G). Ï� k(G) ≤ ω, ¤±díØ 3.1.17 ¥� (5) ���

�(Ø. y..

½n 3.1.20 z� T1 �ÿÀ+ G ÷vØ�ª |G| ≤ 2ib(G
∗)×ψ(G), AO/, |G| ≤

2l(G
∗)×ψ(G) ±9 |G| ≤ 2c(G

∗)×ψ(G).

y² d·K 3.1.1 ´� ψ(G∗) ≤ ψ(G) × ψ(G) = ψ(G). 2�â |G∗| ≤
2ib(G

∗)×ψ(G∗) [12, Theorem 5.2.15], �� |G| = |G∗| ≤ 2ib(G
∗)×ψ(G∗) ≤ 2ib(G

∗)×ψ(G),

�e��IA^íØ 3.1.9 =�. y..

íØ 3.1.21 z� totally ω-narrow, T1 �ÿÀ+ G ÷v |G| ≤ 2ψ(G).

½n 3.1.22 � G ´ T1 �ÿÀ+, Kk nw(G) ≤ k(G)× ψ(G).

y² d·K 3.1.1 ´� k(G∗) ≤ k(G) × k(G) = k(G) ±9 ψ(G∗) ≤ ψ(G) ×
ψ(G) = ψ(G). Ï� G ´§���ÿÀ+ G∗ �ëY�, ¤±2�â nw(G∗) ≤
k(G∗)×ψ(G∗) [12, Proposition 5.2.17],�� nw(G) ≤ nw(G∗) ≤ k(G∗)×ψ(G∗) ≤
k(G)× ψ(G). y..

íØ 3.1.23 z� Hausdorff, σ ;��ÿÀ+ G k nw(G) = ψ(G).

y² d½n 3.1.22, �Iy²Ø�ª ψ(G) ≤ nw(G) ¤á. � G ¥��ä

{Vα : α ∈ γ} �÷v γ = nw(G), Ï� G ÷v Hausdorff ©lún, ¤±éz�

y ∈ G \ {e} Ñ�±é� α ∈ γ ÷v y ∈ Vα ⊂ Vα ⊂ G \ {e}, Ù¥ e ´ G ¥ü 

�. 2Ï� G ´à5�m, ¤±�� ψ(G) ≤ nw(G). y..

� X ´ Y ���f8±9 γ ´ Y �f8x, eéz� x ∈ X ±9z�
y ∈ Y \X, �3 F ∈ γ ¦� x ∈ F � y /∈ F , @o¡8x γ ©l8Ü X Ú8Ü

Y \X .

� βX ´ Tychonoff�m X � Čech-Stone;z±9 F ´ βX ¥¤k��

�4f8x. ¡�m X � Nagami number [12], P� Nag(X), �XeÄê¼ê:

Nag(X) = min {|P| : P ⊂ F � P ©l X Ú βX \X}+ ω.
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½n 3.1.24 z����K��ÿÀ+ G k nw(G) = Nag(G)× ψ(G).

y² Ï� Nag(X) ≤ nw(X) [12, Prosition 5.3.3] ±9w,z����K�m

X k ψ(X) ≤ nw(X), ¤± nw(G) = nw(G)× nw(G) ≥ Nag(G)× ψ(G). �e

�Iy² nw(G) ≤ Nag(G) × ψ(G). ¯¢þ, Ï�Ø�ª Nag(Y ) ≤ Nag(X)

é���K�m X �z�4f�m Y Ñ¤á [12, Corollary 5.3.2], ¤±�â

[12, Proposition 5.3.9] �� Nag(G∗) ≤ Nag(G) × Nag(G) = Nag(G). 2�â

·K 3.1.1 éN´�� ψ(G∗) ≤ ψ(G)× ψ(G) = ψ(G), l, �â [12, Corollary

5.3.25] �� nw(G∗) = Nag(G∗)×ψ(G∗). qÏ� G ´§���ÿÀ+ G∗ �ë

Y�, � nw(G) ≤ nw(G∗) = Nag(G∗)× ψ(G∗) ≤ Nag(G)× ψ(G). y..

3���K�ma¥,XJ�m X ÷v Nag(X) ≤ ω,@o¡ X ´ Lindelöf

Σ �m [12]. ¯¢þ, 3�K Lindelöf �ma¥, Nagami ½Â� Σ �m [54] �

´d?� Lindelöf Σ �m. ¯¤±�, z��K Lindelöf �m÷v���K©l

ún, ¤±d½n 3.1.24 ��±e(J.

íØ 3.1.25 z��K�Lindelöf Σ �ÿÀ+ G k nw(G) = ψ(G).

§3.2 �ÿÀ+¥� ω [��ëY5

3d!¥, ·�r�ÿÀ+¥�[��ëY¼êVg\±í2, ¡�� ω [

��ëY¼ê. Ì�ïÄ ω [��ëY¼ê��
5�, ù
(Jò¬3e�Ù

^5ïÄ R-factorizable �ÿÀ+.

� G ´�ÿÀ+, 3d!¥^ N (G) L« G ¥�¹ü ��¤km�

�. �â©z [27], 3 G þ�3ü�g,�[��(�, =�[��(�Úm

[��(�. éz� U ∈ N (G) - UL = {(x, y) ∈ G × G : x−1y ∈ U},
UR = {(x, y) ∈ G×G : yx−1 ∈ U},@o± {UL : U ∈ N (G)}�Ä�[��(�
UL�¡�´ Gþ��[��(� (left quasi-uniformility);± {UR : U ∈ N (G)}
�Ä�[��(� UR �¡�´ G þ�m[��(� (right quasi-uniformility).

� G ´�ÿÀ+, f : G→ R ´¼ê, �r G w�� (m) [���m�, f

´[��ëY¼ê [28],K¡ f ´� (m)[��ëY (left (right) quasi-uniformly

continuous function), =�du`, é?¿� ε > 0, XJ�3 V ∈ N (G), ¦�
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é?¿� x ∈ G � x−1y ∈ V (yx−1 ∈ V ) �k |f(y) − f(x)| < ε. XJ f

Q´�[��ëYq´m[��ëY�, @o f ´[��ëY (quasi-uniformly

continuous function).

e¡3�ÿÀ+¥Ú\ ω [��ëY¼ê�Vg.

½Â 3.2.1 � G ´�ÿÀ+, f ´ G þ�¢�¼ê, é?¿� ε > 0, XJ�3

�êx U ⊂ N (G) ÷vXe5�: éz� x ∈ G, �3 U ∈ U ¦�� x−1y ∈ U
(yx−1 ∈ U) �k |f(x) − f(y)| < ε, @o f ´� (m) ω [��ëY¼ê (left

(right) ω-quasi-uniformly continuous function).

½Â 3.2.2 � G´�ÿÀ+, f ´ Gþ�¢�¼ê,XJ f Q´� ω [��ë

Y�, q´m ω [��ëY�, @o f ´ ω [��ëY¼ê (ω-quasi-uniformly

continuous function).

5 3.2.3 (1) d½Â 3.2.1 éN´��1��ê��ÿÀ+þ�z�ëY�¢

�¼êÑ´ ω [��ëY�;

(2) éw,, �ÿÀ+þ�z�� (m) [��ëY¼ê´� (m) ω [��

ëY¼ê;

(3) éw,, 3�ÿÀ+¥, [��ëY¼ê ⇒ ω [��ëY¼ê ⇒ ëY
¼ê. Ï�ÿÀ+Ò´�ÿÀ+, ¤±½Â 3.2.1, ½Â 3.2.2 Ú½Â 2.2.1, ½Â

2.2.2 ��©O´���, l�â5 2.1.3 ��þ¡�_þØ¤á.

±e·K�Ñ
�ÿÀ+þ�� ω [��ëYÚm ω [��ëY¼ê��

x. d½ÂéN´y�.

·K 3.2.4 � f ´�ÿÀ+ G þ�¢�¼ê, @o±e^��d:

(1) f ´� (m) ω [��ëY�;

(1) �3�êx U ⊂ N (G) ÷vXe^�: éz�: x ∈ G Ú?¿� ε > 0, �

3 U ∈ U ¦�� x−1y ∈ U (yx−1 ∈ U) �k |f(x)− f(y)| < ε.

·K 3.2.5 � G ´ ω-balanced �ÿÀ+, f ´ G þ�¢�¼ê, @o f ´�

ω [��ëY¼ê��=�§´m ω [��ëY¼ê.
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y² 7�5. Ï� f ´� ω [��ëY�, ¤±�â½Â 3.2.1, éz� ε > 0,

�3�êx γ ⊂ N (G) ÷vXe^�: éz� x ∈ G, �3 U ∈ γ ¦��

x−1y ∈ U �k |f(x)− f(y)| < ε. qÏ� G ´ ω-balanced �ÿÀ+, ¤±éz

� U ∈ γ ·��±é��êx δU ⊂ N (G) ÷v: éz� x ∈ G, �3 V ∈ δU
¦� xV x−1 ⊂ U . - δ =

⋃
U∈γ δU . ?� x ∈ G, �â·�ÀJ� δU , �±é�

V ∈ δU ⊂ δ ¦� x−1V x ⊂ U , �é?¿� v ∈ V k u ∈ U ¦� vx = xu, l

|f(x)− f(vx)| = |f(x)− f(xu)| < ε, ùÒ`² f ´m ω [��ëY�.

¿©5. Ónu7�5�y². y..

íØ 3.2.6 ω-balanced �ÿÀ+ G þ�z�ëY (k.�ëY) ¢�¼ê´�

ω [��ëY���=�§þ�z�ëY (k.�ëY) ¢�¼ê´m ω [�

�ëY�.

aquÿÀ+¥� property ω-U Ú property Bω-U [90],·�3�ÿÀ+¥

Ú\±eVg. dVg3e�Ù¥'u R-facterizble �ÿÀ+�©)½n¥�

ü���Ú.

½Â 3.2.7 � G ´�ÿÀ+, XJ G þ�z�ëY (ëY�k.) ¢�¼ê´

ω [��ëY�, @o¡�ÿÀ+ G äk property ω-QU (property Bω-QU).

5 3.2.8 (1) d5 3.2.3¥� (1)��z�1��ê��ÿÀ+Ñäk property

ω-QU .

(2) Ï�z� totally precompact �ÿÀ+´ precompact ÿÀ+ [11, Theo-

rem 1.8] ±9z� precompact ÿÀ+äk property ω-U [90, Corollary 4.12], ¤

±z� totally precompact �ÿÀ+äk property ω-QU .

ÿÀ+ Gäk property Bω-U ��=�§äk property ω-U [90, Theorem

4.3]. 3�ÿÀ+¥kaq�(J, y²3�Öö�öS.

½n 3.2.9 �ÿÀ+ G äk property Bω-QU ��=�§äk property ω-QU .

½n 3.2.10 z� Lindelöf �ÿÀ+äk property ω-QU .
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y² � G ´ Lindelöf �ÿÀ+±9?�ëY¼ê f : G → R. ?� ε > 0, @

o�±é� G þü8x V = {Vi : i ∈ ω} Ú U = {Uj : j ∈ ω}, ±9üf8
A = {xi : i ∈ ω} Ú B = {yj : j ∈ ω} ¦�¦�÷vXe^�:

(a) ?� i, j ∈ ω k Vi Ú Uj ´ G ¥�¹ü ��m��;

(b) ?� i, j ∈ ω k f(xiV
2
i ) ⊂ (f(xi)− ε

2
, f(xi) + ε

2
) Ú f(U2

j yj) ⊂ (f(yj)−
ε
2
, f(yj) + ε

2
);

(c) G =
⋃
i∈ω xiVi =

⋃
j∈ω Ujyj.

¯¢þ, Ï� G ´�ÿÀ+, ¤±éz� x ∈ G �±é� G ¥�¹ü �

�m�� Vx ¦� f(xV 2
x ) ⊂ (f(x) − ε

2
, f(x) + ε

2
). w,, G =

⋃
x∈G xVx. qÏ

� G ´ Lindelöf �m, ¤±�±é��êf8 A ⊂ G ÷v G =
⋃
x∈A xVx. -

V = {Vx : x ∈ A}, éN´�y A Ú V ÷vþ¡� (a)-(c). Ón�±é�÷vþ

¡� (a)-(c) � B Ú U .

-W = V∪U . ·�äó: éz� x ∈ G,�3 V ∈ W ¦�� x−1y ∈ V �k
|f(x)− f(y)| < ε. d·K 3.2.4 Ò`² f ´� ω [��¼ê. ¯¢þ, dþ¡�

(c) �±é� i ∈ ω, ¦� x ∈ xiVi, � f(xVi) ⊂ f(xiV
2
i ) ⊂ (f(xi)− ε

2
, f(xi) + ε

2
),

��du`, � x−1y ∈ Vi �k |f(x)− f(y)| < ε.

aq/, �±y² f ´m ω [��¼ê, l Lindelöf �ÿÀ+ G äk

property ω-QU . y..

íØ 3.2.11 äk�ê�ä��ÿÀ+�z�f+Ñäk property ω-QU , AO

/, d(Øéäk�êÄ��ÿÀ+¤á.

Ï�éN´y²ëYmÓ��± totally ω-narrow5�,¤±�âÚn 3.1.3

ÚíØ 3.1.13 �±��±e(J.

Ún 3.2.12 � G´ Hausdorff (�K) totally ω-narrow�ÿÀ+�÷v Hs(G) ≤
ω (Ir(G) ≤ ω), @oé G ¥�¹ü ��z�m�� U , �±é�äk�êÄ

� Hausdorff (�K) �ÿÀ+ H, ëYÓ� π : G → H ±9 H ¥�¹ü �

�m�� V , ¦� π−1(V ) ⊂ U .

·K 3.2.13 � G´ Hausdorff (�K) totally ω-narrow�ÿÀ+�÷v Hs(G) ≤
ω (Ir(G) ≤ ω), ±9 f : G → R ´�½m ω [��ëY¼ê, @o�3äk

�êÄ� Hausdorff (�K) �ÿÀ+ K, ëYÓ� π : G → K ÚëY¼ê

p : K → R, ¦� f = p ◦ π.
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y² b� f : G → R ´� ω [��ëY¼ê, l�â·K 3.2.4 �±é�

�êx U ⊂ N (G) ÷vXe^�: ?� ε > 0 Ú: x ∈ G, �3 U ∈ U , ¦

�� x−1y ∈ U �k |f(x) − f(y)| < ε. dÚn 3.2.12, éz� U ∈ U , �±é

�äk�êÄ� Hausdorff (�K) �ÿÀ+ HU , ëYÓ� πU : G → HU ±9

HU ¥�¹ü ��m�� V , ¦� π−1U (V ) ⊂ U . ½Â π = ∆U∈UπU �¼êx

{πU : U ∈ U} �é�È.

Ï�
∏

U∈U HU ´äk�êÄ� Hausdorff (�K) �ÿÀ+, ¤± π(G) �

�§�f+´äk�êÄ� Hausdorff (�K) �ÿÀ+.

äó. ?� g1, g2 ∈ G, XJ π(g1) = π(g2), Kk f(g1) = f(g2).

¯¢þ, b�Ø¤á, K�3 g1, g2 ∈ G Ú ε > 0 ÷v

π(g1) = π(g2) Ú f(g1) /∈ (f(g2)− ε, f(g2) + ε).

�â U �ÀJ, Ké g2 Ú ε �±é� U ∈ U , ¦�é?¿� u ∈ U k |f(g2)−
f(g2u)| < ε, ù�du` f(g2U) ⊂ (f(g2) − ε, f(g2) + ε). qÏ�3 HU ¥�3

�¹ü ��m�� V , ¦� π−1U (V ) ⊂ U , u´3 HU ¥��¹ü ��m�

� W , ¦� W 2 ⊂ V . - g = πU(g1), Kd π(g1) = π(g2) �� g = πU(g2), l

g1 ∈ π−1U (gW ) = π−1U (g)π−1U (W )

= g2π
−1
U (e)π−1U (W ) ⊂ g2π

−1
U (W )π−1U (W )

= g2π
−1
U (W 2) ⊂ g2π

−1(V ) ⊂ g2U,

�

f(g1) ∈ f(g2U) ⊂ (f(g2)− ε, f(g2) + ε),

dgñÒy²
äó�¤á.

�âþ¡�äó�±é����¼ê p : π(G)→ R, ¦� f = p ◦ π. e¡y

² p ´ëY�.

?� ε > 0 Ú h ∈ π(G), ��: g ∈ G ¦� h = π(g), �â f = p ◦ π ±9
ÀJ� U , �±é� U ∈ U ¦�

f(gU) ⊂ (f(g)− ε, f(g) + ε) = (p(h)− ε, p(h) + ε).



§3.2 �ÿÀ+¥� ω [��ëY5 133�

2d πU �½Â��, 3 HU ¥�3�¹ü ��m�� V , ¦� π−1U (V ) ⊂ U ,

u´3 HU ¥��¹ü ��m�� W ÷v W 2 ⊂ V , -

O = π(G) ∩ (W ×
∏

U ′∈U\{U}

HU ′).

·�äó p(hO) ⊂ (p(h)− ε, p(h) + ε), ùÒ`² p ´ëY�.

¯¢þ, Ï� hU = πU(g), ¤±

p(hO) ⊂ f(π−1(hO))

= f(π−1(π(G) ∩ (hUW ×
∏

U ′∈U\{U}

HU ′)))

= f(π−1U (hUW )) ⊂ f(gπ−1U (V )) ⊂ f(gU)

⊂ (f(g)− ε, f(g) + ε) = (p(h)− ε, p(h) + ε).

ùÒé f ´� ω [��ëY¼ê��Ñ
y².

aq/, � f ´m ω [��ëY¼ê��éN´��y². y..
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1oÙ �ÿÀ+¥� R-factorizability

�Ù¥·�ïÄ�ÿÀ+¥� R-factorizability. Ì��Ñ
 R-factorizable

�ÿÀ+��x, ?Ø
 totally Lindelöf Σ�ÿÀ+¥� R-factorizability, �½

/£�
±eü�¯K.

¯K 4.0.14 [69, Question 5.4] � G ´ Hausdorff �ÿÀ+, XJ§���ÿ

À+ G∗ ´ Lindelöf Σ �m, @o�ÿÀ+ G �z�f+´ R2-factorizable í?

¯K 4.0.15 [91, Question 6.1] ?¿õ� Hausdorff, σ ;��ÿÀ+�È�m

�Èf+´ R2-factorizable í?

3�Ù¥ T3 Ú T3.5 ©lúnÑØ�¹ T1 ©lún,�KÚ���K©O¿

�X T3+T1Ú T3.5+T1. �ÙÌ��áu�ö����Æ�Ç±9M. Tkachenko

�ÇÜ��©Ù “Factorization properties of paratopological groups”.

§4.1 O��£

c�Ù®�Ñ�ÿÀ+���ÿÀ+�½Â.e¡�A����ÿÀ+k'

�{ü®��¯¢. y²3�öS.

·K 4.1.1 � G Ú K ´�ÿÀ+, K

(1) XJ G ÷v T0 ©lún, @o§���ÿÀ+ G∗ ÷v Hausdorff ©lú

n;

(2) XJ H ´ G �f+, @o H∗ ÿÀÓ�u G∗ ¥���f+;

(3) � f : G → K ´�ÿÀ+�m�ëYÓ�, @oN� f ∗ : G∗ → K∗ ´ÿÀ

+�m�ëYÓ�, Ù¥ f ∗ 38ÜN�e� f ½Â�Ó;

(4) é?¿�x�ÿÀ+�È�m Π =
∏

i∈I Gi, l Π∗ �
∏

i∈I G
∗
i þ�ð�N

�´ÿÀ+�m�ÿÀÓ�.

35
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Ún 4.1.2 [1, Lemma 2.2] � G ´�ÿÀ+±9^ G′ L« G ��Ý�ÿÀ

+, @o G���ÿÀ+ G∗ ÿÀÓ�u G×G′ �f�m ∆ = {(x, x) : x ∈ G};
XJ G ÷v T1 ©lún, @o ∆ ´ G×G′ ¥�4f�m.

� G ´ T1 �ÿÀ+, G �é¡ê (symmetry number) [72], ^ Sm(G) L

«, ´÷v±e^����Äê κ: ?� G ¥�¹ü � e �m�� U , �3�

¹ e���x γ ÷v 1 ≤ |γ| ≤ κ±9
⋂
γ ⊂ U−1. w,, T1 �ÿÀ+ G´ÿÀ

+��=� Sm(G) = 1. ���J�´, é¡ê��¡�f Hausdorff ê (weak

Hausdorff number) [92].

±e½n`²
é¡ê��5.

½n 4.1.3 [72, Theorem 2.19] T1 �ÿÀ+ G UÿÀÓ�i\��x1��

ê T1 �ÿÀ+�È�m¥��=� G ´ totally ω-narrow �ÿÀ+±9÷v

Sm(G) ≤ ω.

,, Û�Ur�ÿÀ+ÿÀÓ�i\��x Hausdorff (�K) 1��ê�

�ÿÀ+�È�m¥? ù�¹®3©z [85] ¥�Ä
. ¦�y²
: �K�ÿÀ

+ G UÿÀÓ�i\��x�K1��ê�ÿÀ+�È�m¥��=� G ´

totally ω-narrow �ÿÀ+±9 Ir(G) ≤ ω [85, Theorem 3.8]. �C, I. Sánchez

y²
z��K totally ω-narrow �ÿÀ+÷v Ir(G) ≤ ω [73], Ïdþ¡(J

U^±e`{�/ª�Ñ.

½n 4.1.4 �K�ÿÀ+ G UÿÀÓ�i\��x�K1��ê�ÿÀ+�

È�m¥��=� G ´ totally ω-narrow �ÿÀ+.

�C3 [72, Proposition 2.4] Ú [92, Corollary 2.4] ¥Õáy²
±e(J.

Ún 4.1.5 z� T1 �ÿÀ+ G ÷v Sm(G) ≤ l(G); AO/, XJ G ´

Lindelöf �m, @o G �é¡ê�ê.

Ï�z� totally ω-narrow �ÿÀ+´ ω-balanced [68, Proposition 3.8], ±

9z�1��ê� totally ω-narrow �ÿÀ+äk�êÄ [68, Proposition 3.5],

¤±½n 4.1.3 Ú½n 4.1.4 U
^±e�d/ª�Ñ.

Ún 4.1.6 � G ´ totally ω-narrow �ÿÀ+, K
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(1) XJ G ´ T1 �m�÷v Sm(G) ≤ ω, @oé G ¥�¹ü ��z�m�

� U , �31��ê T1 �ÿÀ+ H, ëYÓ� π : G → H ±9 H ¥�¹

ü ��m�� V , ¦� π−1(V ) ⊂ U ;

(2) XJ G ´�K�m, @oé G ¥�¹ü ��z�m�� U , �3�K�

1��ê�ÿÀ+ H, ëYÓ� π : G→ H ±9 H ¥�¹ü ��m��

V , ¦� π−1(V ) ⊂ U .

� X ´ÿÀ�m, U Ú F ´ X ¥�f8, XJ U = Int(U), @o¡ U ´

�Km8 (regular open set) [26]; aq/, XJ F = Int(F ), @o¡ F ´�K4

8 (regular closed set) [26]. � τ ´�m X þ�ÿÀ, ^ τ ′ L«d�m X þ¤

k��Kmf8�Ä�ÿÀ, @o�m (X, τ ′) �¡��m (X, τ) ���Kz�

m (semiregularization), P� Xsr. w,, τ ′ ⊂ τ ±9�m X Ú Xsr k�Ó��

Km8Ú�K48.

��Kz�f´d M. Stone [77] ½Â�. M. Katetov [38] ïÄ
��Kz

�f.

e¡ù�k^�(J´d O. V. Ravsky ��� (��� [87, Theorem 2.1]).

½n 4.1.7 [63] � G ´?¿��ÿÀ+, @o�m Gsr ´ T3 �ÿÀ+, Ù¥

Gsr � G k�Ó�+(�; XJ G ´ Hausdorff �m, @o Gsr ´�K��ÿ

À+.

§4.2 R-factorizable �ÿÀ+��x

�� R-factorizable ÿÀ+a�g,í2, M. Sanchis Ú M. Tkachenko [69]

Ú\
 R-factorizable �ÿÀ+. du�ÿÀ+�©l5���, Ïd¦�Ø�

Ø©OÚ\ Ri-factorizable �ÿÀ+ (i = 1, 2, 3, 3.5) [69]. � G ´ Ti �ÿ

À+, ?� G þëY¢�¼ê f , XJ�31��ê� Ti �ÿÀ+ H, ëY

Ó� π : G → H ±9 H þ�ëY¢�¼ê h, ¦� f = h ◦ π, @o¡ G ´

Ri-factorizable �ÿÀ+ (i = 1, 2, 3, 3.5) [69]. �C, |^ property ω-QU ,

L. H. Xie Ú S. Lin [91] �Ñ
 R2- � R3-factorizable �ÿÀ+��x. 3d!

¥·�òy²: 3�ÿÀ+¥, �Ø�Äþ¡½Â¥ G þ�©lún�, ¤k�

Ri-factorizability Ñ´�d� (i = 1, 2, 3, 3.5), @o·�Ú¡� R-factorizable

�ÿÀ+. ,�, 3���K�ma¥�Ñ R-factorizable �ÿÀ+��x.
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¯¢`², �� R3-factorizable �ÿÀ+ G k��±Ø�¦ G ÷v�K5

©lún (� [71, Theorem 5], íØ 4.3.9 ÚíØ 4.3.10), Ïd·���¿éþ

¡�½Â��:UÄ, =�K G ÷v,«©l5���.

½Â 4.2.1 � G ´�ÿÀ+, ?� G þ�ëY¢�¼ê f , XJ�31��ê

� T0 (Ti +T1) �ÿÀ+ H, ëYÓ� π : G→ H ±9 H þ�ëY¢�¼ê h,

¦� f = h ◦ π, @o¡ G ´ R0-factorizable (Ri-factorizable, i = 1, 2, 3, 3.5)

�ÿÀ+; XJØ�¦ H ÷v?Û©lún, K¡ G ´ R-factorizable �ÿÀ

+.

¯¢þ, ½Â 4.2.1 3 [71, Section 3] ¥®¦^L.

5 4.2.2 d½Â 4.2.1 éN´��±e¯¢:

(1) � 0 ≤ j < i ≤ 3.5 �, Ri-factorizability %º Rj-factorizability; �k R0-

factorizability %º R-factorizability;

(2) w,, z�äk�êÄ��K�m´���K�, Ïd���ÿÀ+´ R3-

factorizable ��=�§´ R3.5-factorizable. ùÒ´��o�ïÄ R3-factor-

izability ØïÄ R3.5-factorizability ��Ï;

(3) 3·K 4.2.7 ¥w� R2-factorizability %º R3-factorizability, Ïd3½Â

4.2.1 ¥¤k� R2-, R3- � R3.5-factorizable �ÿÀ+Ñ´Ó�a;

(4) �â·K 4.2.4, 3½Â 4.2.1 ¥¤k� R-, R0-, R1- � R2-factorizable �ÿ

À+aÑ´Ó�a, Ïd3½Â 4.2.1 ¥¯¢þ�Ú\
�a�ÿÀ+. ±

�rùa�ÿÀ+¡� R-factorizable �ÿÀ+.

�
y²3½Â 4.2.1 ¥¤k� R-, R0-, R1- � R2-factorizable �ÿÀ+a

Ñ´Ó�a, ·�I�/Ï±e¯¢.

½n 4.2.3 [88] � G ´?¿��ÿÀ (�ÿÀ) +, @o�3ëY�mÓ�

π : G→ T2(G),Ù¥ T2(G)´ Hausdorff�ÿÀ (�ÿÀ)+,¦�éz�ëY¼

ê f : G→ X,Ù¥ X ´ HausdorffÿÀ�m,ÑUé�ëY¼ê h : T2(G)→ X

÷v f = h ◦ π.
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·K 4.2.4 z� R-factorizable �ÿÀ+´ R2-factorizable �ÿÀ+, Ïd R-,

R0-, R1- � R2-factorizable �ÿÀ+´Ó�a�m.

y² � f ´ R-factorizable�ÿÀ+ Gþ�ëY¢�¼ê,@o�3l G�1

��ê��ÿÀ+ H þ�ëYÓ� pÚ H þ�ëY¢�¼ê g ÷v f = g ◦ p.
�â½n 4.2.3,�±é�ëY�mÓ� π : H → T2(H),Ù¥ T2(H)´ Hausdorff

�ÿÀ+, Ú T2(H)þ�ëY¢�¼ê h÷v g = h ◦π. Ï�Ó� π ´m�, ¤

±�ÿÀ+ T2(H) �´1��ê�, u´ ϕ = π ◦ p ´l G �1��ê�÷v

Hausdorff ©lún��ÿÀ+ T2(H) þ�ëYÓ�¦� f = h ◦ ϕ, l G ´

R2-factorizable �ÿÀ+. y..

e¡�Iy²3�ÿÀ+¥ R2-factorizability %º R3-factorizability. ù�

I�±eü�{ü�Ún.

Ún 4.2.5 � f : X → Y ´l�m X ��K�m Y �ëY¼ê, @o� f w

�l X ���Kz�m Xsr � Y þ�N��E,´ëY¼ê.

y² ?��: x ∈ X ±9 Y ¥�¹ f(x) ��� U , � V ´ f(x) �m���

÷v V ⊂ U . Ï� f 3�m X þëY, ¤±�3�m X ¥�¹ x �m�� O

¦� f(O) ⊂ V , Ïd f(O) ⊂ V ⊂ U , l f(IntO) ⊂ f(O) ⊂ U . qÏ� IntO

´�m Xsr ¥�¹ x �m��, ¤± f ´ Xsr þ�ëY¼ê. y..

Ún 4.2.6 XJ X ´1��ê�m, @o�m Xsr �´1��ê�m.

y² � B ´�m X ��êÄ, éN´�y�êx C = {IntU : U ∈ B} ´�m
Xsr ���Ä. y..

·K 4.2.7 z� R2-factorizable �ÿÀ+ G ´ R3-factorizable �ÿÀ+.

y² � f ´ G þ�ëY¢�¼ê, Ï� G ´ R2-factorizable �ÿÀ+, ¤±

U
é�äk�êÄ� Hausdorff �ÿÀ+ K, ëYÓ� p : G→ K ±9 K þ

�ëY¢�¼ê g, ¦� f = g ◦ p.

^ Ksr L«�m K ���Kz�m, Ï� K ´ Hausdorff �ÿÀ+, ¤±

d½n 4.1.7 `²�m Ksr ´�K�ÿÀ+. 2�âÚn 4.2.6 �� Ksr äk�
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êÄ.^ gsr L«r¼ê g w¤l Ksr �¢ê�mþ�N�, @o�âÚn 4.2.5

�� gsr ´�m Ksr þ�ëY¼ê. 2^ iK L«l K � Ksr þ�ð�N�, K

k f = gsr ◦ iK ◦ p, ��� G ´ R3-factorizable �ÿÀ+. y..

(Ü·K 4.2.4 Ú·K 4.2.7 �±��±e(J.

½n 4.2.8 z� R-factorizable �ÿÀ+´ R3-factorizable �ÿÀ+, Ïd R-,

R0-, R1, R2- � R3-factorizable �ÿÀ+´Ó�a�m.

�â½n 4.1.7, ½n 4.2.3 ÚÚn 4.2.5 ��±��±eék^���¯¢.

·K 4.2.9 � f : G→ Y ´l�ÿÀ+ G ��K�m Y þ�ëYN�. @o

�3ëYÓ� p : G → H ÚëYN� h : H → Y ¦� f = h ◦ p, Ù¥ H ´�

K�ÿÀ+.

½n 4.2.84·�U
;�¦^â� “Ri-factorizability” (i = 0, 1, 2, 3, 3.5),

^{'�â� (�´�d�) “R-factorizability”. ½n 4.2.8 ?�Ú`²3 [69,

71, 91]¥'u Ri-factorizable�ÿÀ+�¤k(JÑU^â� “R-factorizability”

#�Ñ�d�Qã.

e¡ù�(JÒ´ù«�dQã�Ny. ù�I(Ü [69, Proposition 3.5]

Ú½n 4.2.8 Ò�±��, �´Ø�ØJ��´3 [69, Proposition 3.5] ¥ G þ

� “Tychonoff” ^���ÑK´���Ø.

·K 4.2.10 z� Tychonoff, R-factorizable �ÿÀ+´ totally ω-narrow �ÿ

À+.

31nÙ¥·�®²½Â
�ÿÀ+þ� ω [��ëY¢�¼ê�Vg.

±e(Jí2·K 4.2.9 � ω [��ëY¼êþ.

Ún 4.2.11 � f ´�ÿÀ+ G þ�� (m) ω [��ëY¢�¼ê, @o�

3�K�ÿÀ+ K, ëYÓ� p : G → K Ú K þ� (m) ω [��ëY¢�¼

ê h, ¦� f = h ◦ p.
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y² b� f ´� ω [��ëY¢�¼ê. ·�©üÚ5y². Äk, A^½n

4.2.3, �±é� Hausdorff �ÿÀ+ H, ëYmÓ� π : G → H Ú H þ�ëY

¢�¼ê g, ¦� f = g ◦ π. Ï�Ó� π ´m�, ¤±éN´��¼ê g ´� ω

[��ëY¢�¼ê.

� Hsr ´ H ���Kz�m, @o�â½n 4.1.7 �� Hsr ´�K�ÿÀ

+. �r g w��m Hsr þ�¼ê�, dÚn 4.2.5 �� g E,´ëY¼ê. ^

i L«l H � Hsr þ�ð�N�, @o p = i ◦ π ´l G � K = Hsr þ�ëY

Ó�±9 f = h ◦ p, Ù¥ h : Hsr → R ´�¼ê g ���N�. e¡�I�y h

´ K þ�� ω [��ëY¢�¼ê.

� U ´ H ¥�¹ü ���êm��x� U �y
¼ê g ´� ω [�

�ëY¢�¼ê. ^ V L«x {IntU : U ∈ U}. ?� x ∈ H Ú ε > 0, @o�3

U ∈ U ,¦�éz� y ∈ xU k |g(x)−g(y)| < ε. Ï� g ´ëY�,¤±�±��

éz� z ∈ U k |g(x)− g(xz)| ≤ ε, léz� z ∈ IntU k |h(x)− h(xz)| ≤ ε.

Ï� IntU ∈ V , ¤±�±�� h ´ Hsr = K þ�� ω [��ëY¢�¼ê.

éu f ´m ω [��ëY¢�¼ê��¹�±Ón��. y..

±e¯¢\r
·K 3.2.13.

Ún 4.2.12 � G ´ totally ω-narrow �ÿÀ+±9 f : G → R ´¼ê, XJ

f ´� (m) ω [��ëY¼ê, @o�3�êÄ��K�ÿÀ+ L, ëYÓ�

π : G→ L ÚëY¼ê h : L→ R, ¦� f = h ◦ π.

y² b� f : G → R ´� (m) ω [��ëY¢�¼ê. �âÚn 4.2.11, Ø

���5·�Ø�b� G ÷v�K©lún. ¯¢þ, �ëYÓ� p : G → K

Ú K þ�� (m) ω [��ëY¢�¼ê g ¦�f = g ◦ p, Ù¥ K ´�K�ÿ

À+. �â·K 4.1.1 ¥� (3), �� K ´ totally ω-narrow �ÿÀ+, Ïd, X

J7��{, ·��±^ K 5�O G, ^ g 5�O f . qÏ�z��K totally

ω-narrow �ÿÀ+÷v Ir(G) ≤ ω [73], ¤±��d·K 3.2.13 ��. y..

�ÿÀ+� property ω-QU ®31nÙ¥�Ñ½Â. ±e½n��dÚn

4.2.12 ��.

½n 4.2.13 z� totally ω-narrow �äk property ω-QU ��ÿÀ+´ R-

factorizable �ÿÀ+.
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íØ 4.2.14 z� totally ω-narrow � Lindelöf �ÿÀ+´ R-factorizable �ÿ

À+.

y² �â½n 3.2.10 ��z� Lindelöf �ÿÀ+äk property ω-QU , Ïd�

�d½n 4.2.13 ��. y..

íØ 4.2.15 z�äk�ê�ä��ÿÀ+´ R-factorizable �ÿÀ+.

Ún 4.2.16 z� R-factorizable �ÿÀ+äk property ω-QU .

y² � f ´ R-factorizable �ÿÀ+ G þ�ëY¢�¼ê, @o�±é�1

��ê��ÿÀ+ K, ëYÓ� π : G → K Ú K þ�ëY¢�¼ê h, ¦�

f = h ◦ π. � B ´ K ¥ü �?�ÛÜ�êÄ. - U = {π−1(U) : U ∈ B}, é
N´�y U ´ G¥�¹ü ���êm��x�äk±e5�: ?�: x ∈ G
±9 ε > 0, �3 U ∈ U , ¦�é?¿� u ∈ U k |f(x) − f(xu)| < ε ±9

|f(x) − f(ux)| < ε, Ïdd·K 3.2.4 �� f ´ ω [��ëY¼ê, � G äk

property ω-QU . y..

¯¢þ, A^Ún 4.2.16 �±r½n 4.2.13 #QãXe.

½n 4.2.17 totally ω-narrow �ÿÀ+ G ´ R-factorizable �ÿÀ+��=�

§äk property ω-QU .

´Äz� R-factorizable �ÿÀ+�û+´ R-factorizable �ÿÀ+E,´

�úm¯K (� [69, Problem 5.2]). 3���K�ÿÀ+Ú totally ω-narrow �

ÿÀ+¥·�éù�¯K�Ñ�½/£�, �·��I���{ü�Ún.

Ún 4.2.18 � G ´äk property ω-QU (property Bω-QU) ��ÿÀ+, X

J N ´ G ��5f+, @o G �û+ G/N äk property ω-QU (property

Bω-QU).

y² � p : G → G/N ´ûÓ�, @o p ´ëYmÓ� [12, Theorem 1.5.1].

?� G/N þ�ëY (k.ëY) �¢�¼ê f , @ow, f ◦ p ´ G þ�ëY

(k.ëY) �¢�¼ê. Ï� G äk property ω-QU (property Bω-QU), ¤

± f ◦ p ´ ω [��ëY¼ê. �â·K 3.2.4, �3�êx Uf◦p ⊂ N (G) ÷
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vXe: éz� x ∈ G ±9 ε > 0, �3 Ux,ε ∈ Uf◦p ¦�� x−1y ∈ Ux,ε �k
|f ◦ p(x) − f ◦ p(y)| < ε. - Uf = {p(U) : U ∈ Uf◦p}, Ï� p ´ëYmÓ�,

¤±éN´�y Uf ÷v·K 3.2.4 ¥�^� (2), ùÒ`² f ´� ω [��ë

Y¼ê. aq/, �±y² f ´m ω [��ëY¼ê, l G/N äk property

ω-QU (property Bω-QU). y..

·K 4.2.19 � G ´ totally ω-narrow �ÿÀ+, XJ G ´ R-factorizable �

ÿÀ+, @o G �û+´ R-factorizable �ÿÀ+.

y² Ún 4.2.16 `² G äk property ω-QU . �âÚn 4.2.18, �� property

ω-QU U�?¿ûÓ�¤�±. ·K 4.1.1 ¥� (3) `² total ω-narrowness �

U�ëY�÷Ó�¤�±, Ïd(Ø��d½n 4.2.13 ��. y..

·K 4.2.20 z����K� R-factorizable�ÿÀ+ G�û+´ R-factorizable

�ÿÀ+.

y² d·K 4.2.10�� G´ totally ω-narrow�ÿÀ+,Ïd��d·K 4.2.19

��. y..

|^ property ω-QU ·��±�x���K� R-factorizable �ÿÀ+X

e.

½n 4.2.21 ���K��ÿÀ+ G ´ R-factorizable �ÿÀ+��=�§´

totally ω-narrow �ÿÀ+±9äk property ω-QU .

y² ¿©5��d½n 4.2.13��. ��/,b�G´���K�R-factorizable

�ÿÀ+, @o�â·K 4.2.10 �� G ´ totally ω-narrow �ÿÀ+. Ún

4.2.16 `² G äk property ω-QU . y..

5 4.2.22 � S ´ Sorgenfrey ��±9 Z ´�ê+, w,, Z ´ S �4f+,

@oû�ÿÀ+ TSor = S/Z ´�êÓ�uC��ü �+, §�ü � 0̄ ?

�ÛÜÄ´d�m«mx {[0, 1
n
) : n ∈ N} �)�. �ÿÀ+ TSor ´�K�,

¢D Lindelöf, ¢D�©�, �´§Ø´ totally ω-narrow �ÿÀ+, Ïdd½n

4.2.21 �� TSor Ø´ R-factorizable �ÿÀ+ (��� [69, Example 3.3]). w

,, Sorgenfrey �� S äk�Ó�5�, �´ TSor ,	´ precompact �ÿÀ+,

,·�5¿�z� precompact ÿÀ+´ R-factorizable ÿÀ+ [12, Corollary

8.1.17].
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§4.3 Totally Lindelöf Σ �ÿÀ+¥� R-factorizability

3d!¥·��Ä÷v T1 ©lún� σ ;±9 totally Lindelöf Σ �ÿÀ

+¥� R-factorizability.

±eÚn3ù!¥åXé���^. §r [68, Corollary 3.13] í2� T1

�ÿÀ+þ.

Ún 4.3.1 � G ´ Lindelöf � totally ω-narrow, T1 �ÿÀ+� e ´§�ü

 �, @oé G ¥�¹ e �z� Gδ 8 P , �3 G ¥4�ØCf+ N , ¦�

N ⊂ P ±9û�ÿÀ+ G/N äk�ê�A�.

y² � P =
⋂
i∈ω Ui, Ù¥ Ui ´ G ¥�¹ e �m��. Ï� G ´ Lindelöf

�m, ¤±dÚn 4.1.5 �� Sm(G) ≤ ω. 2dÚn 4.1.6 ¥� (1) ��éz�

i ∈ ω, �3ëYÓ� πi : G→ Hi �1��ê� T1 �ÿÀ+ Hi ±9 Hi ¥�¹

ü ��,�m�� Vi, ¦� π−1i (Vi) ⊂ Ui.

� π = ∆i∈ωπi ´¼êx {πi : i ∈ ω} �é�È. - N = π−1(e′), Ù¥ e′ ´

H =
∏

i∈ωHi ¥�ü �. w,, N 3 G ¥´4�±9k

N =
⋂
i∈ω

π−1i (ei) ⊂
⋂
i∈ω

π−1i (Vi) ⊂
⋂
i∈ω

Ui = P,

Ù¥éz� i ∈ ω k ei ´ Hi ¥�ü �. éN´��û�ÿÀ+ G/N ÷v T1

©lún±9äk�ê�A�, Ï�IO�ð�N� id : G/N → π(G)´ëY�

±9�ÿÀ+ H � π(G) ⊂ H Ñ´äk�êÄ� T1 �m. y..

�e5·�Ì�ïÄ Lindelöf Σ �ÿÀ+ G, ½ö G ���ÿÀ+ G∗ ´

Lindelöf Σ �m. Ï~ Lindelöf Σ �mÑ�b�÷v Tychonoff ©lún (�

[12, Section 5.3]),,,·��±¦^d Nagami [54]�Ñ� Σ �m��©½Â,

@p��m�b�÷v Hausdorff ©lún.

'u Σ �m�½Âk��d�£ãXe: � X ´ Hausdorff �m, XJ3

X ¥kü�48x|¤�CX C Ú F ÷vXe: C ´ σ ÛÜk��, F ¥��
Ñ´ X ¥��ê;f8, ±9éz� F ∈ F Ú X ¥�¹ F �m�� U , �±

é� C ∈ C ÷v F ⊂ C ⊂ U , @o X ´ Σ �m [54].

ÎÃ¦¯, 3�K Lindelöf �ma¥, Nagami ¤½Â� Σ �m�´©z

[12]¥¤�Ä� Lindelöf Σ�m,Ïd·�3dïÄ� Lindelöf Σ�m���¦

÷v Hausdorff ©lún=�.
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éw,, éu Lindelöf Σ �m X, þ¡éA� X �CX C 7´�êx±9
CX F ¥��7½´;f8. aqu [54, Theorem 3.13],éN´�� Lindelöf Σ

�m�±�ê�¦5, =?¿�êõ� Lindelöf Σ �m�È�mE,´ Lindelöf

Σ �m.

� X ´ÿÀ�m, XJ X ¥?¿d Gδ 8|¤�8x γ Ñ�¹�êfx

λ ⊂ γ, ¦�
⋃
λ 3

⋃
γ ¥´È��, @o�m X �¡�´ ω-cellular [12].

·�Äkr [68, Lemma 4.1] í2� T1, totally Lindelöf Σ �ÿÀ+þ.

Ún 4.3.2 � G ´ totally Lindelöf Σ �ÿÀ+� G ÷v T1 ©lún, @o

(1) G ´ ω-cellular �m;

(2) XJ γ ´ G ¥�êõ�4� Gδ 8, @o3 G ¥�34�ØCf+ N , ¦

�û�ÿÀ+ G/N äk�ê�ä±9éz� F ∈ γ k F = π−1(π(F )), Ù

¥ π : G→ G/N ´g,�ûÓ�.

y² Ï� G ´ T1, totally Lindelöf Σ �ÿÀ+, d [12, Theorem 5.3.18] ��

G ���ÿÀ+ G∗ ´ Tychonoff, ω-cellular �m, Ïd G �� ω-cellular �m

G∗ �ëY�E,´ ω-cellular �m.

e¡y² (2). � N ´d G ¥¤k4�ØCf+�÷vé?¿ N ∈ N Ñ
kÙû�ÿÀ+ G/N äk�ê�A�|¤�8x. éN´�y N ÷v�ê�
µ4, Ïd3 (2) ¥�Iy²� γ ��¹��� F ��¹Ò�±
.

éz� x ∈ F , @o x−1F ´ G ¥�¹ü �� Gδ 8. dÚn 4.3.1 ��

�3 Nx ∈ N ¦� Nx ⊂ x−1F . w,, 8x {xNx : x ∈ F} CX F . qÏ� G ´

ω-cellular �m, ¤±�±é��êf8 C ⊂ F ¦� B =
⋃
x∈C xNx 3 F ¥È

�. - N =
⋂
x∈C Nx ∈ N , ·�äó F = π−1(π(F )), Ù¥ π : G→ G/N ´ûÓ

�.

¯¢þ, ?� x ∈ C, Ï� Nx ´ G �f+±9 N ⊂ Nx, ¤±k Nx =

π−1(π(Nx)), � xNx = π−1(π(xNx)), l B = π−1(π(B)). Ï� π ´ëYmN

�±9 B 348 F ¥È�, ¤±éN´� F = π−1(π(F )).

��y²û�ÿÀ+ G/N äk�ê�ä. �
y²d(Ø, �ÄûÿÀ+

G∗/N∗, Ù¥ G∗ Ú N∗ ©O´�ÿÀ+ G Ú N ���ÿÀ+. w,, ð�N

� ϕ : G∗/N∗ → G/N ´ëY�. d N �ÀJ�� G/N ��A�´�ê�, �
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G∗/N∗ ��A��´�ê�. Ï� G∗ Ú G∗/N∗ Ñ´ Lindelöf Σ �m, ¤±d

[12, Corollary 5.3.25]�� G∗/N∗ äk�ê�ä, Ïd G/N �� G∗/N∗ �ëY

��äk�ê�ä. y..

±eÚn´w,�, 3�Öö�öS.

Ún 4.3.3 z�äk�ê�ä� T3 �mäk�ê4�ä.

�â [68, Theorem 4.2] ��éz��K Lindelöf Σ �ÿÀ+ G, G ¥�?

¿�x Gδ 8�¿�4�E,´ G ¥� Gδ 8. d(Øé Hausdorff, σ ;��

ÿÀ+�¤á [68, Theorem 4.4]. ·��e5�(Ø�f, �´^�´é¤k�

T1, totally Lindelöf Σ �ÿÀ+¤á.

·K 4.3.4 � G ´ T1, totally Lindelöf Σ �ÿÀ+, @o G ¥�z�mf8

�4�´ G ¥� Gδ 8.

y² � N ´d G ¥¤k4�ØCf+�÷vé?¿ N ∈ N ÑkÙû�ÿÀ
+ G/N äk�ê�A�¤|¤�8x. Ï� G ´ totally Lindelöf Σ �ÿÀ+,

¤± G ´ Lindelöf Ú totally ω-narrow �ÿÀ+. ?� G ¥���m8 U , é

?¿� x ∈ U , @o x−1U ´ G ¥�¹ü ��m8. |^Ún 4.3.1 �±é�

Nx ∈ N ¦� Nx ⊂ x−1U . w,, 8x {xNx : x ∈ U} CX U . �âÚn 4.3.2 ¥

� (1) �±é��êf8 C ⊂ U ¦� B =
⋃
x∈C xNx 3 U ¥È�. Ï�éz�

x ∈ U k xNx ´ G ¥4� Gδ 8, ¤±dÚn 4.3.2 ¥� (2) ��: �3 G ¥

4�ØCf+ N , ¦� G �û�ÿÀ+ G/N äk�ê�ä±9éz� x ∈ C
k xNx = π−1(π(xNx)), Ù¥ π : G → G/N ´ûÓ�, Ïd B = π−1(π(B)) ±

9 π(B) 3 π(U) ¥È�. Ï� π ´ëYmN�, ¤±

U = B = π−1(π(B)) = π−1(π(B)) = π−1(π(U)).

w,, π(U) ´ G/N ¥��K48. Ïd π(U) ´ (G/N)sr ¥�48, Ù¥

(G/N)sr ´�ÿÀ+ G/N ���Kz�m. �â½n 4.1.7 �� (G/N)sr ÷

v T3 ©lún, ÏdÚn 4.3.3 `² (G/N)sr ���m G/N �ëY�äk�

ê4�ä, l π(U) ´ (G/N)sr ¥� Gδ 8, cÙ�´ G/N ¥� Gδ 8, Ïd

U = π−1(π(U)) ´ G ¥� Gδ 8. y..
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� X ´ÿÀ�m,XJ X ¥�z�m8�4�´ X ¥�"81, @o¡ X

´�� κ �5�m (perfectly κ-normal space) [74]. ®�z��K Lindelöf Σ �

ÿÀ+´�� κ �5�m [69, Proposition 2.6]. e¡·�y²d(Ø¥� “�

K” U
fz� “Hausdorff”, �ÄkI���{ü�Ún.

Ún 4.3.5 � f : X → Y ´ëY¼ê, Ù¥ X ´ Hausdorff �m Y ´�K

�m, XJ X ´ Lindelöf Σ �m, @o Y �´ Lindelöf Σ �m.

y² � X ¥ü8x CX Ú FX �y
 X ´ Lindelöf Σ �m, @o8x CX ´
�ê�±98x FX ¥�z��Ñ´ X ¥�;f8. ·�äóe¡ü8x

CY = {f(C) : C ∈ CX}Ú FY = {f(F ) : F ∈ FX}

�y
 Y ´ Lindelöf Σ�m. ¯¢þ,?� F ∈ FX Ú Y ¥�¹ f(F )�m��

U , Ï� f(F ) ´;�±9 Y ÷v�K5©lún, ¤±3 Y ¥�3�¹ f(F )

��� V ¦� V ⊂ U . � C ¥�� C ¦� F ⊂ C ⊂ f−1(V ), @o f(C) ∈ CY
±9 f(F ) ⊂ f(C) ⊂ f(C) ⊂ V ⊂ U . Ï�8x CY ´�ê�, ¤±ùÒy²


þ¡�äó, �y²
dÚn. y..

·K 4.3.6 z� Hausdorff, Lindelöf Σ �ÿÀ+ G ´�� κ �5�m.

y² � Gsr ´�m G ���Kz�m±9 i : G→ Gsr ´ð�N�, @o�â

½n 4.1.7 �� Gsr ´�K�ÿÀ+. l��Kz�½Â��, é G ¥�z�m

8 O k i(O) = i(O), �é{`, Ò´ G Ú Gsr ¥��K48´���. Ún

4.3.5 `² Gsr ´�K Lindelöf Σ �m, Ïdd [69, Proposition 2.6] �� Gsr ´

�� κ �5�m. � Gsr þ�ëY¢�¼ê g ¦� i(O) = g−1(0), @o G þ�

ëY¢�¼ê f = g ◦ i ÷v O = f−1(0), l G ´�� κ �5�m. y..

��Ä Hausdorff �ma��ÿÀ+�, 5¿�±þ(J´é·K 4.3.4 �

��Ö¿.

�y²½n 4.3.8 ·���/Ï±e¯¢.

1�m X �f8 F �¡�"8 (zero-set) [26], XJ�3 X þ�ëY¢�¼ê f ¦�

F = f−1(0).
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Ún 4.3.7 [69, Lemma 3.15] � D ´ÿÀ�m X �È�f8,�b� f : D →
Y Ú ϕ : X → Z Ñ´ëYN�, Ù¥ ϕ �´mN�±9�m Y ´�K�. XJ

B ´�m Y ���Ä¦�éz� V ∈ B k f−1(V ) = ϕ−1(ϕ(f−1(V ))) (d?4

�$�´3 X ¥�), @o�3ëY¼ê g : ϕ(D)→ Y ¦� f = g ◦ ϕ�D.

±e½n´�!¥�Ì�½n��. d½n�½/£�
¯K 4.0.14, $�

�äk��5.

½n 4.3.8 T1, totally Lindelöf Σ �ÿÀ+ G ¥z�f+ H ´ R-factorizable

�ÿÀ+.

y² �âb�, ���ÿÀ+ G ���ÿÀ+ G∗ ´ Lindelöf Σ �m. f+ H

3�m G∗ ¥�4�, P� F , @o F �´ Lindelöf Σ ÿÀ+. � F w¤ G �

f�m�, @o F ´�ÿÀ+, ·�^ K L«. �â·K 4.1.1 ¥� (2) ��

F ��ÿÀ+ K ���ÿÀ+ K∗ ´ÿÀÓ��, Ïd K ´ totally Lindelöf Σ

�ÿÀ+. w,, H 3 K ¥È�, lØ���5·�b� H 3 G ¥È�.

� f ´ H þ�ëY¢�¼ê. ^ B L«¢������êmÄ. Ï� f

´ëY�, ¤±éz� V ∈ B, �3 G ¥�m8 UV , ¦� f−1(V ) = UV ∩ H.

�â·K 4.3.4 �� UV ´ G ¥� Gδ 8, lA^Ún 4.3.2 ¥� (2) �±é

� G ¥4�ØCf+ N , ¦� G �û�ÿÀ+ G/N äk�ê�ä±9ûÓ

� π : G → G/N éz� V ∈ B ÷v UV = π−1(π(UV )). Ï� H 3 G ¥È�,

¤±�±��éz� V ∈ B k UV = f−1(V ), l�âÚn 4.3.7 (- D = H,

X = G, Y = R, Z = G/N Ú ϕ = π) �3 π(H) þ�ëY¢�¼ê g ÷v

f = g ◦ π �H .

w,, G/N �f+ π(H)äk�ê�ä. q�âdíØ 4.2.15�� π(H)´

R-factorizable �ÿÀ+, l�±é�ëYÓ� p : π(H) → L �1��ê�ÿ

À+ LÚ Lþ�ëY¢�¼ê h,¦� g = h ◦ p,@o ϕ = p ◦π�H ´l H � L

þ�ëYÓ�±9 f = h ◦ϕ. ùÒy²
 H ´ R-factorizable �ÿÀ+. y..

� G´ Hausdorff, Lindelöf Σ�ÿÀ+, �â [69, Corollary 2.3 (b)]���

ÿÀ+ G ���ÿÀ+ G∗ ´ Lindelöf Σ ÿÀ+, =z� Hausdorff, Lindelöf Σ

�ÿÀ+´ totally Lindelöf Σ �ÿÀ+. ±eíØr [69, Theorem 3.13] í2�

Hausdorff �ÿÀ+þ.
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íØ 4.3.9 b� G ´ Hausdorff, Lindelöf Σ �ÿÀ+, @o G �z�f+Ñ

´ R-factorizable �ÿÀ+.

±e(Jr [69, Proposition 3.16] ¥� “�K” ^�fz� “T1”.

íØ 4.3.10 σ ;� T1 �ÿÀ+�z�f+´ R-factorizable �ÿÀ+.

y² �â½n 4.3.8, �Iy²z� σ ;� T1 �ÿÀ+ G ´ totally σ ;�ÿ

À+. dd�� G ´ totally Lindelöf Σ �ÿÀ+. éu Hausdorff �ÿÀ+, ù

�¯¢®3 [69, Corollary 2.3 (a)]¥y². ·�æ^aq��{r [69, Corollary

2.3 (a)] ¥�^� “Hausdorff” fz� “T1”.

^ G′ L« G ��Ý�ÿÀ+, @o G ¥�¦_$�´l G � G′ þ�Ó

�, Ïd G′ ÚÈ�m G × G′ Ñ´ σ ; T1 �ÿÀ+. �âÚn 4.1.2 �� G

���ÿÀ+ G∗ ÿÀÓ� ∆ = {(x, x) ∈ G × G′ : x ∈ G}. éN´�y ∆ ´

G× G′ �4f�m. ùÒ`² G∗ ∼= ∆ ´ σ ;� Hausdorff ÿÀ+, Ïd G ´

totally σ ;�ÿÀ+. y..

}ÁríØ 4.3.10 í2� T0 �ÿÀ+¥, @og,/k±e¯K.

¯K 4.3.11 σ ;� T0 �ÿÀ+�z�f+´ R-factorizable �ÿÀ+í? é

uÈ�f+qXÛ?

éu¯K 4.3.11 �AÏ�¹·��Ñ�½�£�, =�f+���+�, ù

�$�·�Ø�¦+äk?Û©l5�.

íØ 4.3.12 z� σ ;��ÿÀ+´ R-factorizable �ÿÀ+.

y² � G ´ σ ;��ÿÀ+±9 f ´ G þ�ëY¢�¼ê, �â½n 4.2.3

�±é�l G � Hausdorff �ÿÀ+ H þ�ëYÓ� π Ú H þ�ëY¢�

¼ê g, ¦� f = g ◦ π. w,, H ´ σ ;��ÿÀ+, @o�âíØ 4.3.10 �

� H ´ R-factorizable �ÿÀ+. Ïd, �31�ê��ÿÀ+ K, ëYÓ�

p : H → K Ú K þ�ëY¢�¼ê h, ¦� g = h ◦ p, Ïd ϕ = p ◦ π ´ G �

K þ�ëYÓ��÷v f = h ◦ ϕ. ùÒy²
 G ´ R-factorizable �ÿÀ+.

y..

�e5r½n 4.3.8 í2�?¿�x T1, totally Lindelöf Σ �ÿÀ+�È�

m�È�f+þ.
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íØ 4.3.13 � G =
∏

i∈I Gi ´�x T1 �ÿÀ+�È�m, XJz� Gi ´

totally Lindelöf Σ �ÿÀ+, @o G �z�È�f+´ R-factorizable �ÿÀ

+.

y² � S ´ G �È�f+±9 f ´ S þ�ëY¢�¼ê. Äky² G ´ ω-

cellular�m. �â·K 4.1.1¥� (4),�±rÿÀ+ G∗�
∏

i∈I G
∗
i �Ó.Ï�é

?¿k�f8 F ⊂ I kÿÀ+
∏

i∈F G
∗
i ´ Lindelöf Σ�m,¤±d [12, Theorem

5.3.18] ��
∏

i∈F G
∗
i ´ ω-cellular �m. q�â [12, Proposition 1.6.22] ��È

�m G∗ =
∏

i∈I G
∗
i �´ ω-cellular �m, � G �� G∗ �ëY��´ ω-cellular

�m.

Ï� S 3 G ¥È�, ¤±d [12, Theorem 1.7.7] ���3�êf8 J ⊂ I

ÚëY¼ê g : pJ(S)→ R, ¦� f = g ◦ pJ �S, Ù¥ pJ : G→
∏

i∈J Gi ´g,Ý

�. qÏ� Lindelöf Σ �m�±�ê�¦5, ¤±
∏

i∈J Gi ´ totally Lindelöf Σ

�ÿÀ+. 2d½n 4.3.8 �±é�ëYÓ� π : pJ(S) → H �1��ê��ÿ

À+ H ÚëY¼ê h : H → R, ¦� g = h ◦ π, @o ϕ = π ◦ pJ �S ´l S � H

þ�ëYÓ�, ±9 f = h ◦ ϕ. ùÒ`² S ´ R-factorizable �ÿÀ+. y..

e¡¯¢��díØ 4.3.13 ��.

íØ 4.3.14 � G =
∏

i∈I Gi ´�x Hausdorff, Lindelöf Σ �ÿÀ+�È�m,

@o G �?¿È�f+´ R-factorizable �ÿÀ+.

±e(J�Ñ¯K 4.0.15 �£�.

íØ 4.3.15 � G =
∏

i∈I Gi ´�x T1 �ÿÀ+�È�m, XJz� Gi ´ σ

;�m, @o G �z�È�f+´ R-factorizable �ÿÀ+.
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�Ù¥ïÄÿÀ+Ú�ÿÀ+�;z�{, U?
 A. V. Arhangel’skǐı [11],

F. Lin [41]Ú C. Liu [50]��
(J,Ü©£�
©z [41, 50]¥�A�¯K.�

��Ñ
�ÿÀ+;z�{����Ü5½n,�½/£�
 [45, Question 3.1].

�Ù¤k��mÑ÷v���K©lún. � X ´ÿÀ�m, �Ù¥^ bX

L«�m X � Hausdorff ;z; bX \ X L« X �;z�{. �ÙÌ��áu

�ö����Æ�ÇÜ��©Ù “Remainders of topological and paratopological

groups” Ú “The Baire property in the remainders of semitopological groups”.

§5.1 ÿÀ+� Hausdorff ;z�{

3d!¥Ì�?Ø±eA�¯K��Ñ�
Ü©£�.

¯K 5.1.1 [41, Question 2.15] � G ´�ÛÜ;�ÿÀ+, XJ Y = bG \ G
÷ve�^�, @o G Ú bG ´�©�Ýþ�mí?

(1) éz�: y ∈ Y , 3 Y ¥�3�¹ y �m�� U(y), ¦� U(y) ¥�z�

�ê;f8´�Ýþ��´ U(y) ¥� Gδ 8;

(2) Y äk�ê π A�.

¯K 5.1.2 [50, Question 14] � G´�ÛÜ;�ÿÀ+±9 bG\Gäk BCO1,

@o G Ú bG ´�©�Ýþ�mí?

¯K 5.1.3 [50, Remark 10] � G ´�ÛÜ;�ÿÀ+±9 bG \G äk σ Û

Ü�ê�ä, @o G Ú bG ´�©�Ýþ�mí?

¯K 5.1.4 [50, Question 6] � G ´�ÛÜ;�ÿÀ+±9 bG \ G ´ÛÜé
¡�m, @o G Ú bG ´�©�Ýþ�mí?

1� X ´ÿÀ�m� B ´ X �Ä, XJé x ∈ X, e {Bi}i∈ω ´ B ¥¹ x �î�4~

�8� {Bn : n ∈ ω}´ x3 X ¥�ÛÜÄ,K¡ B ´�m X � BCOÄ (base of countable

order) ({� BCO) [29].

51
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Äk£Á�e;z�{¥���Í¶½n:

Henriksen-Isbell ½n [32]: ÿÀ�m X ´�ê.���=�§�z��

Hausdorff ;z�{´ Lindelöf �m.

� X ´ÿÀ�m, XJ�m X ´,��©Ýþ�m���N�2�_�,@

o X ´ Lindelöf p �m [29].

Ún 5.1.5 [5] XJ X ´ Lindelöf p�m,@o X �z�;z�{�´ Lindelöf

p �m.

5 5.1.6 XJ G ´�ÛÜ;�ÿÀ+, @od G ´à5�m�� G ´Ã?Û

Ü;�m, l Y = bG \ G 3 bG ¥´È��, = bG �´ Y ���;z. d

Henriksen-Isbell ½n±9Ún 5.1.5 ��±e(Ø¤á:

(1) Y ´�ê.�m ⇔ G ´ Lindelöf �m;

(2) Y ´ Lindelöf p �m ⇔ G ´ Lindelöf p �m.

� X ´ÿÀ�m, XJé X ¥�z���;f8 K, �±é�,�;f8

F ⊂ X ¦� K ⊂ F � F 3 X ¥�3�ê��Ä, @o�m X ´�ê.�m

(countable type space) [26]; XJé X ¥�z���;f8 K, �±é�,�;

f8 F ⊂ X ¦� K ⊂ F � F ´ X ¥� Gδ 8, @o�m X ´g�ê.�m

(subcountable type space) [6] .

Ún 5.1.7 [6] � Y ´ÿÀ+ G �,�;z�{, @o Y ´�ê.�m��

=� Y ´g�ê.�m.

Ún 5.1.8 [50, Lemma 2] � G ´�ÛÜ;�ÿÀ+±9 Y = bG \ G, XJ

Y äk�ê π A�, �éz� y ∈ Y , �3 Y ¥�¹ y �m�� U(y), ¦�

U(y) ¥�z��ê;f8´�Ýþ�m, @o G ´�Ýþ�m�ÛÜ�©�.

±e½nÜ©/£�
¯K 5.1.1.

2� f : X → Y ´ëYN�, e f ´4N��éz� y ∈ Y k f−1(y) ´ X ¥�;f8,

@o f ´��N� (perfect map) [26].
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½n 5.1.9 � G ´�ÛÜ;�ÿÀ+±9 Y = bG \ G, XJéz�: y ∈ Y ,

3 Y ¥�3�¹ y �m�� U(y), ¦� U(y) ¥z��ê;f8´�Ýþ��

´ U(y) ¥� Gδ 8, @o G ´�©�Ýþ�m� Y ´1��ê� Lindelöf p

�m.

y² äó 1. Y ¥�z�;f8 F ´�Ýþ�� F ´ Y ¥� Gδ 8.

�Ä F �mCX U = {U(y) : y ∈ F}, Ù¥éz� y ∈ F , U(y) ´

Y ¥�¹ y �m���÷v: U(y) ¥z��ê;f8´ U(y) ¥�Ýþ� Gδ

8. Ï� F ´;f8, ¤±�3 U ¥�k�fx U ′ ¦� U ′ CX F . éz

� U ∈ U ′ ±9z�: zU ∈ U ∩ F , � Y ¥�¹ zU �m�� V (zU) ¦�

V (zU)
Y
⊂ U . w,, V (zU)

Y
∩ F ´ U ¥��ê;f8, ¤± V (zU)

Y
∩ F ´ U

¥�Ýþz� Gδ 8. Ï� U ´ Y ¥�m8, ¤± V (zU)
Y
∩ F �´ Y ¥�

Gδ 8. - V =
⋃
{VU : U ∈ U ′}, Ù¥ VU = {V (zU) : zU ∈ U ∩ F}, @ow

,, V ´ F �mCX, l�±é�k�fx V ′ ⊂ V ¦� V ′ CX F . w,,

F =
⋃
{F ∩ V Y

: V ∈ V ′}. Ï�z� F ∩ V Y
´ Y ¥�Ýþ� Gδ 8, ¤±éN

´�� F �´ Y ¥��Ýþ� Gδ 8.

äó 2. G ´ Lindelöf �m� Y ´1��ê�m.

däó 1 �� Y ´g�ê.�m, ¤±�â 5.1.7 �� Y ´�ê.�m.

l�â5 5.1.6 �� G ´ Lindelöf �m, ±9éz� y ∈ Y , �3 Y ¥�;f

8 F ¦� y ∈ F ±9 F 3 Y ¥äk�ê��Ä. qÏ�äó 1 ®y² F ´�

Ýþ�, ¤±éN´�� y 3 Y ¥äk�ê��Ä [26, 3.1.E], Ïd Y ´1�

�ê�m.

�âäó 2, 5 5.1.6 ±9Ún 5.1.8, �� G ´�©�Ýþ�m±9 Y ´

1��ê� Lindelöf p �m. y..

� X ´ÿÀ�m, Φ ´�ÿÀ5�, XJé?¿: x ∈ X, �3�¹: x �

�� U ¦� U äk5� Φ, K¡ X ´ÛÜ Φ �m.

�e5·�?ØÿÀ+ G 3�o^�e¦�§�;z bG ´�©�Ýþz

�m. ¡ÿÀ5� Φ ÷v (L), e Φ ÷vXe^�:

(L1) z�äk5� Φ � Lindelöf p �m X ´�Ýþz�;

(L2) XJ�m X äk5� Φ, K X �z��ê;f8´�Ýþz��´ X ¥

� Gδ 8;
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(L3) 5� Φ 'u4f�m¢D.

Ï�z��ê;��Ýþ�m´;�, ,z�;�m´ Lindelöf p �m,

¤±þ¡^� (L2) �±d±e^� (L′2) �O:

(L′2) XJ�m X äk5� Φ, K X �z��ê;f8´ X ¥�;� Gδ 8.

½n 5.1.10 � G ´�ÛÜ;�ÿÀ+±9 Φ ´ÿÀ5�, XJ Y = bG \ G
´ÛÜ Φ �m� Φ ÷v (L), @o bG ´�©�Ýþ�m.

y² Ï� Y äkÛÜ5� Φ � Φ ÷v (L), ¤± Y w,÷v¯K 5.1.1 ¥^

� (1). 2�â½n 5.1.9 �� G ´�©�Ýþ�m±9 Y ´ Lindelöf p �m.

du Y ´ÛÜ Φ �m� Φ ÷v (L), ¤±éz� y ∈ Y �±é� Y ¥�

¹ y �m�� U(y), ¦� U(y)
Y
äk5� Φ. w,, U(y)

Y
´ Lindelöf p �m,

ld Φ ÷v (L1) �� U(y)
Y
´�©�Ýþz�m, ùÒy²
 Y ´ÛÜ�

©�ÛÜ�Ýþ�m.

qÏ�®y Y ´ Lindelöf�m, ¤±éN´�� Y äk�ê�ä. w,, G

�äk�ê�ä, � bG = G∪ Y äk�ê�ä, ld bG �;5�� bG ´�

©�Ýþ�m. y..

3½n 5.1.10 ¥Ï� G ´ bG �f�m, ¤±w,k G �´�©�Ýþ�

m. éu pæÄ, δθÄ,[ Gδ é�Ú CSS �m�½Â�±ë�©z [48], [29]Ú

[53]. íØ 5.1.11 ¥� (1) Ú (4) ©OU?
 [41, Theorem 2.5, Theorem 2.13].

íØ 5.1.11 � G ´�ÛÜ;�ÿÀ+, XJ G �;z�{ Y = bG \G ÷v
e¡^���, @o bG ´�©�Ýþz�m.

(1) Y äkÛÜ�:�ê p æÄ;

(2) Y äkÛÜ� δθ Ä [41];

(3) Y äkÛÜ�[ Gδ é� [41];

(4) Y ´ÛÜ� CSS �m.
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y² ^ (1′)-(4′)©OL«^� (1)-(4)¥�K “ÛÜ�”����^�.éw,,

^� (1′)-(4′) ¥�ÿÀ5�´'u4f�m¢D�, ld½n 5.1.10 ��, �

Iy²±eü�¯¢=�.

¯¢ 1. z�÷v (1′)-(4′) ^���� Lindelöf p �m´�Ýþz�.

¯¢ 2. äk (1′)-(4′)^�����m¥z��ê;f8´�Ýþ��´d

�m� Gδ 8.

¯¢þ, ¯¢ 1 ®3 [48, Theorem 3.1.8], [29, Corollary 8.3], [36, Corollary

3.6]Ú [15, Proposition 3.8]¥©O�y². ,,¯¢ 2�®©O3 [41, Lemma

2.3], [15, Proposition 2.1], [15, Proposition 2.3] Ú [15, Proposition 3.8] ¥©O�

y². y..

±eíØ 5.1.14 ¥ (1) Ú (2) ©OÜ©/£�
¯K 5.1.2 Ú¯K 5.1.3, �

3�Ñy²�c�´��Ñü�9Ï¯¢.

Ún 5.1.12 � X äk σ ÛÜ�ê��ä, @o X ¥�z��;f8´�Ý

þ��´ X ¥� Gδ 8.

y² � P =
⋃
n∈ω Pn ´ X ��ä, Ù¥z� Pn 3 X ¥´ÛÜ�ê�. Ï�

X ´�K�m, ¤±Ø�b� P ¥�z��´4�. ?� X ¥�;f8 F , Ï

�éN´�y F äk�ê�ä, ¤±éw, F ´�Ýþ�. �½ n ∈ ω, éz�

x ∈ X, ��¹ x �m�� Vn(x) ¦� Vn(x) �õ� Pn ¥�êõ����. -

γn = {Vn(x) : x ∈ X}, @oéN´é�k�fx γ′n ⊂ γn ¦� γ′n CX F . �

Vn =
⋃
γ′n ±9 {P ∈ Pn : P ∩ Vn 6= ∅, P ∩ F = ∅} = {Pn(i) : i ∈ ω}.

äó. F =
⋂
n,i∈ω(X \ Pn(i)) ∩ Vn.

� Q =
⋂
n,i∈ω(X \ Pn(i))∩ Vn, w,, F ⊂ Q. ?� x ∈ Q \ F , Ï� P ´ X

��ä±9 F ´;f8, ¤±�3 n ∈ ω ±9 P ∈ Pn ¦� x ∈ P ⊂ X \ F . @

oé,�i ∈ ω k P = Pn(i), � x /∈ X \ Pn(i), l x /∈ Q, gñ. ùÒy²


F ´ X ¥� Gδ 8. y..

Ún 5.1.13 [15] äk BCO �m�z�;f8´�Ýþ��´d�m¥� Gδ

8.



156� 1ÊÙ ÿÀ+��ÿÀ+� Hausdorff ;z�{

íØ 5.1.14 � G ´�ÛÜ;�ÿÀ+±9 Y = bG \G, @o bG ´�©�Ý

þ�m��=� Y �z��ê;f8´;�±9 Y ÷v±e^���.

(1) äkÛÜ� σ ÛÜ�ê�ä;

(2) äkÛÜ� BCO.

y² XJ bG ´�©�Ýþ�m, @ow,, Y �� bG �f�m´�Ýþ�

m, l Y ¥�z��ê;f8´;��÷v (1) Ú (2).

��/, b� Y ¥�z��ê;f8´;�±9 Y ÷v (1) ½ (2), ©O^

(1′)Ú (2′)L«r (1)Ú (2)¥ “ÛÜ�”�K����^�.éw, (1′)Ú (2′)

¥�ÿÀ5�´'u4f�m¢D�, Ïd�â½n 5.1.10, �Iy²±eü�

¯¢.

¯¢ 1. z�÷v (1′) Ú (2′) ^���� Lindelöf p �m´�Ýþz�.

¯¢ 2. z�÷v (1′) Ú (2′) ^�����m¥z��ê;f8´�Ýþ

��´d�m� Gδ 8.

¯¢þ, ¯¢ 2 dÚn 5.1.12 ÚÚn 5.1.13 éN´��. �u¯¢ 1, XJ

X ´äk σ ÛÜ�ê�ä� Lindelöf p �m, @oéN´�� X äk�ê�

ä, Ïd�â [29, Corollary 3.20, Corollary 4.7] �� X ´�Ýþ�m. ,��

¡, z�äk BCO � Lindelöf p �m´�Ýþ�m [29, Theorem 1.2, Theorem

6.6]. y..

��, ·��Ä¯K 5.1.4. � X ´��8Ü, ¼ê d : X ×X → [0,+∞) X

J÷v: é?¿ x, y ∈ X,k (i) d(x, y) = 0��=� x = y; (ii) d(x, y) = d(y, x),

@o d ´8Ü X þ�é¡ (symmetric) [29]. XJ�3 X þ�,�é¡ d ÷

vXe^�: U ⊂ X ´ X ¥m8��=�é?¿ x ∈ U �3 ε > 0 ¦�

B(x, ε) = {y ∈ X : d(x, y) < ε} ⊂ U , @o�m X ´é¡�m (symmetrizable

space) [29].

Ún 5.1.15 [29, Lemma 9.12] z� ω1 ;
3 �é¡�m´¢D Lindelöf �m.

3�X´ÿÀ�m,eX�z�4lÑf8�³�u ω1,@oX´ ω1;�m (ω1-compact

space) [29].
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Ún 5.1.16 é¡�m¥�z��ê;f8´;�Ýþ�.

y² � A ´é¡�m X ��ê;f8, XJ {xn} ´ A ¥S��Âñu X

¥��: x, @od A ��ê;5�� {xn} 3 A ¥�3��à: a, l a �

´ {xn} 3 X ¥�à:, Ïd x = a ∈ A, �Ò´`, A ´ X ¥�S�48. Ï

� X ´é¡�m, ¤± X ´S��m [29, p. 481], = X ¥�z�S�48´

48, � A ´ X �48. Ï�é¡�m'u4f�m¢D, ¤± A �´é¡�

m, l A ´;�Ýþ�m [29, Theorem 9.13]. y..

Ún 5.1.17 [7] � G ´�ÿÀ+, @o G ´�ê.�m��=�3 G ¥�

3���;f8 F , ¦� F 3 G ¥äk�ê��Ä.

½n 5.1.18 � G ´�ÛÜ;�ÿÀ+±9 Y = bG \ G ´ÛÜé¡�m, X

J Y ¥�z�ü:8´ Gδ 8, K bG ´�©�Ýþ�m.

y² �¹ 1. G ´�ê.�m.

d Henriksen-Isbell ½n�� Y ´ Lindelöf �m, l Y ´ ω1 ;�. q�

âÚn 5.1.15 �� Y ´ÛÜ¢D Lindelöf �m. - Φ = “é¡�¢D Lindelöf

�m”, ��â½n 5.1.10, �Iy²5� Φ ÷vþ¡^� (L), �Ò´5� Φ ÷

v±e^�:

(L1) z�äk5� Φ � Lindelöf p �m X ´�Ýþz�;

(L2) XJ�m X äk5� Φ, K X �z��ê;f8´�Ýþz��´ X ¥

� Gδ 8;

(L3) 5� Φ ´'u4f�m¢D�.

Ï�z�é¡� Lindelöf p �m´�Ýþ� [29, Theorem 9.13], ¤±5�

Φ ÷v (L1). qÏ�z�¢D Lindelöf �m´���m4, ¤±dÚn 5.1.16 �

�5� Φ ÷v (L2). éw,5� Φ ÷v (L3).

�¹ 2. Y ¥�z�ü:8´ bG ¥� Gδ 8.

4� X ´�ÿÀ�m, XJ X ¥�z�48´ Gδ 8, @o X ´���m (perfect space)

[26].
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du bG ´;�m, ¤±éN´�� Y ´1��ê�m. q�âÚn 5.1.8

±9 Y äkÛÜ5� Φ � Φ ÷v (L2) �� G ´�Ýþ�ÛÜ�©�m. ù

Ò`² G ´�ê.�m, @o�â�¹ 1 �� bG ´�©�Ýþ�m.

�¹ 3. �3,: y ∈ Y ¦� {y} Ø´ bG ¥� Gδ 8.

�±é� bG ¥� Gδ 8 P ÷v {y} = P ∩ Y ±9 P ∩G 6= ∅. � bG ¥�

m8� {Un} ¦� P =
⋂
n∈ω Un. �½�: g ∈ P \ {y}, @oéz� n ∈ ω �

±é� bG ¥�m8 Vn ÷v y /∈ Vn
bG
±9 g ∈ Vn+1 ⊂ Vn+1

bG ⊂ Vn ∩ Un+1. -

F =
⋂
n∈ω Vn, w,, F ´ bG ¥��4� Gδ 8�k F ⊂ G. du bG ´;�m,

¤±éN´�� F 3 bG ¥k�ê��Ä, l F 3 G ¥�äk�ê��Ä.

éw, F ´ G ���;f8, @odÚn 5.1.17 �� G ´�ê.�m, ld

�¹ 1 �� bG ´�©�Ýþz�m. y..

íØ 5.1.19 � G ´�ÛÜ;�ÿÀ+±9 Y = bG \ G ´ÛÜé¡�m, X

J Y ÷v±e^���, K bG ´�©�Ýþ�m.

(1) Y ´ÛÜ���m;

(2) Y ´ÛÜ Lindelöf �m;

(3) Y ´ÛÜ ω1 ;�m.

íØ 5.1.20 [50] � G ´�ÛÜ;�ÿÀ+±9 Y = bG \G ´ÛÜé¡�m,

XJ Y äk�ê π A�, @o bG ´�©�Ýþ�m.

y² �âÚn 5.1.8 ÚÚn 5.1.16 �� G ´�Ýþ�ÛÜ�©�m, ¤±d

Henriksen-Isbell ½n�� Y ´ Lindelöf �m, ldíØ 5.1.19 ¥� (2) ��

bG ´�©�Ýþ�m. y..

æ^½n 5.1.18 �y²¥�¹ 1 Ú�¹ 3 �y²�{�±��±e(J.

½n 5.1.21 � G ´�ÛÜ;�ÿÀ+±9 Y = bG \ G ´ÛÜé¡�m, X

J Y ¥�3���á:, @o bG ´�©�Ýþ�m.
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3�!¥·��Ä�ÿÀ+�;z�{, U?
A. V. Arhangel’skǐı [5] ��


(J.

� X ´ÿÀ�m, XJ3 X �z�;z bX ¥�±é��� Gδ 8 Z, ¦

� X ⊂ Z ±9éz�: y ∈ Z \ X Ñ�±é� Z ¥� Gδ 8 P � X ©l,

= y ∈ P � P ∩ X = ∅, @o�m X ´ Ohio complete �m [5]. XJ3 X �

Stone-Čech ;z βX ¥�3��m8x {Un} ÷vXe^�, @o�m X ´ p

�m (p-space) [29]:

(1) éz� n ∈ ω k Un CX X;

(2) éz� x ∈ X k
⋂
n∈ω st(x,Un) ⊂ X,Ù¥ st(x,Un) =

⋃
{U ∈ Un : x ∈ U}.

XJ8Ü ∆ = {(x, x) ∈ X ×X : x ∈ X} ´�m X ×X � Gδ 8, @o¡�m

X äk Gδ é� (Gδ-diagonal) [29].

Ún 5.2.1 [5] z� Lindelöf �m, äk Gδ é���m½ö p �mÑ´ Ohio

complete �m.

A. V. Arhangel’skǐı [7]�Ñ
�ÿÀ+�;z�{´ Ohio complete�m�

��x.

Ún 5.2.2 [7] � G ´�ÿÀ+±9 Y = bG \ G, @o Y ´ Ohio complete

�m��=��o G ´ σ ;�m, �o G ´�ê.�m.

3��ÿÀ�m¥, äk Lindelöf �{®3 Henriksen-Isbell ½n¥�Ñ�

x. éu�ÿÀ+, ·���±e�d^�.

½n 5.2.3 � G ´�ÛÜ;��ÿÀ+±9 Y = bG \G, @o±e^��d5:

(1) Y ´ σ æ;� Ohio complete �m;

(2) Y ´æ;� Ohio complete �m;

5� X ´ÿÀ�m, XJéu X �z�mCXÑ�3:k� (σ :k�) �m\[, @o

�m X ´æ; (metacompact space) (σ æ; (σ-metacompact space)) �m [19].
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(3) Y ´�;� Ohio complete �m;

(4) Y ´ Lindelöf �m;

(5) G ´�ê.�m.

y² (5)⇒ (4). ��d Henriksen-Isbell ½n��.

(4)⇒ (3). ��dÚn 5.2.1 ��.

(3)⇒ (2)⇒ (1). w,�.

(1)⇒ (5). b� Y ´ σ æ;� Ohio complete �m. �âÚn 5.2.1 ��±

b� G´ σ ;�m,Ïd G��nÝ c(G)´�ê� [12, Corollary 5.7.12]±9

Y ´ Čech-complete �m6. Ï� G 3 bG ¥´È��, ¤± bG ��nÝ c(bG)

�´�ê�. Ï� G´�ÛÜ;��ÿÀ+,¤± Y �3 bG¥È�,l Y �

�nÝ c(Y ) �´�ê�. qÏ�éz� Čech-complete �m X, XJ§��n

Ý´�ê�, @o X ¥�z�:k��m8x´�ê� [19, Proposition 8.3],¤

±d Y ´ σ æ;�méN´��§´ Lindelöf �m, l�â Henriksen-Isbell

½n�� G ´�ê.�m. y..

5 5.2.4 ��o·���Ä�ÛÜ;��ÿÀ+ G? XJ G ´ÛÜ;�, @o

G Ò3 bG ¥´m�, l Y = bG \G ´;�m.

�â5 5.1.6, Ún 5.2.1 Ú½n 5.2.3 �±��±eíØ, d(JU?
±

e(J: XJ G ´�ÛÜ;�ÿÀ+, @o G ��{ bG \G ´�;� p �m�

�=� G ´ Lindelöf p �m [5, Theorem 4.9].

íØ 5.2.5 � G ´�ÛÜ;��ÿÀ+±9 Y = bG \G, @o G ´ Lindelöf

p �m��=� Y ´ Lindelöf (½ö σ æ;) p �m.

3ÿÀ+¥, A. V. Arhangel’skǐı [5, Theorem 4.8] y²
±e(J.

íØ 5.2.6 b� G ´�ÿÀ+�§�;z�{ bG \G ´�; p �m, @o G

�´�; p �m.

6� X ´���K�m,XJ X ´§�,�;z�m¥� Gδ 8,@o X ´ Čech-complete

�m [26].
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y² XJ G ´ÛÜ;�, @o G ´ÛÜ;�ÿÀ+ [12, Theorem 2.3.12], ù

Ò`² G ´�; p �m [12, Theorem 4.3.35]. XJ G ´�ÛÜ;�, @odí

Ø 5.2.5 �� G ´�; p �m, ù´Ï�z�; p �m´ σ æ; p �m, z

Lindelöf p �m´�; p �m. y..

íØ 5.2.7 � G ´�ÛÜ;��ÿÀ+, @o G ´�©�Ýþ�m��=�

bG \G ´ σ æ; p �m� G äk Gδ é�.

y² XJ G ´�©�Ýþ�m, @oéw, G äk Gδ é�. díØ 5.2.5 �

� bG \G ´ σ æ; p �m. ��/, XJ bG \G ´ σ æ; p �m±9 G äk

Gδ é�, @o�âíØ 5.2.5 �� G ´ Lindelöf p �m. Ï�z�äk Gδ é�

� Lindelöf p �m´�Ýþz� [29, Corollary 3.8, Corollary 3.20], ¤± G ´�

©�Ýþ�m. y..

A. V. Arhangel’skǐı [11, Theorem 4.5] y²
±e½néÿÀ+¤
.

½n 5.2.8 b� G ´�ÛÜ;��ÿÀ+, @o G ��{ Y = bG \ G ´ p

�m��=� G �o´ σ ;�m, �o´ Lindelöf p �m.

y² b� Y ´ p �m, �âÚn 5.2.1 ÚÚn 5.2.2 �� G �o´�ê.�

m, �o´ σ ;�m. XJ G ´�ê.�m, @od Henriksen-Isbell ½n��

Y ´ Lindelöf �m, l�â5 5.1.6 �� G ´ Lindelöf p �m.

��/, XJ G ´ σ ;�m, @o Y ´ Čech-complete �m, l Y ´ p

�m. XJ G ´ Lindelöf p �m, @odÚn 5.1.5 �� Y ´ Lindelöf p �m.

y..

5 5.2.9 íØ 5.2.7 ¥� “�ÛÜ;” ØU�K. ?�äkØ�ê³�+ G �

D� G lÑÿÀ, � bG ´ G �ü:;z, éw, bG \G ´ σ æ; p �m, ,

 G Ø´�©�. ù�~f�`²½n 5.2.8 ¥� “�ÛÜ;” ØU�K±93

[11, Corollary 4.11] ¥�ÿÀ+7L�¦´�ÛÜ;.

Ún 5.2.10 [11] XJ�ÿÀ+ G 3,�:äk�ê π Ä, @o G äk Gδ

é�.
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½n 5.2.11 � G ´�ÛÜ;��ÿÀ+, XJ G �;z�{ Y = bG \G ´
σ æ; p �m�äk�ê π A�, @o G ´�©�Ýþ�m.

y² Ï� G ´�ÛÜ;��ÿÀ+, ¤± Y = bG \ G Ø´;�, l�

âb��� Y �Ø´�ê;�m, Ïd3 Y ¥�±é�Ã��ê4lÑf8

A = {an : n ∈ ω}. Ï� bG´;�m,¤± A3 bG¥�3à: c¦� c ∈ G. é

z� n ∈ ω,ÀJ {V (n, k) : k ∈ ω}�� an3 Y ¥�ÛÜ πÄ.é?¿ n, k ∈ ω,

� bG ¥�m8 U(n, k) ¦� V (n, k) = U(n, k) ∩ Y . - W (n, k) = U(n, k) ∩G,

ØJ�y {W (n, k) : n, k ∈ ω} ´ c 3 G ¥�ÛÜ�ê π Ä, @odÚn 5.2.10

�� G äk Gδ é�. �ªdíØ 5.2.7 �� G ´�©�Ýþ�m. y..

íØ 5.2.12 [51] � G ´�ÛÜ;��ÿÀ+, XJ§�;z�{ Y = bG \G
´�Ýþ�, @o bG ´�©�Ýþ�m.

y² �â½n 5.2.11 �� G ´�©�Ýþ�m, Ïd2d Henriksen-Isbell ½

n�� Y �´�©�Ýþ�m, l;�m bG = G∪ Y ´�©�Ýþ�m. y

..

��·��Ä�ÿÀ+�;z�{äk Gδ é����¹.

½n 5.2.13 � G ´�ÿÀ+±9§�;z�{ bG \G äk Gδ é�, @o G

�o´�ê.�m, �o´ σ ;�m�äk Gδ é�.

y² XJ G ´ÛÜ;�m, @oéw,�� G ´�ê.�m, Ïd·�Ø�

b� G ´�ÛÜ;�m.

Ï��{ Y = bG \ G äk Gδ é�, ¤±dÚn 5.2.1 �� Y ´ Ohio

complete �m, ldÚn 5.2.2 �� G �o´�ê.�m, �o´ σ ;�m.

·�b� G Ø´�ê.�m, @o�Iy² G äk Gδ é�.

äó 1. Y ´1��ê�m.

XJ Y Ø´1��ê�,�â bG�;5,@o�3�: y0 ∈ Y ¦� {y0}Ø
´ bG¥� Gδ 8,ÏdéN´é� bG¥�m8� {Un}÷v {y0} = Y ∩

⋂
n∈ω Un

±9 G∩
⋂
n∈ω Un 6= ∅. ?��: x0 ∈ G∩

⋂
n∈ω Un, @o�±é� bG ¥�m8

� {Vn} ¦�éz� n ∈ ω k Vn+1
bG ⊂ Vn ⊂ Un ±9 y0 /∈ V0. - F =

⋂
n∈ω Vn,



§5.3 �ÿÀ+;z�{¥��Ü5½n9ÙA^ 163�

@ow, F ´;f8�3 G ¥äk�ê��Ä, ÏddÚn 5.1.17 �� G ´

�ê.�m, gñ.

äó 2. Y Ø´�ê;�m.

¯¢þ, Ï�z�äk Gδ é���ê;�m´�Ýþz� [29], ¤±XJ

Y ´�ê;�, @o�� Y ´;�. ù� G ´�ÛÜ;�mgñ.

^y²½n 5.2.11 ��{, ±9däó 1 Úäó 2 �� G äk�ê π A

�, ldÚn 5.2.10 �� G äk Gδ é�. y..

5 5.2.14 ½n 5.2.13 �_Ø�½¤á. � Z ´�ê8�D�lÑÿÀ, @o

Z w,´�ê.�ÿÀ+�§´äk Gδ é�� σ ;�m, �´§�4�;z

βZ ��{ βZ \ Z Øäk Gδ é�.

§5.3 �ÿÀ+;z�{¥��Ü5½n9ÙA^

3�!¥·�ïá�ÿÀ+¥����Ü5½n,·��(J$�´é�ÿ

À+?Ø�. ,�ÞÑ�Ü5½n3;z�{¥�A�A^, �½/£�
±e

¯K.

¯K 5.3.1 [45, Question 3.1] � G ´�ÛÜ;��ÿÀ+½ö[ÿÀ+±

9 bG ´ G ���;z, @o G ��{ bG \ G �oäk Baire 5�, �o´

meager � Lindelöf �mí?

±eÚn´w,�, 3�Öö�öS.

Ún 5.3.2 � U ´ÿÀ�m X ¥üüØ���mf8x, XJéz� U ∈ U

k ZU ´ U ¥� Gδ 8, @o Z =
⋃
U∈U ZU ´ X ¥� Gδ 8.

� X ´ÿÀ�m, XJ X ¥?¿�êõ�m�È�f8���´ X ¥�

È�f8, @o¡�m X äk Baire 5� [26].

½n 5.3.3 XJà5�m G �,�;z�{Øäk Baire 5�, K

(1) G �¹��È�� Čech-complete f�m;
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(2) G ¥�3��;f8 F � F 3 G ¥äk�ê��Ä.

y² b� G �,�;z�{ Y = bG \ G Øäk Baire 5�. ¯¤±�, ÛÜ

;�m�z�;z�{´;�m, Ïd G Ø´ÛÜ;�m. qÏ� G ´à5�

m, ¤±�� G ´Ã?ÛÜ;�, � Y 3 bG ¥´È��, �Ò´`, bG �´ Y

���;z.

Ï� Y Øäk Baire 5�, ¤±�±é� Y ¥�êõ�m�È�f8

{Vn}n∈ω ¦�
⋂
n∈ω Vn 3 Y ¥Ø´È��. éz� n ∈ ω, � bG ¥�mf

8 Un ÷v Vn = Y ∩ Un. du Y ´ bG ¥�È�f8, ¤±�� Un ´ bG ¥

�mÈ�f8. - H =
⋂
n∈ω Un, du bG ´;�, ù`² bG äk Baire 5�,

¤± H ´ bG ¥È�� Gδ 8. du H ∩ Y =
⋂
n∈ω Vn 3 Y ¥ØÈ, l�3

bG ¥�mf8 W ÷v W ∩H ∩ Y = ∅ � W ∩H ∩G 6= ∅. qÏ� W ´ÛÜ

;�, ¤± W �äk Baire 5�, @oH ∩ G ∩W ´ G �mf8 W ∩ G ¥�
Čech-complete �È��f�m.

Ï� G ´à5�m, ¤±lþ¡�y²�� G ¥�z���mf8 U Ñ

�¹��mf8 V ¦� V ¥�3 Čech-complete �3 V ¥È��f�m ZV ,

Ïdd Zorn Ún, �±�� G ¥4��üüØ��mf8x V , ¦� V �z

��Ñ�¹��È�� Čech-complete f�m. - F =
⋃

V , w,, F 3 G ¥

È�. éz� V ∈ V , �½��3 V ¥È�� Čech-complete f�m ZV , -

Z =
⋃
V ∈V ZV .

(1) w,, Z 3 G ¥�´È��. e¡y² Z ´ G ¥� Čech-complete f

�m. éz� V ∈ V �±é� bG ¥�mf8 UV ÷v V = UV ∩ G. qÏ

� ZV ´ V ¥È�� Čech-complete f�m, ¤± ZV �´ UV ¥È�� Čech-

complete f�m. Ï�z� Čech-complete �m´§?Û��;z¥� Gδ 8

[26, Theorem 3.9.1],¤± ZV �´ UV ¥� Gδ 8. Ï� G3 bG¥È�� V ´

G¥üüØ��m8x,¤±8x {UV : V ∈ V }3 bG¥�üüØ�,ldÚ

n 5.3.2�� Z =
⋃
V ∈V ZV �´ bG¥� Gδ 8,� Z ´ G¥� Čech-complete

f�m.

(2) Ï� Z ´ bG¥� Gδ 8,¤±�±é� bG¥��êõ�m8 {Zn}n∈ω
÷v Z =

⋂
n∈ω Zn. �½�: x ∈ Z,éN´é� bG¥��êõ�m8 {Wn}n∈ω

¦�éz� n ∈ ω k x ∈ Wn+1 ⊂ Wn ⊂ Zn. - K =
⋂
n∈ωWn, w,, K ´ bG
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¥�; Gδ 8� K ⊂ G. qÏ� bG ´;�, ¤± K 3 bG ¥äk�ê��Ä,

l§3 G ¥�äk�ê��Ä. y..

±eÚn3ù!¥åX���^.

Ún 5.3.4 [8, Corollary 5.4] � G ´�ÿÀ+, XJ G �¹��È�� Čech-

complete f�m, @o G ´ Čech-complete �ÿÀ+.

½n 5.3.5 � G ´�ÿÀ+, @o�o G �z�;z�{äk Baire 5�, �

o G �z�;z�{´ σ ;�m.

y² XJ�3 G �,�;z�{Øäk Baire 5�, @od½n 5.3.3 �� G

�¹��È�� Čech-complete f�m. dÚn 5.3.4 �� G ´ Čech-complete

�m, Ïd G ´§�?¿;z bG ¥� Gδ 8 [26, Theorem 3.9.1], dd�� G

�z�;z�{´ σ ;�m. y..

5 5.3.6 éu½n 5.3.5 ·��±e`².

(1) ½n 5.3.5 é[ÿÀ+ (�ÿÀ+) �¤á.

(2) �ÛÜ;��ÿÀ+ G ���;z bG, §��{ Y = bG \ G Ø�U´ σ

;�m�äk Baire 5�. ¯¢þ, �Ø, Y 3 bG ¥�SÜ��, �w,

Y 3 bG ¥È�. Ï� G 3 bG �´È��, Ïd Y 7½� G ��, gñ.

(3) �â½n 5.3.5 Ú [14, Theorem 3.2] ���ÛÜ;��ÿÀ+ G ���;

z bG, e§��{ Y = bG \ G ´ σ ;�m�, K Y ´ meager �m, Ï

d½n 5.3.5 �½/£�
¯K 5.3.1 ��U?
 [5, Theorem 1.1] Ú [45,

Theorem 3.1].

(4) � G ´�ÛÜ;��ÿÀ+, @o G �z� (½�3,�) ;z�{äk

Baire 5� ⇔ G �?Û;z�{Ø´ σ ;�m ⇔ G Ø´ Čech-complete

�m.

(5) �ÿÀ�m X QØäk Baire 5��Ø´ σ ;�m, @o X Ø�UÓ�

u,��ÿÀ+�;z�{, Ïd�ÿÀ+ØU�Ñ���²��~f¦�

Ù;z�{äk Baire 5�.
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�e5·��Ä�Ü5½n3;z�{¥�A^.

½n 5.3.7 � G ´�ÿÀ+�äk�ê�nÝ, K�o G �z�;z�{ä

k Baire 5�, �o G �z�;z�{´ σ ;� p �m.

y² b�1�«ÀJØ¤á, =�3 G �,�;z bG ¦�§��{ bG \ G
Øäk Baire 5�, Ïd�â½n 5.3.3 Ú½n 5.3.5 ±9Ún 5.3.4 �� G ´

Čech-complete ÿÀ+, l G ´§�z�;z¥� Gδ 8 [26, Theorem 3.9.1],

Ïd G�z��;z�{´ σ ;�� G´�;� p�m [12, Corollary 4.3.21].

qÏ� G ��nÝ´�ê�, ¤± G ´ Lindelöf �m, l G ´ Lindelöf p �

m. �â [11, Theorem 2.1] �� G �?¿;z�{´ Lindelöf p �m, Ïd G

�?¿;z�{´ σ ;� p �m. y..

íØ 5.3.8 � Y ´�nÝ�ê��ÿÀ+ G �,�;z�{� Y Øäk

Baire 5�, XJ Y äk�ê�A�, @o Y ´1��ê�� G ´�©�Ýþ

�ÿÀ+.

y² Ï� Y Øäk Baire 5�, d½n 5.3.7 �� Y ´ σ ;� p �m±9

l½n 5.3.7 �y²¥�±�� G ´ Lindelöf ÿÀ+. Ï�z��äk�ê�

A�� p �m´1��ê�, ¤± Y ´1��ê�, Ïd�Iy² G ´�Ý

þz�Ò�. ¯¢þ, Ï� Y Øäk Baire 5�, ¤± Y Ø´�ê;�m, l

3 Y ¥�3�Ã��êf8 A = {an : n ∈ ω} ¦� A 3 Y ¥´4lÑ

f8. Ï� bG ´;�m, ¤± A 3 G ¥�3�à: c. éz� n ∈ ω, ÀJ

{V (n, k) : k ∈ ω} �� an 3 Y ¥�ÛÜ�êÄ. é?¿ n, k ∈ ω, � bG ¥�m

f8 U(n, k) ¦� V (n, k) = U(n, k) ∩ Y . - W (n, k) = U(n, k) ∩ G, ØJ�y

{W (n, k) : n, k ∈ ω} ´ c 3 G ¥� π Ä. Ï�z�äk�ê π A��ÿÀ+´

�Ýþ� [11, Theorem 3.3.12, Proposition 5.2.6], ¤± G ´�Ýþ�m. y..
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§6.1 [ïÄ��

R-factorizable (�) ÿÀ+´�aAÏ� (�) ÿÀ+, �Ð´ISÍ¶ê

Æ[ L. S. Pontryagin [57] uyz�;+äk R-factorizable 5�, �� W. W.

ComfortÚ K. A. Ross [23]uy�;�ÿÀ+�kd5�,�ªd M. Tkachenko

[79, 81]3 1991cÚ\daÿÀ+. daÿÀ+ÑÛ�2�,X,z� Lindelöfÿ

À+´ R-factorizableÿÀ+,$� σ ;�ÿÀ+�z�f+Ñ´ R-factorizable

ÿÀ+. daÿÀ+3ÿÀ+��«��Ú�êØ¥kXéõ�A^, �´ùp

E,�3�X�]�û�¯K [12]. 3 2010 c, M. Sanchis Ú M. Tkachenko

[69] rÿÀ+¥� R-factorizbility í2��ÿÀ+¥�JÑ�X�¯K. �Ø©

�´�7ù
¯KÐm, Ì�ïÄ R-factorizable �ÿÀ+�Ü©½��/£�


A��'�¯K.

¯¤±�, z�ÿÀ+���3n��ÙÿÀ�N���(�, ©O´��

�(�, m��(�±9V>��(�, ÏdïÄÿÀ+��±l���mnØ

Ñu. �Ø©�1�Ù�´Édéu, Äkr���mþ���ëY¼ê��

í2, ·�¡�� ω ��ëY¼ê. 2|^ù�Vg5ïÄ���mþ�ëY

¢ê¼ê�©)5�. ��r���nØA^�ÿÀ+þ, l�� R-, m- Ú

M -factorizable ÿÀ+��x. dd�Ñ
A��'¯K�£�. ·��ù�g

���UYïÄ R-factorizable ÿÀ+5\
��#m�í, �´{¥Øv�´,

·��Ñ��xØ��´ R-factorizable ÿÀ+�SÜ�x. ù´±�UY��

ÄÚïÄ�����.

éw,, z�ÿÀ+´�ÿÀ+, ÏdïÄ�ÿÀ+Òw��äk��¿Â.

,, �Ï��ÿÀ+¥+�_$�Ø�½ëY, ù��ïÄ�ÿÀ+O\
J

Ý. qÏ�z��ÿÀ+�3n��ÙÿÀ�N�[��(�, l$^[��

(�nØ5ïÄ�ÿÀ+�´ég,�. 31�Ù�Ä:þ, ·�rc¡�g�

Ú�{31nÙÚ1oÙ¥2�gJ,, $^� R-factorizable �ÿÀ+�ïÄ

¥, l�� R-factorizable �ÿÀ+��
�x. |^ù
�x, 3���K�

ma¥y²
 R-factorizable �ÿÀ+�û�ÿÀ+E´ R-factorizable �ÿÀ

+. ù��´�Ñ M. Sanchis Ú M. Tkachenko [69] JÑ� R-factorizable �ÿ

À+´Ä�mëYÓ�¤�±¯K����Ð�£�.·��£�
Ù§A��

67
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'¯K. R-factorizable �ÿÀ+fJÑ5ØÈ, Ïdù�¡�nØ�éØ¤Ù,

ù�´·±�UY��ÄÚïÄ�����.

3��ÿÀ�mnØ¥, Äê¼ê´é������, Ï�Äê¼ê´^

�«Ú�ÚXÚ��ª5?n�
¯K.XJUr�
�ê�ÿÀ5�J,�Ä

ê¼ê/ªþ5, @où¬�ïÄ�5é���B. �,, 3ÿÀ+¥, éÄê¼

ê�ïÄ®²��¤Ù, ég,/·�Ò¬¯, ÿÀ+¥��
Äê¼ê3�ÿ

À+¥�¤áí? �´É�ù
éu, ·�31nÙ¥�?Ø
�ÿÀ+¥��


Äê¼ê. ,,ù�¡�nØ�éØ¤Ù,Ïdù�´±���ÄÚïÄ��

���.

ÿÀ+�;z�{nØ´�Cd A. V. Arhangel’skǐı uÐå5�, AO/,

2008c A. V. Arhangel’skǐı��
ÿÀ+¥;z�{����Ü5½n: ÿÀ+

�z�;z�{�o´�;�, �o´ Lindelöf �m [4]. ù�¿	(J, ¦�é

õÿÀ�êÆ[éÿÀ+�;z�{�)
ßþ�,�,X, M. M. Choban [7], J.

van Mill [9] �. 3Ø©���, ·��ïÄ
ÿÀ+Ú�ÿÀ+�;z�{, �

�
�ÿÀ+;z�{¥����Ü5½n, ù�(JU? A. V. Arhangel’skǐı

[5] �,���Ü5½n. 3�ÿÀ+;z�{¥��3éõ�)û�úm¯K,

Ïdù�´±�·:�ïÄ�����.

§6.2 �
úm¯K

Äk�Þ�
� R-factorizable ÿÀ+k'�¯K��Ñ
{á�µØ.

z� R-factorizableÿÀ+´ ω-narrowÿÀ+ [11],,k~fL²Ù_Ø

�½¤á (� [79, Example 2.7]). Ï�z�äk�ê�nÝ�ÿÀ+´ ω-narrow

ÿÀ+, @oég,/k±e¯K.

¯K 6.2.1 [12, Open Problem 8.1.1] z�äk�ê�nÝ�ÿÀ+ G ´ R-

factorizable ÿÀ+í? XJ G ´�©�qXÛQ?

� X ´���K�ÿÀ�m, ^ A(X) Ú F (X) ©OL«�m X þ�g

dC��ÿÀ+ÚgdÿÀ+, 'ugdÿÀ+�½Â�ë� [12, Chapter 7].

¯K 6.2.2 [12, Open Problem 8.1.8] �x���K�m X ¦�gdÿÀ+

F (X) ½gdC��ÿÀ+ A(X) ´ R-factorizable ÿÀ+.
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éu¯K 6.2.1 �AÏ�¹k±e¯K.

¯K 6.2.3 [12, Open Problem 8.1.8] � X ´���K�m, XJgdÿÀ+

F (X) äk�ê�nÝ, @o F (X) ´ R-factorizable ÿÀ+í? XJ X ´�©

�mqXÛQ?

íØ 2.3.17`² R-factorizableÿÀ+�mÓ��´ R-factorizableÿÀ+,

@og,/¬�L5¯: � f : G → H ´ÿÀ+ G Ú H �m�÷�ëYmÓ

�, XJ H ´ R-factorizable ÿÀ+, @o G ´ R-factorizable ÿÀ+í? w,

ù¯K��´Ä½�. ��� G ´��� R-factorizable ÿÀ+,  H ��¹

kü ��ÿÀ+±9 f �ð�N�=�, �´·�ég,/k±eü¯K.

¯K 6.2.4 � N ´ÿÀ+ G �4ØCf+, XJ N Úû+ G/N Ñ´ R-

factorizable ÿÀ+, @o G ´ R-factorizable ÿÀ+í?

¯K 6.2.5 [12, Open Problem 8.1.8] � X ´���K�m, XJgdC��

ÿÀ+ A(X) ´ R-factorizable ÿÀ+, @ogdÿÀ+ F (X) ´ R-factorizable

ÿÀ+í? (®� A(X) ´ F (X) �ûÿÀ+)

�e5�Þ�
� R-factorizable �ÿÀ+k'�¯K.

1��¯KÒ´}Ár·K 4.2.10 í2��K��ÿÀ+þ.

¯K 6.2.6 z��K R-factorizable �ÿÀ+´ totally ω-narrow �ÿÀ+í?

�â½n 4.1.4, ±þ¯K�du¯´Äz��K R-factorizable �ÿÀ+´

Tychonoff? ���J�´, �3�� T0, R-factorizable �ÿÀ+Ø´ ω-narrow

�ÿÀ+.

1��¯K´ã©z [69] ¥���¯K.

¯K 6.2.7 [69, Problem 5.1] � G ´ (�K) �ÿÀ+, XJ§���ÿÀ+

G∗ ´ R-factorizable �ÿÀ+, @o G ´ R-factorizable �ÿÀ+í?

·�®²J�, XJ G ´ Hausdorff, Lindelöf Σ �ÿÀ+, @o§���ÿ

À+ G∗ �´ Lindelöf Σ�m. Ø
 G÷v�K©lún	, ·�Ø��ù�·

K�_´Ä¤á.
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¯K 6.2.8 b� G´ Hausdorff�ÿÀ+,XJ§���ÿÀ+ G∗ ´ Lindelöf

Σ �m, @o G ´ Lindelöf Σ �mí?

� G ´ Hausdorff σ ;��ÿÀ+, é G ¥�z�d Gδ 8|¤�8x γ,⋃
γ E,´ G ¥� Gδ 8 [68, Theorem 4.4], �d(Øé Hausdorff, Lindelöf Σ

�ÿÀ+´Ä¤á�Ø��.

¯K 6.2.9 � G ´ Hausdorff, Lindelöf Σ �ÿÀ+±9 γ ´ G ¥�x Gδ 8,

@o
⋃
γ ´ G ¥� Gδ 8í?

¯¢þ, þ¡ù¯K�e¡�¯K�d (� [86, Problem 4.3]).

¯K 6.2.10 � G ´ Hausdorff �ÿÀ+�äk�ê�ä, @o G ¥�z�4

f8´ Gδ 8í?

���Þ�
�ÿÀ+Ú�ÿÀ+�;z�{�'�A�¯K.

3 2009 c, 4Ay²
: � G ´�ÛÜ;�ÿÀ+±9 Y = bG \ G ´Ý
þ�m�û s �, XJ Y äk�ê π A�, @o bG ´�©�Ýþ�m [50], ,

�JÑXe¯K.

¯K 6.2.11 [50, Question 6] � G ´�ÛÜ;�ÿÀ+±9 Y = bG \ G ´
Ýþ�m�û s �, @o bG ´�©�Ýþ�í?

3 2010 c, 4AÚ�Æy²
: � G ´�ÛÜ;�ÿÀ+±9 Y = bG \G
´äk:�êÄ�m��m s �, @o bG ´�©�Ýþ�m [52, Theorem 5.2],

,�¯

¯K 6.2.12 [52, Question 5.2] � G ´�ÛÜ;�ÿÀ+±9 Y = bG \G ä
k:�êfÄ, @o bG ´�©�Ýþ�í?

�C A. V. Arhangel’skǐı Ú J. van Mill �Ñ��~f`²�ÛÜ;�ÿÀ

+ G äk1��ê��{,  G Ø�Ýþz, �¦��y²
��ÛÜ;�

ÿÀ+ G�3��1��ê�;z�{�, @o G�A�êØ�L ω1 [9], Ïd

·�g,/¬¯
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¯K 6.2.13 � G´�ÛÜ;����K�ÿÀ+�äk��1��ê��{,

@o G �A�êØ�L ω1 í?

� X ´ÿÀ�m, XJ X ¥�z� σ ;f8�4�´;�, @o�m X

´r ω k. (strongly ω-bounded) [10]. 'uÿÀ+äk1��ê�{�¯K�

k.

¯K 6.2.14 [10, Problem 4.10] �3��Ø�Ýþ�ÿÀ+ G äk��1�

�ê�{ Y �¦� Y Ø´r ω k.�í?

���â½n 5.2.13 ·�k±e¯K.

¯K 6.2.15 é��¿©7�^�¦��ÿÀ+ G �?¿;z�{ bG \ G ä
k Gδ é�.
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