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627–634] 3LK��PS'j (2P��): {6rTl=Ly[j�$`X� AP l=16���l=3Lw{�l= X srTLF>PF�iy� X L[�Wy[s�WL (RaL�aL). AP l=s Fréchet l=L����hl/sly�6XL�iWy[Us)ay[Ll=�/�{6 AP l=LiyQj��$x{6#���il=Us i AP l=L3�ayH�^ α s Tychonoff l= X LiyO"�>��~�$k�� Cα(X) s6XL��l=�/�#��O� Cα(X) siy AP l=> X sgOL�� Xsiy Hurewicz l=�;^ Cα(X) siy_~h� tightness L AP l=�� Cα(X) srT/L��NK�rQ� V. V. Tkachuk � I. V. Yaschenko

[Comment. Math. Univ. Carolinae, 42 (2001), 393–403] 3��Qa�4LK��P�'j (2P1�): `X��4FXL*l=��*l=�k �*l=�l1 cs Pih�l=LW2�%A��y.��P 1 J#���^ G siy�4F� H s G Liy['OLX�CFlKWl= G/H s*l= ( �*l=� k �*l=� σ l=), �l= G fs*l= (�*l=� k �*l=� σ l=). �kT%A� A. V. Arhangel’skǐı �
V. V. Uspenskij � [ Applied General Topology, 7 (2006), 67–72] 3�6Liy.��P 2 J#���Z[�L� cs Pih�L�"�g�4F G, G sPih

iv



�LF>PF G %Æ Sω L�f��L'w{�R)Pih�L�4F G hX��F>PF G %Æ Sω L�f���%A�Æ9� 2008’ �9i��4^^}&rX�6Liy.��u	℄�ℵ0 R+�rTl=� AP l=���l=�*l=��4F�

v



vi



Abstract

Researches on ℵ0-weak bases and related matters

Major: Fundamental Mathematics

Graduate Student: SHEN Rong-Xin Supervisor: LIN Shou

This thesis is devoted to studying ℵ0-weak bases and related matters in the theory

of generalized metrizable spaces. The contents are arranged into four parts.

In the first part (Chapter 2), we discuss the basic properties of ℵ0-weak bases

and the weakly quasi-first-countable spaces.

In Section 2.1, we discuss the relations between ℵ0-weak bases and some other

familiar forms of networks of the topological spaces, and the related properties of the

weakly quasi-first-countable spaces. For a space, every ℵ0-weak base is a cs∗-network.

However, every ℵ0-weak base for a spaces is unnecessary to be a cs-network (k-

network), and every cs-network (k-network) for a spaces is unnecessary to be an

ℵ0-weak base. The weakly quasi-first-countable spaces are the spaces each point of

which has a countable local ℵ0-weak base. A regular space is weakly first-countable

if and only if it is a weakly quasi-first-countable space which has the sequentially

point-Gδ property and has no closed copies of Sω.

In Section 2.2, we discuss the hereditary property and productive property of

weakly quasi-first-countable spaces. The subspaces or products of the weakly quasi-

first-countable spaces are unnecessary to be weakly quasi-first-countable. For a space

X, X is hereditarily weakly quasi-first-countable if and only if X is quasi-first-countable.

If the spaces X and Y are weakly quasi-first-countable, then X × Y is weakly quasi-

first-countable if and only if X × Y is a sequential space (k-space).

In Section 2.3, we discuss the mapping property of weakly quasi-first-countable

spaces. The weakly quasi-first-countable spaces are preserved by quotient, boundary-

countable mappings and quotient, 1-sequence-covering mappings. The perfect map-

pings do not preserve the weakly quasi-first-countable spaces. For a closed mapping

f : X → Y , if X is a k-semi-stratifiable, k-space and Y is weakly quasi-first-countable,

then each boundary of the fibers of f is the closure of some σ-compact subset of Y .

This gives a partial answer to a question raised by Y. Tanaka and C. Liu in [Topology

Proc., 24 (1999), 323–344].
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In the second part (Chapter 3), we systemically investigate the properties of

the spaces with certain ℵ0-weak bases and their communications with some classic

generalized metrizable spaces.

In Section 3.1, we discuss the spaces with σ-locally finite ℵ0-weak bases and char-

acterize them by the certain quotient images of metric spaces. For a regular space

X, the following conditions are equivalent: (i) X has a σ-locally finite ℵ0-weak base;

(ii) X has a σ-discrete ℵ0-weak base, (iii) X is a weakly quasi-first-countable, ℵ-space;

(iv) X is an image of a metric space under a quotient, σ, countable-to-one (σ-compact,

boundary-σ-compact, boundary-countable) mapping. X is a quotient, σ-compact im-

age of a metric space if and only if X has a point-finite ℵ0-weak development. X has

a point-countable ℵ0-weak if and only if X is a quotient, boundary-countable, s-image

of a metric space. These results partially answer a question posed by C. Liu and S.

Lin in [Topology Appl., 154 (2007), 449–454].

In Section 3.2, we discuss the spaces with σ-weakly hereditarily closure-preserving

ℵ0-weak bases and their communications with the spaces with σ-compact-finite ℵ0-

weak bases. A space has a σ-compact-finite ℵ0-weak base if and only if it is an ℵ0-

weakly first-countable space (k-space) with a σ-weakly hereditarily closure-preserving

ℵ0-weak base. Under the continuum hypothesis (CH), every regular, separable space

with a σ-weakly hereditarily closure-preserving ℵ0-weak base has a countable ℵ0-weak

base, where the continuum hypothesis can be omitted if one of the following holds:

(i) X is ℵ1-compact; (ii) The sequential order of X is countable.

In Section 3.3, we discuss the covering properties on spaces with σ-closure-

preserving ℵ0-weak bases and the metrizable theorem on the spaces with cs*-regular

ℵ0-weak bases. We prove that every regular space (resp., normal space) with a σ-

closure-preserving ℵ0-weak base is a hereditarily meta-Lindelöf (resp., hereditarily

paracompact) space, which improves the results of Z. Gao [ Math. Japonica, 37

(1992), 323–328] and S. Lin [ Chinese Math. Adv., 32 (2003), 118–120] . A regular

space X is metrizable if and only if X has a cs*-regular ℵ0-weak base, which improve

the result of P. Yan and S. Lin [Topology Proc., 30 (2006), 627–634].

In the third part (Chapter 4), we characterize the discrete spaces by mappings

and investigate the AP-spaces and their applications in the theory of function spaces.

A space X is discrete if and only if every sequentially quotient mapping onto X is

bi-quotient (weak-open, open). AP spaces is the generalizations of the Fréchet spaces.

They can be characterized to be the spaces every quotient mapping onto which is
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pseudo-open. We also find a new characterization of AP spaces. As an application,

we prove that every space can be enumerated to be an almost-open image of some

AP-space.

For a Tychonoff space X and a compact network α for X which is closed under

finite unions, we denote by Cα(X) the space of all real-valued continuous functions

on X with the set-open topology. We prove the following results: If Cα(X) is an

AP-space and X is paracompact, then X is a Hurewicz space. Suppose that Cα(X)

is an AP-space with countable tightness. Then Cα(X) is discretely generated. These

results improve the results of V. V. Tkachuk and I. V. Yaschenko [Comment. Math.

Univ. Carolinae, 42 (2001), 393–403] .

In the fourth part (Chapter 5), we discuss some generalized metrizable properties

in topological groups. Two problems are solved.

In Section 5.1, we prove that for a topological group G and a locally compact

metrizable subgroup H of G, if the quotient space G/H is stratifiable (resp. semi-

stratifiable, k-semi-stratifiable, a σ-space) then the space G is stratifiable (resp. semi-

stratifiable, k-semi-stratifiable, a σ-space), which gives an affirmative answer to a

question raised by A. V. Arhangel’skǐı and V. V. Uspenskij in [Applied General Topol-

ogy, 7 (2006), 67–72].

In Section 5.2, we prove that for a sequential and cs-first-countable, regular

paratopological group G, G is first-countable if and only if G contains no closed

copy of Sω. As an application, an ℵ0-weakly first-countable topological group G is

metrizable if and only if G contains no closed copy of Sω. This gives the affirmative

answer to a question raised by C. Liu in 2008’ Zhangzhou Topology Seminar.

Key Words: ℵ0-weak bases; discrete spaces; AP-spaces; function spaces; strat-

ifiable spaces; topological groups.
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§1.1 �z|Ewz : ����%� T2 k�t�_P,���q9�D a%_��JTp-3,{LiN5��}��

1.1.1 ?F
�l R "oi'A , ω,N,Q,P, I� R+ j#"o R LDG�0�"!�0�~s�0�0s�0�D,�A=�hpi�0 . ω f"oJLL0�[��
ω1 "oJLL%h�[��5 S1 = {0} ∪ {1/n : n ∈ N}. ℵ0, c j#"o N,RL+�� ℵ1 "oPiy%h�+��

1.1.2 P,��
�_{JZl= X, τ(X) "o X L�4� τ c(X) "o X 3�0LD���%u8'Kh�j#5 τ(X) � τ c(X) ' τ � τ c. I(X) "o X 3
~�zQI/L0��Z X LC0 A 1 X LCl= (Y, τ ′) LC0 Z,

A * cl(A) "o A � X 3L���
A◦ * int(A) "o A � X 3L''�
∂A "o A � X 3L�L�
Ad "o A � X 3L℄QL0��
clY (Z) * clτ ′(Z) "o Z � Y 3L���
intY (Z) * intτ ′(Z) "o Z � Y 3L''�

1.1.3 P,��_��Zl= X, X 3hl~�0u'iETL3bv~[��X 3L[� {xn}.'h3bL�Qz xn s�%B�L� {xn} .'s4�C0 A ⊂ X L�O�?� m ∈ N lK {xn : n > m} ⊂ A.Z X L0H P, 5
P<ω = {F ⊂ P : F ~� };

PF = {∪F : F ∈ P<ω};

∪P = ∪{P : P ∈ P},P L$�
1



: 2 � :�� xS��
∩P = ∩{P : P ∈ P},P LF�
P− = P = {P : P ∈ P},P L���
P◦ = {P ◦ : P ∈ P},P L''�
⊕

P =
⊕

{P : P ∈ P},P L�4��Z A ⊂ X, x ∈ X, 5
(P)A = {P ∈ P : P ∩A 6= ∅}, (P)x = (P){x};

st(A,P) = ∪(P)A, st(x,P) = ∪(P)x;

P|A = {P ∩ A : P ∈ P}.

1.1.4 ��8_q9^ X, Y sl=� f : X → Y .Z A ⊂ X, f � A8L�0 f|A : A→ f(A)Tp'Z x ∈ A, f|A(x) = f(x).Z B ⊂ Y, f � B 8L�0 fB = f|f−1(B).Q P s X L0H�� f(P) = {f(P ) : P ∈ P} ' P �� f LI�Q F s Y L0H�� f−1(F) = {f−1(F ) : F ∈ F} ' F �� f L*I*	I�
1.1.5 ��_{J^ Φ si�4W2�
(1) Φ .'h:L�Q {Xα}α∈Λ siH_~W2 Φ Ll=H���4� ⊕

α∈ΛXα _~W2 Φ.

(2) Φ .'j:L (aj:L��j:L), Ql= X _~W2 Φ, � X L�iCl= (aCl=��Cl=) f_~W2 Φ.

(3) Φ .'h-L (~�h-L�h�h-L), Q {Xα}α∈Λ siH_~W2 Φ Ll=H (> Λ s~�0� Λ sh�0), �-l= ∏

α∈ΛXα f_~W2 Φ.

(4) Φ .'�y[q L �2 (*�2), Qy[ f : X → Y , 63 f ∈ L >l= X (l= Y ) _~W2 Φ, �l= Y (l= X) f_~W2 Φ.'�Z~e 8��}� “Φ l=” � “Φ W2” * “Φ l=W2” C"o�iÆnF!l{�



§1.2 V
?��q
 : 3 �
§1.2 wng!���� 1.2.1 (Bing-Nagata-Smirnov?�`=�) ����q X, pR_t8p�

(1) X J�?��q�
(2) X �� σ �9e [19];

(3) X �� σ ���re [95, 106].ZX~Ts3�ALz5R��/�UUUUL�pX�l=q�9�/��\�-
\1HL3q�pX�l=l1iN,{LK��m 1.2.2 �q X 6i, P  g X 6f [5], 4X� x ∈ U ∈ τ , -� P ∈ P,F x ∈ P ⊂ U . �� σ ���rf6���q g σ �q [98].

σ l=sJ|��J~{L�pX�l=q�=9��yTs/�hlm�iÆ�� 1.2.3 [110] ����q X, pR_t8p�
(1) X J σ �q�
(2) X �� σ �9�f�
(3) X �� σ ���r (�) f�
(4) X �� σ ���" (�) f�m 1.2.4 > P J�q X 6�NJM�
(1) P  gJ X 6�N k f [87], 4X�0	 X %6{i K ℄�i U�+ K ⊂ U , K ⊂ ∪P ′ ⊂ U � N�r), P ′ ⊂ P !�;

(2) P  gJ X 6�N cs f [47], 4X�0	K�z� L �j0	�i
U �+ L ⊂ U , -� P ∈ P F5 P ⊂ U �* L &� P ;

(3) P  gJ X 6�N cs∗ f [39], 4X�0	K�z� L �j0	�i
U �+ L ⊂ U , -� L 6)� L′ �j P ∈ P F5 L′ ⊂ P ⊂ U .

X .'siy ℵ0 �q [89] ( ℵ �q [87]), O� X s"�L$>_~h� (

σ ['~�) k "�



P 4 g Pi� xS��� 1.2.5 [36, 124] ����q X, pR_t8p�
(1) X J ℵ �q�
(2) X �� σ �9 ( σ ���r) cs f�
(3) X �� σ �9 ( σ ���r) k f�
(4) X �� σ �9 ( σ ���r) cs∗ f�
(5) X �� σ �)���" cs f�
(6) X �� σ �)���" k f*�Y�)�q`$�z�:�q Sω1

.+�pX�l=L�i6e�Wsx{ 1966 + Borges L “*Zw ” Lea��|7Bi��4^3;�L “Mi l= ” .� [27, 92].m 1.2.6 [21] X  g��q�4X-�[T G : N × τ → τ �+�
(1) n ∈ N, U ∈ τ ⇒ G(n, U) ⊂ U =

⋃

m∈N
G(m,U).

(2) V ⊂ U ⇒ G(n, V ) ⊂ G(n, U).

G  g X 6����o> G T� n J;�6�m 1.2.7 X  g���q [33], 4X-�[T F : N × τ → τ c �+�
(1) U ∈ τ ⇒ U =

⋃

n∈N
F (n, U).

(2) V ⊂ U ⇒ F (n, V ) ⊂ F (n, U).5P> X a�+pR_t�� X J k ���q [84].

(3) � X 6{i K ⊂ U , -� m ∈ N, F K ⊂ F (m,U).<R[T F F� g X 6���℄ k �����o> F T� n J;�6�Z�lX3q�pX�l=�/�~O9���7 [45, 72]:*l= ⇒ k �*l= ⇒ σ l= ⇒ �*l=
⇑

ℵ l=Zl= X, X .'s +D{[24] L�O� X L�iantU~ σ rTL�:8� X .'s e-[45] L�O� X 3�i�0Us Gδ 0 (2h�ya0LF); X .'s_~ < Gδ x$[45], O� X 3�iDQ0Us Gδ 0� X



§1.3 Æ=
 : 5 �.'s_~ Gδ �ws[45], O�ZGA ∆ = {(x, x) : x ∈ X} s X × X Liy Gδ C0� [27] 3#��l= X _~ Gδ ZGA F>PF?�iyant�
{Un} lK {x} =

⋂

n∈N
st(x,Un). };h��O�l= X _~ Gδ ZGA, � X_~ Q Gδ W2.o� 1.2.8 [45, 72] ���qJ+D{6�e-6�*�� Gδ �ws�9�3yl=sPih�l=L,��������pX�l=s�3`#B-�6eLL{�m 1.2.9 [35] �q X  gJ Fréchet �q�4X��� A ⊂ X �j x ∈ A,-� A %z�K�� x.m 1.2.10 X  g) Fréchet �q [108], 5 {An} J X 6;r6i�* x ∈

⋂

n∈N
An, �-� xn ∈ An, F {xn} K�� x;m 1.2.11 [35] �q X 6)i P  gJ< x 6z����4X X %0	K�� x 6z� {xn} >&� P . )i U ⊂ X  gJz��i�4X U J(%��N<6z����z��i6�i gJz��i� X  gJz��q�4X X %��Nz��iJ�6�m 1.2.12 [37] �q X  gJ k �q�4X X %)i A J�63*|3� X %��{i K, A ∩K )�q K %6�i�	 1.2.13 (1) [34] q/�:��T�q ⇒ ) Fréchet �q ⇒ Fréchet �q ⇒z��q ⇒ k �q�

(2) [59, =� 48.10] �q X J Fréchet �q3*|3 X 6��)�q>Jz��q�
§1.3 r:�m 1.3.1 > f : X → Y J�NÆ=�

(1) f  gJh�Æ= [8], 4X��� y ∈ Y �j X %�i U ⊃ f−1(y),

f(U) J y 6����



P 6 g Pi� xS��
(2) f  gJm^�Æ= [7], 4X��� y ∈ Y , -� x ∈ f−1(y) F5� x6����� U , f(U) J y 6���
(3) f  g�TV;Æ= [108], 5� y ∈ Y j X 6JM f−1(y) 6�i6�T, U , -� P ∈ UF , F y ∈ f(P )◦;

(4) f  gV;Æ= [90], 5� y ∈ Y j X 6JM f−1(y) 6�i, U , -� P ∈ UF , F y ∈ f(P )◦;

(5) f  gJe�Æ=�4X f J�6�*��� y ∈ Y , f−1(y) J X %{i�
(6) f  gJz�;Æ= [20], 4X� Y %0�K�z� S, -� X %K�z� L F5 f(L) J S 6)��
(7) f  gJz�JMÆ= [108], 4X� Y %0�K�z� {yn}, -� X%K�z� {xn} F5 f(xn) = yn �0	 n ∈ N !��
(8) f  gJ 1 z�JMÆ= [65], 4X�0� y ∈ Y , -�< x ∈ X F5� Y %0�K�� y 6z� {yn}, -� X %K��< x 6z� {xn} F5 f(xn) = yn �0	 n ∈ N !��Z�X~y[q�=Tphl6O9L���7�
(1) a ⇒ 3�a ⇒ �W ⇒ h��W ⇒ )a ⇒ W�

⇑ ⇑ � ⇒ �
(2) 1 [�nt ⇒ [�nt ⇒ [�W�l9�yus�o�Wy[�[�Wy[&=L?!�7�o� 1.3.2 [20] > f : X → Y J�NÆ=�
(1) 4X X Jz��q�* f J;Æ=�� f Jz�;Æ=�
(2) 4X Y Jz��q�* f Jz�;Æ=�� f J;Æ=�	 1.3.3 ��� [71], ;Æ=�"z��q�h�Æ=�" Fréchet �q��TV;Æ=�") Fréchet �q�



bi� ℵ0 3�|3+bk�G��
1980 +� R. Sirois-Dumais � [105] 3uP�)Pih�l=�R)Pih�l=�/�Oj��X�l=LW�Lh�yH�)a�Lh�yH�Æ9��x� [80] 3uP� ℵ0 R+LTp�i�����ql=�L'+L��� ℵ0 R+hl�~MO{o`XI[�V Sω �dLRT�pX�l=������� ℵ0 R+�R)Pih�l=LiN+�W2�

§2.1 ℵ0 3�|3+bk�G��m 2.1.1 > B = ∪{Bx(n) : x ∈ X, n ∈ N} J�q X %6�Ni,��+�0	 x ∈ X, n ∈ N, Bx(n) T��rvG��* x ∈ ∩Bx(n).

(1) 5� X 6��)i A j0	 x ∈ A, A J x 6��3*|3��� n ∈ N -� B ∈ Bx(n) F5 B ⊂ A !��� B J X 6�N ℵ0 e�*C4X�� Bx(n) >J�T6�� �q X J!:��T6 [105].

(2) 5� X 6��)i A, A J�i3*|3�0	 x ∈ A j n ∈ N -� B ∈ Bx(n) F5 B ⊂ A !��� B J X 6�N ℵ0 6e [80]. *C4X�� Bx(n) >J�T6�� �q X J6!:��T6 [105].

(3) � ℵ0 6e6=
%�5 Bx(n) = Bx(1) ��� n ∈ N !��� BJ X 6�N 6e [9]. *C4X�� Bx(1) >J�T6�� �q X J6:��T6 [9].w;�� ℵ0 R+� k "� cs "� cs∗ "&=LTE�7�9��yuss8s ℵ0 R+L~{~_�/����&\<{H�o� 2.1.2 > B = ∪{Bx(n) : x ∈ X, n ∈ N} J�q X 6�N)i,��0	 x ∈ X, n ∈ N, Bx(n) J X �< x &6�NT��rvG�6f����p_t�
(1) B J X 6�N ℵ0 6e�
(2) �0	 x ∈ X �jK�� x 6z� L, -� L 6�N)z� L′ ℄ n0 ∈

N F5 L′ &� Bx(n0) %����o�� (1)⇒(2). 4XP> X Jz��q�� (2)⇒(1).

7



: 8 � :B� ℵ0 2�{2*aj�F���& ;# (1)⇒(2). ;^%G�?�h3b[� L = {xn : n ∈ N} v~� xlKZ L LJiC[� L′ l1 n ∈ N, U?� B ∈ Bx(n) �G L′ %4� B.�s/�hl�H L LiyC[� L1 l1 B1 ∈ Bx(1) lK B1 ∩ L1 = ∅. 
$O�/�hl℄�[� Li � Bi ∈ Bx(i) lK Bi ∩ Li = ∅ $> Li+1 s LiLC[�ZJn i ∈ N /z�ZJn k ∈ N, B xnk
∈ Lk �G nk+1 > nk.� {xnk

: k ∈ N} s L LiyC[�>ZJn i ∈ N, {xnk
: k ∈ N}∩Bi s~�0�}� Bx(i) ��~�Fk�$> Bx(i) sQ x 8L"�?� B′

i ∈ Bx(i) lK B′
i ∩ {xnk

: k ∈ N} = ∅. t;|^ ℵ0 R+LTp� {xnk
: k ∈ N} s X Liy�0��[�>�;^ X s[�l=�/�o#� (2)⇒(1). ^ U s X LiyC0�G�ZJi x ∈ U l1 n ∈ N ?� B ∈ Bx(n) lK B ⊂ U . }� X s[�l=�/�*X#� U � X 3s[�aL�;^%G�?�[� L ⊂ X − U lK Lv~� x ∈ U . } (2),?� LLC[� L′ � n0 ∈ NlK L′ 4� Bx(n0)3�iy���s L′ 4� U , �[�EX� B s X Liy ℵ0 R+�	 2.1.3 ��� 2.1.2 ���#��q6�� ℵ0 6e>J cs∗ f��J��=� 1.2.5, ���� σ ���r ℵ0 6e6���qJ ℵ �q�/A�y�'	6J����q X, X 6 ℵ0 6ej�J X 6 cs f (sÆ 2.1.14); `C��'� [77, Æ 2.1] %"#��q66ej�J k f�*d� X 6 cs f℄ k f�j�J X 6 ℵ0 6e (sÆ 2.1.13). �q66e℄ ℵ0 e_��Z (sÆ 2.2.6℄Æ 2.1.12).	 2.1.4 > P = ∪{Px : x ∈ X} J X 6�N6e�3��� Px %��N�>J x 6z����*C� Px J X � x &6� x 6z���R!6�Nf�o� *g X � x &6�Nz���f�� sn f [42].VM 2.1.5 JH-���<�T ℵ0 eA���<�T cs f6�q	�$ 2.1.6 > B = ∪{Bx(n) : x ∈ X, n ∈ N} J�q X 6�N ℵ0 6e� 4X X J�N Fréchet �q�� B J X 6�N ℵ0 e��& JB x ∈ X, ^Z n ∈ N, Bn ∈ Bx(n), /�*X#� x ∈ int(

⋃

n∈N
Bn).;^%G�}� X siy Fréchet l=�?�[� L ⊂ X −

⋃

n∈N
Bn v~� x,



§2.1 ℵ0 6e℄6!:��T�q : 9 �}us 2.1.2, ?�6v~C� L′ l1 n0 ∈ N lK L′ 4� Bn0
, �[���� ⋃

n∈N
Bn s x Liy��� B s X Liy ℵ0 +�9���R)Pih�l=l1�6�=B�L)Pih�l=�o� 2.1.7 (1) �q X J:��T63*|3 X J Fréchet 66:��T�q [109];

(2) �q X J!:��T63*|3 X J Fréchet 66!:��T�q
[105];

(3) 5�q X J6!:��T6�� X Jz��q [105].lX
\1HLPih�WLz5RUn&=LTE�7�9�1= 2.1.8:Pih�l= ⇒ )Pih�l= ⇒ Fréchet l=
⇓ ⇓ ⇓RPih�l= ⇒ R)Pih�l= ⇒ [�l=

⇓

k l=	 2.1.8 Fréchet �qj�J6!:��T�q6ÆsÆ 2.1.13; !:��T�q�J6:��T�q6ÆsÆ 2.1.12; 6:��T�q�J Fréchet�q6ÆsÆ 2.2.6.}X=/�%I�[�Vl= Sω sRTLR)Pih�℄hRPih�Ll=��s�}RPih�l=L�j:W [72] %�O�l= X Æ~ Sω L�f� (2Æ~�Cl=�.� Sω), #� X kT%sRPih�L�iyDGL.�s�O�����ql=���5�A9�R)Pih�W�RPih�WsM<L	9�/�{6iy%A�Z�l= X, 1 x ∈ X. X LC0 F .'l= X �Q x 8L : [66], O� F = {x} ∪ {xnm : n,m ∈ N}, 63Z��i n ∈ N, [� {xnm}m v~� x,> x 1 {xnm} LzGs���%B�L�^ F s X LV� F LC0 D .' F L �w, O� D s F Lv~[�> D �0�y�� m L[� {xnm}mBF�l= X .' α4 �q [10], O�Z� x ∈ X, X L�i� x 8LV~ZGv~� x. .l= X _~ z�< Gδ x$, O� X 3�iQUhl"o/h�y�L�L[���LF�



: 10 � :B� ℵ0 2�{2*aj�F��o� 2.1.9 [76] ��q X, X J6:��T�q3*|3 X J6!:��T6 α4 �q�� 2.1.10 ����q X, X J6:��T�q3*|3 X J��z�< Gδx$66!:��T�q*�Y Sω 6�����& �eW�^ X sRPih�l=�=G X s%Æ Sω L�f�LR)Pih�l=�^ P = ∪{Px : x ∈ X} s X LiyR+�63�i Px s X� x 8h�LR+�}� X s"�L�Nm# P = ∪{Px : x ∈ X} fs XLR+�=℄Z�i x ∈ X, x = ∩Px, 63 Px 3�iy�Us x L�L[������� X _~ [�Q Gδ W2.3jW�}us 2.1.9, /�*X#� X s α4 l=�^ F = {x} ∪ {xnm :

n,m ∈ N} s X �Q x 8LV� {x} =
⋂

n∈N
Un, �u�i Un s x L�L[���> Un+1 ⊂ Un. %f^ {xnm : m ∈ N} ⊂ Un Z�i n ∈ N /z�^ L ⊂ Fs X 3iyv~[��O� L v~� y 6= x, �?� n0 ∈ N lK y /∈ Un0

, }� Un0
s�L�/�~ L 4� X −Un0

, =℄ L 4� {xnm : n < n0, m ∈ N}, �d L *(v~� x, �[���� F s[��L�}� X s[�l=� F s�L�O� F �~ZG�Nm#� F �.� Sω, �� X %Æ Sω L�f��[�=℄ F ~ZG� X s α4 l=�#��O$ 2.1.11 ����q X, X J:��T�q3*|3 X J��< Gδ x$6!:��T�q*�Y Sω 6����� 2.1.12 -��q���T ℵ0 e�2�J6:��T6�B Sω = {0} ∪ (N × N) [�Vl= [15], 2Ch�yv~[� {{(n,m) :

m ∈ N} : n ∈ N} Lv~Q�/iQ 0 
KHLWl=�
Bx(n,m) =

{

{x}, x 6= 0

{0} ∪ {(n, i) : i ≥ m}, x = 0,

Bx(n) = {Bx(n,m) : m ∈ N}.� B = ∪{Bx(n) : x ∈ Sω, n ∈ N} s Sω Liyh�L ℵ0 +�G℄�}us
2.1.7(1) % Sω %sRPih�L�



§2.2 j:W�h-W P 11 g� 2.1.13 -� Fréchet �qF5���T cs f�2�J6!:��T6�Æ9��x� [80, y 6] 3���iyl= X, X shjX�l=L�yI�=℄_~h�L cs "�Es X %sR)Pih�L�� 2.1.14 -��q��<�T ℵ0 6e�2���<�T cs f��x� [72,y 3.1.11]3���l= X, X sX�l=LW~�HiyI�=℄|^us 2.3.2 _~Qh� ℵ0 R+�Es X %_~Qh� cs "�t;�|^Ts 3.1.2, X f%_~ σ ['~�L ℵ0 R+�m�;l=%s FréchetL�t;}us 2.1.7, X %_~Qh� ℵ0 +�
§2.2 l\`v��`Nm#)Pih�l=_~j:W�R)Pih�l=_~aj:W��j:W [119]. R)Pih�l=%_~j:W�y 2.2.6; )Pih�l=�R)Pih�l=%_~h-W�y 2.2.7, y 2.2.8 �y 2.2.9.� 2.2.1 �q X J�)6!:��T�q3*|3 X J!:��T6��& 3jW})Pih�l=Lj:WK%�^ X sj:R)Pih�l=�}us 2.2.6, X sj:[�l=�=℄s Fréchet l= [59, Ts 48.10], }us 2.2.6, X s)Pih�L�o� 2.2.2 [111] >�q X ℄ Y >Jz��q��g�q X × Y Jz�63*|3 X × Y J k �q�� 2.2.3 >�q X ℄ Y >J6!:��T�q��pR8p�

(1) X × Y J6!:��T�q�
(2) X × Y Jz��q�
(3) X × Y J k �q�



P 12 g P_� ℵ0 2�{2*aj�F���& (1) ⇒ (3) s=GL� (3) ⇒ (2) }us 2.1.7 �us 2.2.2 hK�9# (2) ⇒ (1).^ P = ∪{Px(n) : x ∈ X, n ∈ N} � Q = ∪{Qy(n) : y ∈ Y, n ∈ N} j#sl= X � Y L ℵ0 R+�63�i Px(n), Qy(n) Ush�0H�ZJn z = (x, y) ∈ X × Y l1 (m,n) ∈ N × N, 
Rz(m,n) = {P ×Q : P ∈ Px(m), Q ∈ Qy(n)}

R = ∪{Rz(m,n) : z ∈ X × Y,m, n ∈ N}.9# R s-l= X × Y L ℵ0 R+�^ {zi} = {(xi, yi)} s Z 3v~�Q z0 = (x0, y0) Liy[��� {xi}� {yi} j#s X � Y 3v~�Q x0 � y0 L[��}us 2.1.2, ?� m0 ∈ N� {xi} LC� {xik}k lK {xik}k 4� Px0
(m0) 3�iy���dO�}�[� {yi} v~�Q y0, ?�6C� {yikl

}l � n0 ∈ N lK {yikl
}l 4� Qy0

(n0)3�iy���s� {zi} LC� {zikl
}l 4� Rz0

(m0, n0) 3�iy��}us
2.1.2, R s X × Y L ℵ0 R+�=℄ X × Y sR)Pih�L�O$ 2.2.4 >�q X ℄ Y >J!:��T�q�� X × Y J!:��T�q3*|3 X × Y J Fréchet �q�	 2.2.5 '	4Æ 2.2.7 %6g�q X × I J k �q (��{�q℄ k �q6gJ k �q [28]), ,AO��� 2.2.2, X × I Jz��q��W��!:��T�q X ℄ Y , lF X × Y Jz��q� X × Y �j�J!:��T�q�J�{63yy�� 2.2.6 -����q X ���T6e�2J()�q Y �J6!:��T6��& N sv~�Q 0 L[��Z�i n ∈ N, Cv~[� {(n,m) : m ∈ N}Lv~Q� n ��
KHLWl= X .' Aren Vl= S2 [4]. X _~h�R+�E%s Fréchet l= [72, y 1.8.6]. Y = X −N. Nm#C0 Y −{0} � Y 3s[��LE%s�L�=℄ Y %s[�l=�}us 2.1.7, Y %sR)Pih�l=�



§2.2 �)x��gx : 13 �� 2.2.7 -����q X ���T ℵ0 e�2Jg�q X × I �J!:��T6��& B X 'Wl= R/N. =G X s"�L�Z x ∈ X l1 n ∈ N, 
Bx(n) =

{

{(p, q) : p, q ∈ Q, x ∈ (p, q) ⊂ R − N}, x ∈ R − N

{{x} ∪ (n− 1/m, n) ∪ (n, n+ 1/m) : m ∈ N}, x = N.m� ∪{Bx(n) : x ∈ X, n ∈ N} s X Lh� ℵ0 +�9# X × I %s Fréchet l=�=℄%s)Pih�L�Z n ∈ N,  An = {(x, 1/n) : n−1/3 < x < n+1/3, x 6= n}, A =
⋃

n∈N
An.�Q (N, 0) ∈ A. ;^ A3?�[� {pn}v~�Q (N, 0),%f^ZJn n ∈ N,

pn ∈ An, 5 pn = (xn, 1/n), �u n− 1/3 < xn < n+ 1/3, xn 6= n, � {xn} � X3v~�Q N, �[�=℄ X × I %s Fréchet l=�ZXytFr���hl��Z_~h� ℵ0 +Ll= X � Y , -l= X × Y a-h(%s[�l=�� 2.2.8 -��q X ���T ℵ0 e�2Jg�q X ×X �Jz��q��&  X = R/N ∪ {p}. Z x ∈ X, Tp x Q8L��+O9�
Bx =

{

B′
x, x ∈ R/N

{{p} ∪ (n,+∞) − N : n ∈ N}, x = p.�u B′
x s x �Wl= R/N 3L��+�}�l= X �Q p 8_~h���+�q��y 2.2.7L#��X _~h� ℵ0 +�m# X s T1 l=℄%s T2l=�t;��-l= X ×X 3�ZGA {(x, x) : x ∈ X} s[��L℄%s�L���� X ×X %s[�l=�� 2.2.9 -����q X ℄ Y >���T ℵ0 6e�2Jg�q X × Y �J6!:��T6��& B X 'y 2.2.6 3L Aren l= S2, Y = P∪{0} 'i'A R LCl=�� X � Y Us_~h� ℵ0 R+L"�l=�E X×Y %s[�l= (� [72],y 1.8.6(6.3)), =℄ X × Y %sR)Pih�L�



: 14 � :B� ℵ0 2�{2*aj�F��
§2.3 r:`�o� 2.3.1 > f : X → Y ℄ g : Y → Z J�NÆ=���0	 z ∈ Z,

∂(g ◦ f)−1(z) ⊂ ∪{∂f−1(y) : y ∈ ∂g−1(z)}.�& ^ x ∈ ∂(g ◦ f)−1(z), /�*X#� x ∈ ∂f−1(f(x)) l1 f(x) ∈ ∂g−1(z).

x ∈ ∂f−1(f(x)) =G/z�l� x ∈ int(f−1(f(x))) ⊂ int(f−1(g−1(z))), �[�O� f(x) ∈ int(g−1(z)), � U = f−1(int(g−1(z))) s x Liya��> U ⊂

f−1(g−1(z)). �� x ∈ ∂(g ◦ f)−1(z) �[�t; f(x) ∈ ∂g−1(z).o� 2.3.2 [105] �q X J6!:��T�q3*|3-�?��q M ℄;Æ= q : M → X F5�0	 x ∈ X, ∂q−1(x) J�T (σ {) 6�� 2.3.3 >�q X J6!:��T�q� f : X → Y J�N;Æ=�*�0	 y ∈ Y , ∂f−1(y) �T�� Y �J6!:��T�q��& }us 2.3.2, ?�X�l= M �Wy[ q : M → X lKZJn x ∈ X,

∂q−1(x) sh�L�� p = f ◦ q : M → Y siyWy[�|^us 2.3.1, ZJn y ∈ Y , ∂p−1(y) h���}us 2.3.2, Y sR)Pih�l=�O$ 2.3.4 >�q X J!:��T�q� f : X → Y J�Nh�Æ=�*�0	 y ∈ Y , ∂f−1(y) �T�� Y �J!:��T�q�� 2.3.5 > f : X → Y J�N;� 1 z�JMÆ=�4X�q X J6!:��T�q�� Y �J6!:��T�q��& ^ B = ∪{Bx(n) : x ∈ X, n ∈ N} s X Liy ℵ0 R+�63�i Bx(n)Ush�L�Z y ∈ Y , ?� xy ∈ X lKO� Y 3[� {yn} v~� y, �?� X 3[� {xn} v~� xy > f(xn) = yn ZJn n ∈ N /z� Py(n) =

{f(B) : B ∈ Bxy
(n)}, P = ∪{Py(n) : y ∈ Y, n ∈ N}. 9# P s Y Liy ℵ0 R+�}� f sWy[� Y s[�l=�^ {yn} s Y 3v~�Q y0 L[��?� X 3[� {xn} v~�Q xy0

> f(xn) = yn ZJn n ∈ N /z�}us
2.1.2, ?� n0 � {xn} LC� {xnk

} lK {xnk
} 4� Bxy0

(n0) 3�iy���s {yn} LC� {ynk
} 4� Py0

(n0) 3�iy��}us 2.1.2, P s Y Liy ℵ0 R+�� Y sR)Pih�L�



§2.3 Æ=x$ : 15 �O$ 2.3.6 > f : X → Y J�Nh�� 1 z�JMÆ=�4X�q X J!:��T�q�� Y �J!:��T�q�9��yy���[�nty[� �y[U%(�2R)Pih�l=�%o[�Vl= Sω1
s)C ω1 y�%BFLv~[� {{xα,n}n∈N : α < ω1}Lv~Q�/iQ 0 
KHLWl=�� 2.3.7 -�z�JM�e�Æ= g : X → Y , X J6!:��T�q�2J Y�J6!:��T�q��& B [68] 3y 1.5.6 3Ll= X, Y �y[ g : X → Y , ;h X sX�l=LW_HiyI�=℄sR)Pih�L (us 2.3.2), l= Y Æ~�Cl=�.� Sω1

, f s[�nt� �y[�9�#� Sω1
%sR)Pih�L�=℄}R)Pih�l=L�j:W% Y %sR)Pih�L�k% Sω1

%s ℵ l= [124]. >�;^ B = ∪{Bx(n) : x ∈ Sω1
, n ∈ N}s Sω1

Liy ℵ0 R+�63�i Bx(n) Ush�L�Z x ∈ Sω1
� n ∈ N, 

Px(n) =

{

{{x}}, x 6= 0

Bx(n), x = 0,� P = ∪{Px(n) : x ∈ Sω1
, n ∈ N} s Sω1

Liy σ ['~�L ℵ0 R+�}=
2.1.3, Sω1

s ℵ l=��[�t; Sω1
%sR)Pih�L�7
8%�Z�X�l=XL�y[�O�Il=sPih�L��qy[�i<(L�LsOL�� [112] 3� Y. Tanaka #��Z�X�l=XL�y[�O�Il=%Æ�Cl=�.� Sω(Sω1

), �qy[�i<(L�LsO (Lindelöf) L� 1999 +� Y. Tanaka �Æ9 [113] �69~.��VM 2.3.8 > f : X → Y J�Æ=��q X ℄ Y KnD�_t���� y ∈ Y ,

∂f−1(y) ��y\x$	Z;.��ND� [125], Æ9 [79] ��x [72] j#{6�'j%A���rQ� [112] 3LK��!:JT8LK�s�x� [72, Ts 3.4.16] 3
#�LZ� k �*L k l=XL�y[�O�Il=%Æ�Cl=�.� Sω(Sω1
), �qy[�i<(L�LsO (Lindelöf) L�=nH Sω(Sω1

) �R)Pih�l=q�=B��riX� Sω sRTLR)Pih�l=℄ Sω1
%sR)Pih�l= (�y 2.1.12 �y 2.3.7). t;�/�vSC�FIl=sR)Pih�h?UO��



P 16 g P_� ℵ0 2�{2*aj�F��o� 2.3.9 [72, �� 3.4.15] > X J k ���q�5 D = {xα}α∈Λ J X 6�9)i��-� D 6_�tvz���	� {Uα}α∈Λ �+�� Λ′ ⊂ Λ,

{yα : α ∈ Λ′} ∪D J X 6z��i�(% yα ∈ Uα.� 2.3.10 > f : X → Y J�Æ=�(% X J k ��6 k �q�5 Y J6!:��T6���0	 y ∈ Y , -� X % σ {i A F5 ∂f−1(y) = A.�& ^ B = ∪{By(n) : y ∈ Y, n ∈ N} s Y Liy ℵ0 R+�63�i By(n) =

{By(n, i) : i ∈ N}. Z y ∈ Y , /
A = {x ∈ ∂f−1(y) :?� X − f−1(y) 3L[�v~� x}

An = {x ∈ ∂f−1(y) :?� X − f−1(y) 3L[� L v~� x>
f(L) L yC�4� By(n) 3�y�}}us 2.1.2 % A =
⋃

n∈N
An, 9#�i An UsOL�}� X s k �*l=�/�*X#��i An sh�OL�;^%G�?�Cl= An 30��rTC0 D = {xi : i ∈ N}, B {Ui : i ∈ N} ' D L�%BFL[���n��Gus 2.3.9 3Le��Z�i i ∈ N, ^ Li s X − f−1(y)3v~�Q xi L[�> f(Li) L yC�4�3 By(n) �iy��/�hl
$O℄B yi ∈ Li lK f(yi) ∈ By(n, i), �s {f(yi)} sv~� y L[��Ya {yi : i ∈ N} 3%Æ[�v~� D 3LQ�l��?� {yi} LC� {yik} v~�Q x ∈ D. }� D s An L�0� x ∈ D ∩ An = D. �s?� i0 ∈ N lK x = xi0 , =℄ {yik} 4� Ui0 , �[�}us 2.3.9, {yi : i ∈ N} s X 3[��0�=℄s�0��d {yi : i ∈ N} s X 3Liy�rT0�℄ f s�y[��� {f(yi)} v~� y �[�� An sOL�J�/�#� ∂f−1(y) = A. Q%G� B = f−1(y)−A, C = ∂f−1(y)−A.#� ∅ 6= C ⊂ B. Q X L[� L v~� Q x ∈ B, O� x ∈ int(f−1(y)),� L s4� B L�O� x ∈ C, #� A ∪ (X − f−1(y)) PÆ L 3L~�G�� L fs4� B L�=℄ B s X L[�a0�t; B s X La0�
l B ⊂ int(f−1(y)), � C = C ∩ int(f−1(y)) = ∅, �[�



b5� �tLd ℵ0 3�`��=X�/�hl6� ℵ0 R+LuP�2XsR)Pih�l=qL���Æ9��x� [80] 3`X�3q_~�TUnL ℵ0 R+Ll=���#��l= X _~h� (Qh�) ℵ0 R+F>PF�shjX�l= (X�l=)LWh�HiyH��N~L_��$`���5 R. Sirois-Dumais LK����7����_~�T ℵ0 R+Ll=LW2�${6���X�l=l1,�L�pX�l=q&=L|7�
§3.1 �t σ �Xt\ ℵ0 3�`���J:e��_~ σ ['~� ℵ0 R+Ll=l1�;B�LX�l=L NWyI�= ℵ0 R+LTpl1 Bing-Nagata-Smirnov X��Tshl6�_~ σ ['~� ℵ0 R+L"�l=sX�l=LDG��$>�� ℵ l=�Z�ql=L~Mj�~<�/�}�OKjX�l=�iT�A9LWyI�̂

f : X → Y siyy[� f .'siy {Æ= (BwO� s Æ=, σ {Æ= ) O�Z�i y ∈ Y , f−1(y) � X 3sOL ( hjL� σ OL).o� 3.1.1 > X J�N6!:��T�q* P J X 6�N cs f�4X P T��rvG���-� P 6), B F5 B J X 6�N ℵ0 6e��& ^ ∪{Bx(n) : x ∈ X, n ∈ N} s X Liy ℵ0 R+��u�i Bx(n) =

{Bx(n,m) : m ∈ N} $> Bx(n,m + 1) ⊂ Bx(n,m) ZJnL m ∈ N /z�ZJn n ∈ N, 
Px(n) = {P ∈ P : Bx(n,m) ⊂ P Z y m ∈ N /z};

B = ∪{Px(n) : x ∈ X, n ∈ N}.� Px(n) ��~�Fk�> B s P LiyCH�'�#� B s X Liy ℵ0R+�/�*X#9��yYa�Ya 1 ZJn x ∈ X, n ∈ N, Px(n) s X � x 8Liy".

17



P 18 g PS� �sK ℵ0 2�_��;^%G�?� n ∈ Nl1 xLiy�� U lK P 6⊂ U Z�i P ∈ Px(n)/z�
{P ∈ P : x ∈ P ⊂ U} = {Pk : k ∈ N}.�ZJn m, k ∈ N, Bx(n,m) 6⊂ Pk. Z�i m ≥ k, ℄B xmk ∈ Bx(n,m) − Pk. yi = xmk, �u i = k +m(m− 1)/2. �[� {yi} v~� x. t' P s X Liy cs "�?� k, j ∈ N lK {yi : i ≥ j} ⊂ Pk. B i ≥ j lK yi = xmk Z y m ≥ k, � xmk ∈ Pk, �[�Ya 2 O�ZJn x ∈ U ⊂ X l1 n ∈ N, ?� Px(n) ∈ Px(n) lK

Px(n) ⊂ U , � U a� X.;^%G�}� X sR)Pih�L� X s[�l=�t;?�[�
L ⊂ X − U v~�Q x ∈ U . |^us 2.1.2, ?� L LC� L′ � n0 ∈ N lK L′ 4� Bx(n0, m) Z�i m ∈ N /z�G℄� Bx(n0, m) ⊂ Px(n0) Z i
m ∈ N /z�t; L′ 4� Px(n0) ⊂ U , �[�EX� B s X Liy ℵ0 R+�� 3.1.2 �����q X, pR8p�

(1) X �� σ �9 ℵ0 6e�
(2) X �� σ ���r ℵ0 6e�
(3) X J�N6!:��T6 ℵ �q��& (1)⇒(2) =G/z�
(2)⇒(3) ;^ X _~iy σ ['~� ℵ0 R+ P. =G X sR)Pih�L�|^= 2.1.3, X siy ℵ l=�
(3)⇒(1) ;^ X siyR)Pih�L ℵ l=�}Ts 1.2.5, X _~ σrTL cs "�=℄}us 3.1.1, X _~ σ rTL ℵ0 R+�� [79] 3�Æ9CX�l=L� σ OyIj�' Fréchet L�R)Pih�L ℵ l=�}K� 2.1.6, us 2.1.7 �Ts 3.1.2, /�~l9���O$ 3.1.3 �����q X, pR8p�
(1) X �� σ �9 ℵ0 e�
(2) X �� σ ���r ℵ0 e�
(3) X J�N!:��T6 ℵ �q�
(4) X J N?��q6� σ {Æv�



§3.1 _~ σ ['~� ℵ0 R+Ll= P 19 g�}us 2.1.11, /�KHO$ 3.1.4 ���q X �?�`3*|3 X �� σ ���r ℵ0 e*�Y Sω6����DGO�/��RO�j�X�l=LW σ OyIl1O�C_~ σ ['~�L ℵ0 R+Ll=j�'X�l=LETLWyI����s%sM<L	%AslTL�riX�By 2.1.14 3Ll= X, X sX�l=LW�_HiyI�G℄ X %_~Qh� cs "�=℄%s ℵ l=�9�/�j#{6��ql=Lj��y[ f : X → Y .'siy σ Æ= [64], O�?� X Liy+ B lK
f(B) s Y Liy σ ['~�L0H�� 3.1.5 ����q X, pR8p�

(1) X �� σ ���r ℵ0 6e�
(2) -�?��q M �j;� σ, �T4�Æ= f : M → X;

(3) -�?��q M �j;� σ, σ {Æ= f : M → X.�& (1)⇒(2) ^ P = ∪{Px(n) : x ∈ X, n ∈ N} s X Liy σ ['~�L ℵ0 R+��u�i Px(n) = {Px(n,m) : m ∈ N} $>ZJn m ∈ N,

Px(n,m + 1) ⊂ Px(n,m). 5 P = ∪{Pi : i ∈ N}, 63�i Pi s['~�L�ZJn i ∈ N, Pi ⊂ Pi+1. Z x ∈ X, n,m ∈ N, ℄B i(x, n,m) ∈ N lK
Px(n,m) ∈ Pi(x,n,m) l1 i(x, n,m) < i(x, n,m + 1). 

Bx(n, i) =

{

X, i < i(x, n, 1)

Px(n,m), i(x, n,m) ≤ i < i(x, n,m + 1),

Bx(n) = {Bx(n, i) : i ∈ N},

B = ∪{Bx(n) : x ∈ X, n ∈ N}.� B s X Liy ℵ0 R+�G Bx(n, i+ 1) ⊂ Bx(n, i) > Bx(n, i) ∈ Pi ZJn
x ∈ X, n, i ∈ N /z�Z i ∈ N, /�5 Pi = {Bα : α ∈ Ii}, o� Ii rT�4�0H {Rn}n∈N �
{Qn}n∈N .'s Qi6 [80] O�?� n0, m0 ∈ N lK Rn0+i = Pm0+i. 



: 20 � :8� �sK ℵ0 2�_��
M = {α = (αi) ∈

∏

i∈N
Ii : ?� xα ∈ X, n ∈ N lK {Bαi

}i∈N �*�
Bxα

(n) > {Bαi
}i∈N s X �Q xα 8L" }.Tp f : M → X ' f(αi) = xα. }��i Bx(n) Us X �Q x 8L"�

f s�TpL$>s�L�m� M siyX�l=� f s}\y[�=nH�i Pi s['~�L��s f sh�HiL�Z i ∈ N, αi ∈ Ii,  D(α1, α2, · · · , αn) = {β = (βi) ∈ M : βi = αi, i ≤ n}l1 D = {D(α1, α2, · · · , αn) : αi ∈ Ii, i ≤ n, n ∈ N}. Nm# D s MLiy+$>Z�i i ∈ N, αi ∈ Ii, f(D(α1, α2, · · · , αn)) =
⋂

i≤nBαi
. t;

f(D) = {f(D) : D ∈ D} s X L σ ['~�L0H���� f siy σ y[�'�#� f siyWy[�|^us 1.3.2, /�*X#� f siy[�Wy[�^ L s X 3v~� x /∈ L Liy[��}us 2.1.2, ?�6C� L′ l1 n0 ∈ N lK L′ 4� Bx(n0, m) ZJn m ∈ N /z�5 L′ = {xk : k ∈ N}.ZJn i ∈ N, B αi ∈ Ii lK Bαi
= Bx(n0, i).  α = (αi), � α ∈ M . Z

k ∈ N,  nk = min{m ∈ N : xk /∈ Bx(n0, m)}. �� zk = (βi(k)) ∈
∏

i∈N
Ii lO9en�Q i < nk, B βi(k) ∈ Ii �G Bβi(k) = Bx(n0, i); l�B βi(k) ∈ Ii lK

Bβi(k) = Bxk
(1, i−nk +1). �s� {Bβi(k)}i∈N �*� Bxk

(1), =℄ zk ∈ M $>
f(zk) = xk. �ie��Z�i i ∈ N, }� L′ 4� Bx(n0, i), 
l?� k0 ∈ NlK xk ∈ Bx(n0, i) ZJn k ≥ k0 /z��d} nk LBa/�%IF k ≥ k0h i < nk, t; βi(k) = αi. �Z#�� Ii 3[� {βi(k)}k∈N v~� αi. =℄
M 3[� {zk} v~� α. ��� f siy[�Wy[�

(2)⇒(3) =G�
(3)⇒(1) }us 2.3.2, X sR)Pih�L�}�X�l=LW σ yIs

ℵ l= [114], |^Ts 3.1.2, X _~ σ ['~� ℵ0 R+��x� [63] 3#��l= X sX�l=LWOyIF>PF X _~Q~�LR�a�9��yTs{6�X�l=LW σ OyILiy''j��m 3.1.6 ��q X, JM� {Ui}i∈N  gJ�N ℵ0 6�� 4X�0	 x ∈

X, i ∈ N, i, (Ui)x = {U ∈ Ui : x ∈ U} ���H! ∪{Ux(n, i) : n ∈ N} F5
P = {Px(n) : x ∈ X, n ∈ N} J X 6�N ℵ0 6e�� Px(n) = {Px(n, i) :

i ∈ N}, Px(n, i) = ∪Ux(n, i). 4X*C�� Ux(n, i) >J�r6�� {Ui}i∈Ng X 6�N <�r6 ℵ0 6��.



§3.1 _~ σ ['~� ℵ0 R+Ll= P 21 g� 3.1.7 �q X J?��q6; σ {Æv3*|3 X ��<�r6 ℵ0 6����& �eW�^ X sX�l= M �W σ Oy[ f 9LI�}� M sX�l=�?� M Lant� {Bi}i∈N lKZ�i X 3O0 K, 0H {st(K,Bi) :

i ∈ N} �/ K � X 3Liy['��+�2�Q K ⊂ U > U a� X, �
st(K,Bi) ⊂ U Z y i ∈ N /z [54]. }� M sgOL�%f;^ZJn
i ∈ N, Bi s M L['~�Lant$> Bi+1 :8 Bi. Z i ∈ N, 

Ui = {f(B) : B ∈ Bi},� Ui s X Liynt�Z x ∈ X, i ∈ N, /�5 f−1(x) =
⋃

n∈N
Kx(n), �u�i Kx(n) s M 3LO0��s/�~ (Ui)x =

⋃

n∈N
{f(B) : B ∩ Kx(n) 6=

∅, B ∈ Bi}. Z x ∈ X, n, i ∈ N, 
Ux(n, i) = {f(B) : B ∩Kx(n) 6= ∅, B ∈ Bi};

Px(n, i) = ∪Ux(n, i);

Px(n) = {Px(n, i) : i ∈ N}.9�#� P = {Px(n) : x ∈ X, n ∈ N} s X Liy ℵ0 R+�m��i Px(n)s X � x 8L"�^ L sv~� x Liy[��}� f sWy[=℄s[�WL�?�[� S v~� y y ∈ f−1(x) lK f(S) s L LiyC��
l?� n0 ∈ N lK y ∈ Kx(n0), t; S 4� st(Kx(n0),Bi) ZJn i ∈ N /z��s f(S) 4� f(st(Kx(n0),Bi)) = Px(n0, i). }us 2.1.2, P s X Liy ℵ0 R+�Z�i x ∈ X, n, i ∈ N, t' Kx(n) sOL� Ux(n, i) s~�L��Z#�� {Ui}i∈N s X LiyQ~�L ℵ0 R�a�3jW�̂ {Ui}i∈N s X LiyQ~�L ℵ0 R�a�Z�i x ∈ X, i ∈ N,

(Ui)x = ∪{Ux(n, i) : n ∈ N} �G Ux(n, i) s~�L> ∪{Px(n) : x ∈ X, n ∈ N}�/ X Liy ℵ0 R+��u Px(n) = {Px(n, i) : i ∈ N} $> Px(n, i) =

∪Ux(n, i). Z i ∈ N, /�5 Ui = {Pα : α ∈ Ii} $o� Ii rT�4�
M = {α = (αi) : ?� xα ∈ X l1 n ∈ N lK Pαi

∈ Ux(n, i) Z�i i ∈ N/z }.



: 22 � :8� �sK ℵ0 2�_��Tp f : M → X ' f(α) = xα. m� M siyX�l=� f s�TpL�}\�L σ Oy[�9�#� f sWy[�=nH X sR)Pih�L�/�*X#� f s[�WL�^ L s X 3v~�Q x Liy[��}us 2.1.2, ?�6C� L′ l1
n0 ∈ N lK L′ 4� Px(n0, i) Z�i i ∈ N /z�}� Ux(n0, 1) s~�L�?� L′ LiyC� L1 lK L1 4� y Pα1

∈ Ux(n0, 1). 
$O�/�hl℄�[� Li � αi ∈ Ii lKZJn i ∈ N, Li 4� Pαi
∈ Ux(n0, i) > Li+1 s Li LiyC��B xi ∈ Li � β(i) ∈ f−1(xi) lKF k ≤ i h β(i) LP k yM!'

αk. t; {β(i) : i ∈ N} → (αi) > f({β(i) : i ∈ N}) = {xi : i ∈ N} s L LiyC���Z#�� f s[�WL�#� ��� 3.1.8 ���q X, pR8p�
(1) X ��<�T ℵ0 6e�
(2) -�?��q M ℄;�T4�Æ= f : M → X [80];

(3) -�?��q M ℄; s Æ= f : M → X F5�0	 x ∈ X, ∂f−1(x)J�T6��& (1)⇔(2) � [80]. (2)⇒(3) s=GL�9�/�#� (3)⇒(1).^ B sl= M LiyQh�+�Z�ih�zQ x ∈ X, 5 ∂f−1(x) =

{xn : n ∈ N}. ^ Bx(n) = {Bx(n,m) : m ∈ N} ⊂ B Q xn ∈ M 8h�L['+lKZ�i n ∈ N, m ∈ N, Bx(n,m+ 1) ⊂ Bx(n,m). 
Px(n,m) =

{

f(Bx(n,m)), x siyh�zQ
{x}, x siy�zQ.

Px(n) = {Px(n,m) : m ∈ N},

P = ∪{Px(n) : x ∈ X, n ∈ N}.}� f siy s y[� P sQh�L�Nm# X s[�l=$>ZJn x ∈ X � n ∈ N, Px(n) s x 8DS9EL"�9�#�ZJnv~� x L[� L, ?�6C� L′ � n0 ∈ N lK L′ 4� Px(n0, m) Z�i m ∈ N /z��d�|^us 2.1.2, P s X Liy ℵ0 R+�%fi�W�/�;^ x /∈ L, �s x s X 3Lh�zQ�}� f sWy[�=℄s[�Wy[�?� M 3[� S lK f(S) s L LiyC�> S v



§3.2 _~ σ Rj:���2 ℵ0 R+Ll= P 23 g~� y y ∈ f−1(x). =G� y ∈ ∂f−1(x), t;?� n0 ∈ N lK y = xn0
, 
l f(S) 4� Px(n0, m) ZJn m ∈ N /z�VM 3.1.9 [80] JH��?��q6; σ {Æv>J �?��q6;�T4�Æv	VM 3.1.10 [83] JH��?��q6� σ {Æv>J �?��q6��T4�Æv	VM 3.1.11 e�Æ= (d�z�JMÆ=) JH�"�� σ ���r ℵ0 6e6�q	

§3.2 �t σ 3l\UQR[ ℵ0 3�`��Z�l= X LC0H P, P .'s ���"6[88], O�ZJn P ′ ⊂ P,

∪P ′ = ∪{P : P ∈ P ′}; P .'s �)���"6[60], QZ H(P ) ⊂ P ∈ P,0H {H(P ) : P ∈ P} s���2L� P .' 6�)���"6[25], QZ x(P ) ∈ P ∈ P, {x(P ) : P ∈ P} s X L�rTCl=�m��i['~�0HUsj:���2L��ij:���20HUs���2L�Rj:���2L�C Bing-Nagata-Smirnov X��Ts�A3L['~�*�rT0H!/X�L350HL���/��pX�l=s�3J$"Lig� 1975 +�
D. K. Burke, R. Engelking � D. J. Lutzer [25] #��_~ σ j:���2+L"�l=sX�l= (Burke-Engelking-Lutzer X��Ts), l1_~ σ Rj:���2+L"�l=+�sX�l=�_~ σ ���2+L"�l=.' M1 l=��siqURL�pX�l=�;�L Mi .�Zs M1 l=�*l= (f. M3 l=) LM<W.��;��� [22] 3� J. R. Boone #��_~ σ O~�+L"�l=sX�l=�zX~~LxF�/�DGO�R_~ σ j:���2 (σ Rj:���2� σ ���2� σ O~�) ℵ0 R+Ll=�JRÆ9��x#��9~Ts�6� !WLe��/�C6#����u�� 3.2.1 [81] ����q X, pR8p�
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(1) X �� σ ���r ℵ0 6e�
(2) X �� σ �)���" ℵ0 6e��& (1)⇒ (2) =G�9# (2)⇒ (1). ^ B = ∪{Bx(n) : x ∈ X, n ∈ N} =

⋃

m∈N
Bm s X Liy ℵ0 R+�}�Jil=L σ j:���2 cs∗ "Us k" [96], X _~ σ j:���2 k "�t;�}Ts 1.2.5, y 2.3.7 �Ts

3.1.2, /�*X#� X sR)Pih�L�}� X s"�L�%f^ B 3�i�Us�L�Z n ∈ N l1h�zQ x ∈ X, 9# Bx(n) sh�L�}�Z�i m ∈ N, Bm ∩ Bx(n) sj:���2L�/�*X#�?�h3bv~[� L v~� x > L 4��i B ∈ Bx(n).=nH X s σ l=� X 3�iQUs Gδ 0�=℄?� X 3a0[�
{Ui} lK {x} =

⋂

i∈N
Ui > U i+1 ⊂ Ui. Z�i m ∈ N � B ∈ Bm ∩ Bx(n), B

x(B,m) ∈ Um ∩ B − {x} .  M = {x} ∪ {x(B,m) : m ∈ N, B ∈ Bm ∩ Bx(n)}.� M s X L�Cl=> x s M 3&iLh�zQ�%&6 M _~iy σj:���2 ℵ0 R+ {B ∩M : B ∈ B}. o� M iyQL�4O9� M 37
x �Us�zQ�x L��+' {B∩M : B ∈ Bx(n)}. /�5;l=' M ′. m� M ′ s"�L> M ′ XL�48� M X�4�t; {B ∩M : B ∈ Bx(n)} �
M ′ 3s σ j:���2L�=℄ M ′ _~ σ j:���2+���� M ′ shX��L�t;�?� M ′ 3h3b[� Lv~� x. }� {B∩M : B ∈ Bx(n)}s x � M ′ 3L['+� L 4� {B ∩M : B ∈ Bx(n)} 3�i��=℄ L 4��i B ∈ Bx(n). �Z#�� X sR)Pih�L�� [25] 3� D. K. Burke, R. Engelking � D. J. Lutzer {6�iy_~ σRj:���2+L"�l=%s k l=�=℄%shX��L��h���#��_~ σ Rj:���2+L"� k l=shX��L�t;�/�%I_~ σ Rj:���2 ℵ0 R+L"�l=+�_~ σ ['~� ℵ0 R+��f�`�/�Z_~ σ Rj:���2 ℵ0 R+L k l=L���9�C#��dLl="s_~ σ O~� ℵ0 R+Ll=�o� 3.2.2 > X J�Nz��q� P = ∪{Px(n) : x ∈ X, n ∈ N} J X 6�N ℵ0 6e�� X ���N ℵ0 6e B = ∪{Bx(n) : x ∈ X, n ∈ N} F5

(1) B ⊂ P;

(2) �0	 x ∈ X − I(X) �j n ∈ N, -��NE%C6z� L K�� x&� Bx(n) %��N��
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(3) �0	 x ∈ X �j n ∈ N, 4X P ∈ Bx(n) * P ⊂ Q ∈ B, �

Q ∈ Bx(n).�& Z x ∈ X, n ∈ N, O� x ∈ I(X), � P ′
x(n) = Px(n). O� x ∈ X −

I(X),}� X siy[�l=�?�h3b[� L0 v~� x. }us 2.1.2,?�6C� L1l1 n0 ∈ NlK L14� Px(n0)3�iy��Z n ∈ N,O�%?�h3b[� LlK Lv~� x$>4� Px(n)3�iy��� P ′
x(n) = Px(n0),l� P ′

x(n) = Px(n). }us 2.1.2, Nm# P ′ = ∪{P ′
x(n) : x ∈ X, n ∈ N}s X Liy ℵ0 R+$>�G�A (1) � (2).Z x ∈ X l1 n ∈ N, �

Bx(n) = {B ∈ P : P ⊂ B Z y P ′ ∈ P ′
x(n)/z},� B = ∪{Bx(n) : x ∈ X, n ∈ N} s X Liy ℵ0 R+�G�A (1)–(3).o� 3.2.3 [74]> P J X 6�N6�)���"6)i,�, D = {x ∈ X : P� x &�J<�r6 }. � {P −D : P ∈ P} ∪ {{x} : x ∈ D} J{�r6�� 3.2.4 ��q X, pR_t8p�

(1) X �� σ {�r ℵ0 6e�
(2) X J�N6!:��T�q�*�� σ 6�)���" ℵ0 6e�
(3) X J�N k �q�*�� σ 6�)���" ℵ0 6e��& (1)⇒(2)⇒(3) s=GL�/�9�#� (3)⇒(1).^ X siy k l=$>_~ σ Rj:���2 ℵ0 R+��|^us 3.2.3,

X _~ σ O~�"�t; X LJiOCl=U_~h�"�=℄ X L�iOCl=UshX��L [34, Ts 3.1.19]. 
l X siy[�l=�^ P = ∪{Pn : n ∈ N} = ∪{Px(m) : x ∈ X,m ∈ N} s X Liy σ Rj:���2 ℵ0 R+��u�i Pn UsRj:���20H$> Pn ⊂ Pn+1. }us 3.2.2, /�%f^ P �G�
(i) ZJn x ∈ X − I(X) l1 m ∈ N, ?�h3b[� Lx,m v~� x $>4� Px(m) 3�iy��
(ii) Z x ∈ X l1 m ∈ N, Q P ∈ Px(m) > P ⊂ Q ∈ P, � Q ∈ Px(m).



P 26 g PS� �sK ℵ0 2�_��O� x ∈ I(X), � {x} a� X, 
l {x} ∈ P. =℄ I(X) s X Liy σ�rTLCl=�Z n,m ∈ N l1 P ∈ Pn, 
Dn = {x ∈ X : Pn � xQ8%sQ~�L}l1

Wn,m(P ) = (P −Dn) ∪ {x ∈ X − I(X) : P ∈ Px(m)}.� Wn,m(P ) ⊂ P . 9�#��i {Wn,m(P ) : P ∈ Pn} sO~�L�}� PnsRj:���2L�/�*X#� {Wn,m(P ) : P ∈ Pn} sQ~�L�JB
x ∈ X, }� {P − Dn : P ∈ Pn} sQ~�L�%f^ x ∈ X − I(x). Q
{P ∈ Pn : x ∈ Wn,m(P )} s0�L�� Px(m) ∩ Pn s0�L�℄B {Pi : i ∈

N} ⊂ Px(m) ∩ Pn. t' Lx,m 4� Px(m) 3�iy��/�hl℄� Lx,m LC[� {xi} lK xi ∈ Pi ZJn i ∈ N /z��� Pn sRj:���2L�[�t; {Wn,m(P ) : P ∈ Pn} sO~�L�Z x ∈ X � m ∈ N. B
Bx(m) =















{{x}}, x ∈ I(X)

{Wn,m(P ) : P ∈ Px(m) ∩ Pn, n ∈ N}, x ∈ X − I(X)� B = ∪{Bx(m) : x ∈ X,m ∈ N} s σ O~�L�9�#� B s X Liy ℵ0R+�w;�ZJn x ∈ X l1 m ∈ N, Bx(m) s x 8Liy"�riX�Q Us x Liya����?� P ∈ Px(m)∩Pn Z y n ∈ N /z>lK P ⊂ U .�s x ∈ Wn,m(P ) ⊂ P ⊂ U . 6<�Z x ∈ X − I(X) � B1, B2 ∈ Bx(m),/�5 Bi = Wni,m(Pi) lK Pi ∈ Px(m) ∩ Pni
Z i = 1, 2 /z�t;?�

P3 ∈ Px(m) ∩Pn3
lK P3 ⊂ P1 ∩P2 > n3 ≥ max{n1, n2}. B B3 = Wn3,m(P3).=G Dn3

⊃ Dn1
∪Dn2

. O� y ∈ {x ∈ X− I(X) : P3 ∈ Px(m)}, � P3 ∈ Py(m),} (ii), P1, P2 ∈ Py(m), =℄ y ∈ {x ∈ X − I(X) : P1, P2 ∈ Px(m)}. t;
B3 ⊂ B1 ∩B2. �<�;^ L siyh3b[�v~� x ∈ X. |^us 2.1.2,?�6C� L′ l1 m ∈ N lK L′ 4� Px(m) 3�iy��}us 3.2.3,

(L′ ∪ {x})∩Dn s~�L�t; L′ 4� Bx(m) 3�iy��EX� B s X Liy σ O~�L ℵ0 R+�



§3.2 �� σ 6�)���" ℵ0 6e6�q : 27 �O$ 3.2.5 ���� σ 6�)���" ℵ0 6e6��) Fréchet �qJ�?�`6��& ^ X siy_~ σ Rj:���2 ℵ0 R+L< Fréchet l=�|^Ts 3.2.4, X _~ σ O~�L ℵ0 R+�� X sR)Pih�L�} [101, us 2.14], X sPih�L�}�Pih�l=LJiO~�0HUs['~�L� X _~ σ ['~�L ℵ0 R+�=℄s ℵ l=�t;� X sX��L�VM 3.2.6 �� σ {�r ℵ0 6e6���qJH�� σ ���r ℵ0 6e		 3.2.7 �' [75] \#m℄��� σ {�r6e6���qJH�� σ ���r6e	'	44Xm℄ 3.2.6 6b.J�=6��Lm℄�����=9b.�o� 3.2.8 4X�q X �� σ 6�)���" cs∗ f�� X �� σ 6�)���" k f℄ σ {�r k f��& ^ P = ∪{Pn : n ∈ N} s X L σ Rj:���2L cs∗ "��u�i
Pn UsRj:���20H> Pn ⊂ Pn+1. 

Dn = {x ∈ X : Pn� x 8%sQ~�L},

P ′
n = {P −Dn : P ∈ Pn} ∪ {{x} : x ∈ Dn}.|^us 3.2.3, P ′ = ∪{P ′

n : n ∈ N} s X L σ O~�L"�t; X L�iOCl=UshX��L�^ K siyO0� U sa0> K ⊂ U , �?�~�0 K ′ ⊂ K lK {P ∈ Pn : P ∩ (K −K ′) 6= ∅} s~�LZ�i n ∈ N /z�l�L��/�hl℄B0�[� {xi : i ∈ N} ⊂ K l1 {Pi : i ∈ N} ⊂ Pn lK xi ∈ Pi > Pi ��%��}� K shX��L� {xi} _~v~C[���� Pn sRj:���2L�[� Fn = ∪{P ∈ Pn : P ⊂ U}. Ya K ⊂
⋃

n≤n0
Fn Z y n0 ∈ N /z�l�/�hl℄B[� {xn} lK xn ∈ K −

⋃

i≤n Fi. }� K shX��L�?� {xn} LC� {xni
} lK {xni

} v~�Q x ∈ X. �s?� P ∈ Pm lK
{x}∪{xni

: i ∈ N} ⊂ P ⊂ U Z y m ∈ N/z�t; xnm
∈ Fm,�[�=℄?�~�0H F ⊂ P lK K ⊂ ∪F ⊂ U . �"� P s X Liy σ Rj:���2
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k "�B m0 lK F ⊂ Pm0

.  F ′ = {P −Dm0
: P ∈ F}∪{{x} : x ∈ K∩Dm0

}.� K ⊂ ∪F ′ ⊂ U . }us 3.2.3, F ′ s~�L���� P ′ s X Liy σ O~�L k "�� 3.2.9 ��{ao> (CH) p����� σ 6�)���" ℵ0 6e6�F���q>���T6 ℵ0 6e��& ^ X siy_~ σ Rj:���2 ℵ0 R+Lhjl=�} (CH), X L� %B� ω1.  P = ∪{Pn : n ∈ N} = ∪{Px(m) : x ∈ X,m ∈ N} s X Liy σ Rj:���2L ℵ0 R+��u�i Pn UsRj:���20H>
Pn ⊂ Pn+1. %f^Z�i m ∈ N � x ∈ X, Q x ∈ I(X) � Px(m) = {{x}},l� {x} /∈ Px(m). >�Z x ∈ X − I(x) l1 n,m ∈ N, ;^ Px(m) ∩ Pns%h�L�B {Vα : α < ω1} ' x Q8L['+�=nHZ x LJna�� V , V ∩ (P − {x}) 6= ∅ Z�i P ∈ Px(m) /z��s�
$O�?�0� S = {xα : α < ω1} ⊂ X l1CH {Pα : α < ω1} ⊂ Px(m) ∩ Pn lK
xα ∈ Vα ∩ Pα, �u xα 6= x � Pα Us��%�L�t; x ∈ S, �� Pn sRj:���2L�[�
l X sR)Pih�L�=℄s[�l=�}us 3.2.8, X _~ σ O~� k "�� (CH) 9��i_~ σ O~� k "Lhj[�l=siy ℵ0 l= [111]. t;� X _~h�L ℵ0 R+ [80].O$ 3.2.10 � (CH) p����� σ 6�)���" ℵ0 6e6�q<6�Æ=�4Xv�qJ��6��LÆ=J{JMÆ=��& ^ f : X → Y siy�y[� X _~ σ Rj:���2L ℵ0 R+�
Y s"�L�;^ L s Y 3LiyO0�}� X _~ σ Rj:���2"�
Y f_~ σ Rj:���2"�}us 3.2.3, Y _~ σ O~�L"��s Ls Y LiyOX�Cl=��d/�hl�Hh�L D ⊂ L lK L = D. Z
y ∈ D, B xy ∈ f−1(y).  E = {xy : y ∈ D}. � E sh�L> f(E) = L. �s E siy_~ σ Rj:���2 ℵ0 R+Lhjl=�}Ts 3.2.9, E _~
ℵ0 R+�t; E siygOl=�=℄?�O0 K ⊂ E lK f(K) = L [34].l= X .'s ℵ1 OLO� X 3�i�rTCl=-\sh�L�^ Ss X LiyC0�/��l9en
$OTp	C seq cl: seq cl0(S)=S; seq

cl(S)={x : xs SLiy.�Q}; Z[� α ,  seq clα+1(S)=seq cl(seq clα(S));



§3.2 _~ σ Rj:���2 ℵ0 R+Ll= P 29 gO� α siy.�[��� seq clα+1(S)=
⋃

β<αseq clβ(S). l= X L z�Gz s)JLL[� α lKZJn S ⊂ X, cl(S)=seq clα(S).o� 3.2.11 >�q X �� σ 6�)���" ℵ0 6e�4X A ⊂ X J ℵ1 {6�� seq cl(A) �J ℵ1 {6��& ;^%G�?� seq cl(A) − A 3�rTC0 D = {xα : α < ω1}. Z
α < ω1,  {xα

n} ⊂ A sv~� xα Liy[��B P = ∪{Pn : n ∈ N} =

∪{Px(m) : x ∈ X,m ∈ N}s X Liy σ Rj:���2L ℵ0 R+��u�i
Pn UsRj:���20H> Pn ⊂ Pn+1. Z�i α < ω1, /�B mα ∈ N l1 {xα

n} LC[� {yα
n} lK {yα

n} 4� Pxα
(mα) 3�iy��}� D s�rTL�/�hlB Pα ∈ Pxα

(mα) lK Pα ∩D = {xα} Z�i α < ω1 /z�%f^Z�i α < ω1 l1 y n0 ∈ N, {yα
n : n ∈ N} ⊂ Pα > {Pα : α < ω1} ⊂ Pn0

.O� {yα
n : n ∈ N, α < ω1} s%h�L�/�℄%h�0 S = {yβ : β <

ω1} ⊂ {yα
n : n ∈ N, α < ω1} lK yβ ∈ Pβ. �d S Zs A 3Liy%h�L�rT0��[�O� {yα

n : n ∈ N, α < ω1} sh�L�Z�i α < ω1, B k(α) ∈ N lK
{Pα : α < ω1} � yα

k(α) Q8sQ~�L�� T = {yα
k(α) : α < ω1} sh�0��d T � {Pα : α < ω1} 3-\~�y�BF�=℄ {Pα : α < ω1} sh�L��[�EX� seq cl(A) s ℵ1 OL�� 3.2.12 > X J�N�� σ 6�)���" ℵ0 6e6�F���q�4XpR_t!�!��� X ���T6 ℵ0 6e�

(1) X J ℵ1 {6�
(2) X 6z�GzJ�T6��& (1) }us 3.2.8, X _~ σ O~�L k "�}��i_~ σ O~� k "L ℵ1 Ol=Us ℵ0 l= [62], /�*X#� X sR)Pih�L�^ P = ∪{Pn : n ∈ N} = ∪{Px(m) : x ∈ X,m ∈ N} s X Liy σ Rj:���2L ℵ0 R+��u�i Pn UsRj:���20H> Pn ⊂ Pn+1.Z�i x ∈ X − I(X) l1 m ∈ N, %f^ {x} /∈ Px(m). ;^Z n,m ∈ N �

x ∈ X − I(X), Px(m) ∩ Pn sh�L��/�hl℄B%h�0 {xα : α < ω1}



P 30 g PS� �sK ℵ0 2�_��l1 {{Pα : α < ω1}} ⊂ Px(m) ∩ Pn lK {x, xα} ⊂ Pα $> Pα s��%�L��dL�� {xα : α < ω1} s X 3%h�L�rTC0��� X s ℵ1 OL�[�
l X sR)Pih�L�
(2) }� X shjl=�Bh�0 D ⊂ X lK X = D. }� X L[�n[h�� X =

⋃

n∈N
seq cln(D). }us 3.2.11, �i seq cln(D) s ℵ1 OL�=℄ X fs ℵ1 OL�} (1), X _~h�L ℵ0 R+�

§3.3 ℵ0 3��lm`�|g!~d��J}�'jI/�Pi'j��_~ σ ���2 ℵ0 R+Ll=XLntW2�P_'j��_~ cs* "�L ℵ0 R+Ll=LX��Ts�l= X .'s D{6 ( ~ Lindelöf 6) [24], O� X L�iantU_~iy['~�L (Qh�) a:8��x [70] �w1� [40] j##���i_~ σ ���2R+L"�l=sj:_ Lindelöf Ll1�i_~ σ ���2R+L"	l=sj:gOL�9��yTsrQ���LK��� 3.3.1 ���� σ ���" ℵ0 6e6���qJ�)~ Lindelöf 6��& ^ X siy"�l=� P = ∪{Px(m) : x ∈ X,m ∈ N} s X Liy�L ℵ0 R+�P =
⋃

n∈N
Pn, �u�i Pn s���2L�0H> Pn ⊂ Pn+1. }�X _~ σ���2L"�X siy Dl=�Nm#�i DL_ Lindelöfl=Usj:_ Lindelöf L [24]. 
l/�*X#� X siy_ Lindelöf l=�Ya 1 X %6���9�i,>-�<�T�	��^ F = {Fα : α ∈ Λ} s X 3LiyrT�0H�Z α ∈ Λ,  Eα(∅) =

Gα(∅) = Fα > F(∅) = F .ZDG�I/L~�[� δ � α ∈ Λ, ^ Eα(δ), Gα(δ) � F(δ) UkUTp��Z n ∈ N, /��l9enoTp Eα(δn), Gα(δn) � F(δn):

Eα(δn) = ∪{P ∈ Pn : P ∩ Eβ(δ) = ∅, β ∈ Λ − {α}};

Gα(δn) = Eα(δn) − ∪{Eβ(δn) : β ∈ Λ − {α}};

F(δn) = {Gα(δn) : α ∈ Λ}.



§3.3 ℵ0 R+�ntW2�X��Ts P 31 g� F(δn) s�%BFL0H$>Z�i δ ∈ N<ω, n ∈ N,Λ′ ⊂ Λ,
⋃

β∈Λ′ Eβ(δn)s X 3�0� Uα = ∪{Gα(δ) : δ ∈ N<ω}, U = {Uα : α ∈ Λ}. /�#� U Zs
XeL0H�w;�Z�i α ∈ Λ, Fα = Gα(∅) ⊂ Uα. {T x ∈ Uα l1 m ∈ N, ?�iyDG�I/L~�[� δlK x ∈ Gα(δ),� x ∈ X−∪{Eβ(δ) : β ∈ Λ−{α}},t;?� P1 ∈ Px(m) lK P1∩ (∪{Eβ(δ) : β ∈ Λ−{α}}) = ∅, =℄ P1 ⊂ Eα(δn).t' x ∈ Eα(δ),|^ Eβ(δn)L���/�~ x ∈ X−∪{Eβ(δn) : β ∈ Λ−{α}},�s?� P2 ∈ Px(m) lK P2 ∩ (∪{Eβ(δn) : β ∈ Λ−{α}}) = ∅, t; P1 ∩P2 ⊂

Gα(δn) ⊂ Uα. } ℵ0 R+LTp� Uα saL�9�#� U sQh�L�;^%G� |{α ∈ Λ : x ∈ Uα}| > ω Z y x ∈ X/z��s�?�DG�I/L~�[� δ l1%h�0 Λ′ ⊂ ΛlK x ∈ Gα(δ)Z�i α ∈ Λ′ /z��� {Gα(δ) : α ∈ Λ} �%BF�[�Ya 2 X J~ Lindelöf �q�^ W s X Liyant�=nH}� X _~ σ ���2"�
l Xs<gOL�t; W _~iy�:8 ⋃

i∈N
Fi, �u�i Fi = {Fiα : α ∈ Λi}s X LrT�0H�Z i ∈ N, }Ya 1, Fi hl�n�/iyQh�a0H Ui = {Uiα : α ∈ Λi}. Z α ∈ Λi, B Wiα ∈ W lK Fiα ⊂ Wiα. �d ⋃

i∈N,α∈Λi
(Wiα ∩ Uiα) s W LiyQh�La:8���� X siy_

Lindelöf l=�� 3.3.2 ���� σ ���" ℵ0 6e6�W�qJ�)D{6��& ^ X siy"	l=� P = ∪{Px(m) : x ∈ X,m ∈ N} s X Liy�L ℵ0 R+� P =
⋃

n∈N
Pn, �u�i Pn Us���2�0H> Pn ⊂ Pn+1.q��Ts 5.1.11, X s DL�t'�i DLgOl=sj:gOL [24],
l/�*X#� X sgOL�^ F = {Fα : α ∈ Λ} s X 3LiyrT�0H�'�Z~Le 8��/�. X LC0 B 'C0 A Liy ℵ0 R��O�Z�i x ∈ A,m ∈ N, ?� P ∈ Px(m) lK P ⊂ B.Ya 1 F �_�tv6 ℵ0 6��	��



P 32 g PS� �sK ℵ0 2�_��Z α ∈ Λ, n ∈ N, 
Eα(n) = ∪{P ∈ Pn : P ∩ Fβ = ∅, β ∈ Λ − {α}};

Gα(n) = Eα(n) −∪{Eβ(n) : β ∈ Λ − {α}};

Gα =
⋃

n∈N

Gα(n).� Gα ∩ Gβ = ∅ Z�i α, β ∈ Λ, α 6= β /z�Z α ∈ Λ, B Lα = ∪{Fβ :

β ∈ Λ − {α}}, � Lα s X 3�0> Fα ∩ Lα = ∅. Z x ∈ Fα, m ∈ N, ?� n1 ∈ N � P1 ∈ Px(m) ∩ Pn1
lK P1 ∩ Lα = ∅, t; P1 ⊂ Eα(n1). }� x /∈ ∪{Eβ(n) : β ∈ Λ − {α}}, ?� n2 ∈ N � P2 ∈ Px(m) ∩ Pn2

lK
P2 ∩ (∪{Eβ(n) : β ∈ Λ − {α}}) = ∅, t; P1 ∩ P2 ⊂ Gα. �d Gα s Fα Liy ℵ0 R���Ya 2 F ���96� ℵ0 6��	�.Z α ∈ Λ, n ∈ N, 

F ∗
α(n) = ∪{P ∈ Pn : P ⊂ Gα l1 P ∈ Px(m) Z y x ∈ Fα � m ∈ N}.}� Pn s���2L�m� F ∗

α(n) ⊂ Gα � {F ∗
α(n) : α ∈ Λ} UsrTL�

Pα(n) = ∪{P ∈ Pn : P∩Fα = ∅},� Pα(n)s X 3�0> Pα(n)∩Fα = ∅. } XL"	W�?�a0 Vα(n) ⊂ X lK Fα ⊂ Vα(n) ⊂ Vα(n) ⊂ X − Pα(n). B
Fα(n) = F ∗

α(n)∩Vα(n)l1 Wα =
⋃

n∈N
Fα(n),� {Fα(n) : α ∈ Λ}s X LrT�0H�Z�JnL x ∈ Fα, m ∈ N, }Ya 1,?� n3 ∈ N� P3 ∈ Px(m)∩Pn3lK P3 ⊂ Gα, t; P3 ⊂ F ∗

α(n3). �dL�?� n4 ∈ N � P4 ∈ Px(m) ∩ Pn4lK P4 ⊂ Vα(n4). %f^ n3 = n4. �s P3 ∩ P4 ⊂ Fα(n4) ⊂ Wα, ��� Wαs Fα Liy ℵ0 R���'� /Ya 2 L#��/�*X# {Wα : α ∈ Λ}s���2L�Z�i Λ′ ⊂ Λ, m ∈ N � x ∈ X −
⋃

α∈Λ′ Wα, x /∈
⋃

α∈Λ′ Fα, 
l?� k ∈ N � P ′ ∈ Px(m) ∩Pk lK P ′ ∩ Vα(n) = ∅ Z�i n ≥ k � α ∈ Λ′/z��s P ′ ⊂
⋂

n≥k,α∈Λ′ Pα(n), =℄ P ′ ∩ (∪{Fα(n) : α ∈ Λ′, n ≥ k}) = ∅. Qi&�}� {Fα(n) : α ∈ Λ′, n < k} srT�0HL~�$�?� P ′′ ∈ Px(m)lK P ′′ ∩ (∪{Fα(n) : α ∈ Λ′, n < k}) = ∅. 
l P ′ ∩ P ′′ ∩ (
⋃

α∈Λ′ Wα) = ∅, �Z#�� ⋃

α∈Λ′ Wα s�L��d� {Wα : α ∈ Λ} s F LiyrTL� ℵ0 R��n��Ya 3 X Ji[�W�q�^ H1 s X LiyrT�0H�}Ya 2, ?�} X LrT�0HI/L[� {Hn} lK�i Hn+1 s Hn Liy ℵ0 R��n��Z n ∈ N, 5 Hn =
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{Hα(n) : α ∈ Λ}.  H = {Hα : α ∈ Λ}, �u�i Hα =

⋃

n∈N
Hα(n). Z

α ∈ Λ, x ∈ Hα � m ∈ N, ?� j ∈ N lK x ∈ Hα(j), �s?� P ∈ Px(m) lK P ⊂ Hα(j + 1) ⊂ Hα, t; Hα a� X. �d� H s H1 LiyrTan����� X s0Æ"	L�}� X s<gOL�}Ya 3, X sgOl= [24]._~"�ntLl=LX��s��
� A. V. Arhangel’skǐı [6], �#��_~"�+L"�l=shX��L�;��Qu^��.{��ye�L`X���;�rQ� A. V. Arhangel’skǐı LK� (� H. W. Martin [85], D6� [53], �x [69], b0i��x [123]). I9o/�#�_~ cs* "�L ℵ0 R+L"�l=shX��L��rQ�:�LK���J9�'j3�/�;^l=Us"�L�m 3.3.3 > P J�q X 6�NJM�
(1) P  gJ ��6 [6], 4X�0	�i U ⊂ X, {P ∈ P : P 6⊂ U} � U%��<&>J���r6�
(2) P  gJ <��6 [1], 4X�0	�i U ⊂ X, {P ∈ P : P 6⊂ U} �

U %��<&>J<�r6�
(3) P  gJ cs ��6 [53], 4X�0	 x ∈ X, K�� x <6z� {xn},�j x 60	��� U , -� m ∈ N F5 {P ∈ P : P ∩({x}∪{xn : n > m}) 6=

∅, P 6⊂ U} J�r6�
(4) P  gJ cs* ��6, 4X�0	 x ∈ X, K�� x <6z� {xn}, �j x 60	��� U , -�)� {xnk

}k F5 {P ∈ P : P ∩ ({x} ∪ {xnk
}k) 6=

∅, P 6⊂ U} J�r6�=G�"� ⇒ cs "� ⇒ cs* "� ⇒ Q"��	 3.3.4 
Y6�o���=
JM P g wcs* ��6 4X�0	 x ∈ X, K�� x <6z� {xn}, �j x 60	��� U , -�)� {xnk
}k F5 {P ∈

P : P ∩ {xnk
}k 6= ∅, P 6⊂ U} J�r6�IE<� wcs* ��x8p� cs* ��x��g wcs* ��x�Z<��x�A�NJMJ cs* ��63*|3ZJ

wcs* ��6*J<��6�^ {Pn} sl= X Liyant�� {Pn} .'s X L 6�� [118] O� {st(x,Pn) : n ∈ N} �/ X � x Q8LR+�



P 34 g PS� �sK ℵ0 2�_��o� 3.3.5 [123] > X J�Nz��q� P J�NT��rvG�6<��
cs* f��-� X 6�JM� {Pn} F5 P =

⋃

n∈N
Pn * {Pn} R! X 6�N6���o� 3.3.6 [123] z��q X J?�`63*|3 X ���N6�� {Pn} �+�0	 x ∈ X, K�� x 6z� {xn}, �j�Y {x}∪ {xn}n 6�i U , -�

n ∈ N F5 st({x} ∪ {xn},Pn) ⊂ U .9�LTs 3.3.7 |�tiR [61], 6� !WLe��/��66#��� 3.3.7 z��q X J�?�`63*|3 X ���N cs* ��6 cs*f��& }��iX�l=U_~"�+ [6], �eWs=GL�9#3jW�^ P s X L cs* "�L cs* "�%f^ P ��~�Fk���|^us
3.3.5, P =

⋃

m∈N
Pm > {Pm} �/ X LR�a�%fi�W�/�hl;^ Pm+1 :8 Pm Z�i m ∈ N /z��ZJnL~�0 F ⊂ U ∈ τ , ?� m ∈ N lK st(F,Pm) ⊂ U . ' /#��/�*X#�ZJn x ∈ X,v~� x L[� {x} ∪ {xn}, l1a0 U ⊃ {x} ∪ {xn}n, ?� n ∈ N lK st({x} ∪ {xn}n,Pn) ⊂ U . ;^%G�}� {Pm} s X LiyR�a�?� m1 ∈ N lK st(x,Pm1

) ⊂ U . |^;^� st({xn}n,Pm1
) 6⊂ U , t;hl℄B n1 ∈ N � Pm1

∈ Pm1
lK xn1

∈ Pm1
6⊂ U . ?� m2 > m1 lK

st({x, x1, x2, · · · , xn1
},Pm2

) ⊂ U . q�O� st({xn : n > n1},Pm2
) 6⊂ U , =℄hl℄� n2 > n1 � Pm2

∈ Pm2
lK xn2

∈ Pm2
6⊂ U . 
$O�hl℄�C�

{xnk
}k ⊂ {xn} � Pmk

∈ Pmk
lK xnk

∈ Pmk
6⊂ U . }� P s X L cs* "�L

cs* "�?�C[� {xnki
}i ⊂ {xnk

}k lK {P ∈ P : P ∩ {xnki
}i 6= ∅, P 6⊂ U}s~�L�Z�i i ∈ N, {m ∈ N : Pmki

∈ Pm} s~�L�t; {Pmki
: i ∈ N}s0�L��siy�[�|^us 3.3.6, X shX��L�� 3.3.8 �q X J�?�`63*|3 X �� cs* ��6 ℵ0 6e��& *X#�3jW�^ P = ∪{Px(n) : x ∈ X, n ∈ N} s X Liy cs* "�L ℵ0 R+�}us

2.1.2, P s X Liy cs* "�



§3.3 ℵ0 R+�ntW2�X��Ts P 35 gYa P sQh�L�Z x ∈ X, / (P)x = {P ∈ P : x ∈ P}. ;^Z y x ∈ X, (P)x s%h�L�}� P sQ"�L�Nm#9~/z�
(i) Z�i y 6= x, {P ∈ (P)x : y ∈ P} s~�L�
(ii) Z�i0�CH P ′ ⊂ (P)x, P

′ �/ x Q8Liy"�ZJn P ∈ (P)x, B y(P ) ∈ P − {x}, �} (i) (P)x ∩ (P)y(P ) s~�L�t' (P)x =
⋃

n∈N
{P ∈ (P)x : |(P)x ∩ (P)y(P )| = n} s%h�L�?�

k0 ∈ N lK P0 = {P ∈ (P)x : |(P)x ∩ (P)y(P )| = k0} s%h�L�|^ (i),

{y(P ) : P ∈ P0} s%h�L�t;/�hl℄� {Pn : n ∈ N} ⊂ (P)x l1
{xn}n∈N �G xn ∈ Pn − {x} l1 |(P)x ∩ (P)xn

| = k0 ZJn n ∈ N /z��u Pn 6= Pn′, xn 6= xn′ Z n 6= n′ /z��s} (ii) {xn}n∈N v~� x. t'
P sL X iy cs* "�?� {Qi : i ∈ N} ⊂ (P)x � {ni : i ∈ N} ⊂ N lK
{xnj

: j ≥ i} ⊂ Qi ⊂ X − {xnj
: j < i} Z�i i ∈ N /z�B i0 > k0, �~

|(P)x ∩ (P)xni0
| ≥ i0 > k0, �[��dZ#�� P sQh�L�}Ya�/�%I X sR)Pih�L=℄s[�l=�|^Ts 3.3.7,

X shX��L�O$ 3.3.9 �q X J�?�`63*|3 X �� cs ��6 ℵ0 6e�O$ 3.3.10 [85] �q X J�?�`63*|3 X ����66e�
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bI� �7��| AP ����B(�L��Ge�xHyL�L-� “On discrete spaces and AP-

spaces”. y[�l=LB�jq.�s�pX�l=s�L6e8
&i [26].�Z7\}%��V+LUUUUL�4l=q��tFLy[��66'�|7�Q℄{66j�sKj���2L~M�W��Zs;�L Alexandroff^E [2]. ��ynp9�/�hl>"Nl=ql1y[qs “�L ”. i?"� [20, 65, 90, 102, 103, 108, 120], /��Tp 1.3.1 3{6Ly[Ei�H� “�L ” y[Le��℄lX�l=L'8Q���Ny[9LI**IKH� “�L ” l=q���hl/s [20, 102, 103, 120] L`��/�:e���qx{y[qj�Ll=�isly�6XL�i[�Wy[Us�Wy[ (Ray[) Ll=�/�#��ZsrTl=�_sly�6XL�iWy[Us)ay[Ll= — AP l=�/�{6 AP l=LiyQj�16���l=s�3LiNw{�
§4.1 �7��`r:�}m 4.1.1 Æ= f : X → Y  gJ 6�6 [43, 122], 4X-� Y 6�N6e

P =
⋃

y∈Y Py *��� y ∈ Y , -�< xy ∈ f−1(y) F5��� xy 6��� U ,

f(U) �Y Py % N��
M. Sakai � [102] � [103] 3���ly�6XL�i[�nty[Us�Wy[Ll=�l1ly�6XL�i[�nty[UsRay[Ll=�/�vSC�O�[�nty[!/[�Wy[?UO���J#���dLl=UsrTl=�6:e#��E�s��	Il=3L Isbell-Mrówka l=;P�}l= X 30�0I/L0H C .'s m^_�tv6, O�ZJn A 6=

B ∈ C, A ∩ B s~�L� C .'s h/m^_�tv6, O� C s 3��%BFL >ZJn A ⊂ X, C ∪ {A} %s3��%BFL�^ A s N L.B3��%BFH�� |A| > ω [58]. Isbell-Mrówka �q ψ(N) [94] s)0�
A∪ N o�l9L�4� N 3�iQUs�zL�Z A ∈ A, A La��'UO {A} ∪ (A− F ) L0��63 F s N L~�C0�

37



P 38 g P�� �6��{ AP ��o� 4.1.2 [103] ��q Y , pR8p�
(1) ��Æ� Y 6z�JMÆ=>JV;6�
(2) Y %��ES�<>���N���J�NK�z��� 4.1.3 ��q Y , p�8p�
(1) Y J�96�
(2) ��Æ� Y 6z�;Æ=JV;6�
(3) ��Æ� Y 6z�;Æ=J�6��& (1)⇒(3)⇒(2) =G�9�#� (2)⇒(1).;^ y s Y Liyh�zQ�}us 4.1.2,?�h3b[� {yn}v~� ylK K = {y}∪{yn : n ∈ N}a� Y . �s Y = K

⊕

(Y −K).  ψ(N) = A∪N' Isbell-Mrówka l=� X = ψ(N)
⊕

(Y −K). Tp f : X → Y '�
f(x) =















y, x = A ∈ A

yn, x = n ∈ N

x, x ∈ Y −K.m� f s}\L�9�#��yYa�Ya 1. f s[�WL�;^ L s Y 3Liyv~[��%f^ L v~� y > L ⊂ K. 5 L =

{ynk
}k∈N. }� A s.B3��%BFH�?� A ∈ A lK A ∩ {nk : k ∈ N}s0�L�m� A∩{nk : k ∈ N} s X 3v~� A ∈ A L[�$> f(A∩{nk :

k ∈ N}) s L LiyC[��t; f s[�WL�Ya 2. f %s�WL�^ f s�WL�}�ZJn A ∈ A, {A} ∪ A a� X >
f−1(y) ⊂ ∪{{A} ∪ A : A ∈ A},?�~�CH F ⊂ A lK

y ∈ intf(∪{{A} ∪ A : A ∈ F}) = int({y} ∪ f(∪F)).� N − ∪F s~�L�}� A %h��/�hl℄B B ∈ A−F . �
N − ∪F ⊃ B − ∪F = B − ∪{B ∩ A : A ∈ F}



§4.1 rTl=Ly[j� P 39 gs0�L��[���� f %s�WL�|^Ya 1 �Ya 2, /�%I Y �~h�zQ� Y srTL�o� 4.1.4 [102] ��q Y , pR8p�
(1) ��Æ� Y 6z�JMÆ=J6�6�
(2) Y Jz��q�*��� y ∈ Y , -�z� Ly K�� y F5�0	K�� y 6z� L, L− Ly J�r6�� 4.1.5 ��q Y , pR8p�
(1) Y J�96�
(2) ��Æ� Y 6z�;Æ=J6�6��& (1)⇒(2) =G�9�#� (2)⇒(1).}us 4.1.4, Y s[�l=�t;/�*X#� Y 3%Æh3bv~[��;^ Y Æ~iyh3b[� {yn} v~� y. }us 4.1.4, /�%f^

K = {y} ∪ {yn : n ∈ N} s y Liy[����B A ' {yn : n ∈ N} Liy.B3��%BFH�Z x ∈ Y − {y},  Bx = {B ∈ τ(Y ) : B ∩K ⊂ {x}}. �
X = A∪ (Y − {y}) $>o� X O9�4�Z x ∈ Y − {y}, B Bx ' x L��+�Z A ∈ A, B

{{A} ∪
⋃

x∈A′

Bx : Bx ∈ Bx, A
′ ⊂ A > A−A′ s~�L}' A L��+�Tp f : X → Y '

f(x) =

{

y, x ∈ A

x, x ∈ Y − {y}.Ya 1. f s}\L�=G f ��iQ x ∈ Y −{y} 8s}\L�^ A ∈ A, U s y � Y 3La���?� n0 lK {yn : n ≥ n0} ⊂ U . Z�i n ≥ n0, ?� Byn
∈ Byn

lK
Byn

⊂ U . 
V = {A} ∪ (∪{Byn

: n ≥ n0, yn ∈ A}).� V s A Liya��> f(V ) ⊂ U .



P 40 g P�� �6��{ AP ��Ya 2. f s[�WL�^ L s Y 3Liyv~[��%f^ L v~� y > L ⊂ K. }� A s.B�%BFH�?� A ∈ A lK A ∩ L s0�L�t; A ∩ L s X 3v~�
A ∈ A Liy[�$> f(A ∩ L) s L LiyC[���"� f s[�WL�Ya 3. f %sRaL�Z�i A ∈ A, m� K − A s0�L�Z x ∈ A, B Bx ∈ Bx. � U =

{A} ∪
⋃

x∈ABx s A Liya���G℄� f(U) %s y L[����t; f%sRaL�|^X�LSyYa�/�% Y %Æh3b[��=℄ Y srTl=�
§4.2 AP ��l= X .'siy AP �q [116] ( accessibility �q [120]) O�Z A ⊂ Xl1 x ∈ A − A, ?�3��LC0 F ⊂ A v~� x, �u3��LC0 F v~� x s) F − F = {x}. [116] 3#�� AP l=LJnCl=s AP Ll1[l= ω1 + 1 %s AP L�� [120] 3� G. T. Whyburn #��l= X s

AP l=F>PF�iy� X LWy[s)aL�9�/�{6 AP l=LiyQj��%ol= X .'s��nt P ��6b& [46], O� U ⊂ X a� X F>PFZJn P ∈ P, U ∩ P a� P . %&`>� k l=*[�l=LTpriXZs��l=3
~O0*
~v~[��/L0H_~R�4Ll=�� 4.2.1 ����q Y , pR8p�
(1) Y J AP �q�
(2) ��Æ� Y 6;Æ=Jh�6�
(3) 4X Y T�JM P ��6b&�� y ∈ Int(st(y,P)) �0� y ∈ Y !���& (1)⇔(2) � [120].

(2)⇒(3). ^ Y ��nt P = {Pα : α < κ} _~R�4� X =
⊕

α<κ Pαl1 f : X → Y 'DGy[�� f sWy[�=℄s)aL�Z�i y ∈ Y ,
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{Pα : y ∈ Pα} s X 3a0H$> {Pα : y ∈ Pα} nt f−1(y). t; y ∈

intf(∪{Pα : y ∈ Pα}) = int(st(y,P)).

(3)⇒(2). ^ f : X → Y siyWy[�Z y ∈ Y �a0 U ⊂ X, O�
f−1(y) ⊂ U , � U = {U,X − f−1(y)} s X Liyant�=℄ X �� U _~R�4�|^ [46, us 1.7], Y �� f(U) = {f(U), Y − {y}} _~R�4��s y ∈ int(st(y, f(U))) = int(f(U)), ��� f s)ay[�O$ 4.2.2 ����q X, 4X Xd J�96�� X J AP �q��& ^X ��nt P _~R�4�}Ts 4.2.1,/�*X#� x ∈ int(st(x,P))Z�i x ∈ X /z�%f^ x ∈ Xd. B F = (X − st(x,P)) ∪ (Xd − {x}).ZJn P ∈ P, O� x ∈ P , � P ∩ F ⊂ Xd − {x} s�L�O� x 6∈ P , �
(P − F ) ∩ Xd = ∅. t; P − F saL�=℄ P ∩ F �� P . }� X ��nt P _~R�4�F s�L�t; st(x,P)− (Xd −{x}) s x Liya���#� ��O$ 4.2.3 ���q>J � AP �q6m^�Æv��& ^ X 'Jnl=�Z x ∈ X,B Xx = X >o� Xx O9�4�7 x�
~QUs�zL�B {U : x ∈ U ∈ τ(X)}' x8La��+�� Y =

⊕

x∈X Xx siy"�l=> Y dsrTL�|^�� 4.2.2, Y siy APl=�B f : Y → X'DGy[�Nm# f s3�aL�#� ��9��� AP l=���l=3Lw{��Jl9
~l=U;^' Ty-

chonoff L�Zl= X � X LO0I/L"� α, ^ α ��~�$k��/�5
Cα(X) [86] ' X X
~i(}\��I/L0�$o�O9�4� Cα(X) 3L+�a0'UO {f ∈ Cα(X) : f(Ki) ⊂ Ui, i ≤ n} L0���u�i Ki ∈ α,

Ui s R LhlaC0�F α ' X 3
~~�0I/L0Hh� Cα(X) Z/'o�Qnv~�4 (Qa�4) L��l= Cp(X)..l= X ' Hurewicz �q [86] O�Z X LJnant� {γn : n ∈ N} ,?�~�CH� {µn} lK µn ⊂ γn > ∪{µn : n ∈ N} s X Lnt� X .'s �9A!6 [116] O�ZJn x ∈ A ⊂ X, ?�rT0 D ⊂ A lK x ∈ D.=G��i Hurewicz l=Us Lindelöf L��i Fréchet l=UsrT/L� [116] 3#��ZgOl=l= X, O� Cp(X) s AP L�� X s



P 42 g P�� �6��{ AP ��
Hurewicz l=�l1_~h� tightness L AP l= Cp(X) srT/L�9�/�C�N��H}i�L��l= Cα(X) X��u α s X LiyO"�>��~�$k��� 4.2.4 4X Cα(X) J�N AP �q* X JD{6�� X J�N Hurewicz�q��& Ya 1. X siy Lindelöf l=�}� X sgOL�/�*X#� X 3�ihla0I/LrT0Hsh�L�;^%G�?�%h��rTLa0H γ = {Ut : t < ω1}. Z�i t < ω1, B
xt ∈ Ut l1}\y[ ft : X → I = [0, 1] lK ft(xt) = 1 > ft(X − Ut) = {0}.Z�J{�� f : A → R �G A = {xt : t < ω1}, /�Tp ϕ(f) : X → R O9�

ϕ(f)(x) =
∑

t<ω1

f(xt)ft(x).Nm#Z�i f ∈ RA, ϕ(f) s}\Ll1 ϕ : RA → Cα(X) sa�iZiLy[�>�/�#� ϕ s}\L�Z f ∈ RA, K ∈ α l1 V ∈ τ(R), O�
ϕ(f) ∈ [K, V ] = {h ∈ Cα(X) : h(K) ⊂ V }, � ϕ(f)(K) ⊂ V . }� ϕ(f)(K) s
R LiyOC0�?�iy ε > 0 lK

B(ϕ(f)(K), ε) =
⋃

x∈ϕ(f)(K)

B(x, ε) ⊂ V.} γLrTW�/�% {t : K∩Ut 6= ∅}s~�L�=℄hl56' {t1, t2, . . . , tn}. U =
⋂

i≤n p
−1
ti

(B(f(xt), ε)). � U s f � RA 3Liya���Ya ϕ(U) ⊂

[K, V ]. riX�ZJn x ∈ K l1 g ∈ ϕ(U), O� x ∈ Uti Z y i ≤ n /z��
|ϕ(g)(x) − ϕ(f)(x)| = |

∑

t<ω1
g(xt)ft(x) −

∑

t<ω1
f(xt)ft(x)|

= |(g(xti) − f(xti))fti(x)|

≤ |g(xti) − f(xti)|

< ε.O� x ∈ K−∪γ,� ϕ(g)(x) = ϕ(f)(x) = 0. 
l ϕ(g)(x) ∈ B(ϕ(f)(x), ε) ⊂ V .t; ϕ s}\�=℄siy;P�



§4.2 AP l= P 43 g�d� Rω1 �;PH Cα(X) 3��s Rω1 siy AP l=�G℄�/�%I ω1 + 1 hl�;PH Rω1 3��� ω1 + 1 %s AP l=�[��Z#��
X s Lindelöf l=�Ya 2. X siy Hurewicz l=�^ {λn : n ∈ N} sl= X Liyant��}� X s Lindelöf L�/�hl;^Z�i n,m ∈ N, λn = {Un

m : m ∈ N} > Un
m ⊂ Un

m+1. }
[34, Ts 3.8.11], ZJn n,m ∈ N, ?��0 F n

m ⊂ Un
m lK F n

m ⊂ F n
m+1 >

{int(F n
m) : m ∈ N} nt X.}� X s"	L�?� fn

m ∈ Cα(X) lK
fn

m(F n
m) = {1/n} l1 fn

m(X − Un
m) = {1} Z�i n,m ∈ N.Nm#Z�i n ∈ N, [� Sn = {fn

m : m ∈ N} � Cα(X) 3v~���
hn ≡ 1/n. �h�[� {hn : n ∈ N} � Cα(X) 3v~� h ≡ 0. �s�
h ∈

⋃

n∈N
Sn. �d/�Zhl�H3��0 G ⊂

⋃

n∈N
Sn lK h ∈ G. �iZ n ∈ N, Gn = G ∩ Sn s~�L�l� hn ∈ G− G. t;�Z�i n ∈ N, ?� mn ∈ N lK Fn ⊂ {fn

m : m ≤ mn}. 9�#� {Un
mn

: n ∈ N} nt X. riX�Z�i K ∈ α, ?� fn
m ∈ G ∩ [K, [0, 1)]. �s�|^ fn

m LBa�/�~ K ∩ (X − Un
m) = ∅, =℄ K ⊂ Un

m ⊂ Un
mn

. Ya/z�}�0s�l= P %s Hurewicz L [13], /�~9��y���O$ 4.2.5 Ck(P) ℄ Cp(P) >�J AP 6�� 4.2.6 o> Cα(X) J�N���T tightness 6 AP �q�� Cα(X) J�9A!6��& ^ f ∈ G. %fi�W�/�^ f ≡ 0 l1 f ∈ A− A. }� Cα(X) s
AP L$>_~h� tightness, /� hl;^ A sh�L3��0�5 A '
{fn : n ∈ N}. ?�i�� {εn} lK lim

n→∞
εn = 0 > fi + εi 6= fj, fi + εi 6= f Z%�L i, j ∈ N /z�Z n ∈ N,  gn = fn + εn, B = {gn : n ∈ N}. 9# f ∈ B.^ [K, (−ε, ε)] s f Liy+�����u K ∈ α > ε > 0. }� f ∈ A − A,0�

M = {n ∈ N : fn ∈ [K, (−ε/2, ε/2)]}



P 44 g P�� �6��{ AP ��s0�L��sZJn x ∈ K � n ∈ N lK εn < ε/2, /�~
|gn(x)| = |fn(x) + εn| ≤ |fn(x)| + εn < ε.t; gn ∈ [K, (−ε, ε)].>�B3��0 P = {gnk

: k ∈ N} ⊂ B lK f ∈ P − P .  D = {fnk
:

k ∈ N}. Ya f ∈ D. riX�Z f LJn+��� [K, (−ε, ε)], �u K ∈ αl1 ε > 0, }� f ∈ P − P , 0� M ′ = {k ∈ N : gnk
∈ [K, (−ε/2, ε/2)]} s0�L�B k ∈ M ′ lK εnk

< ε/2. �Z�i x ∈ K

|fnk
(x)| = |gnk

(x) − εnk
| ≤ |gnk

(x)| + εnk
< ε.=℄ fnk

∈ [K, (−ε, ε)].' /#��/�*X#� D srTL�Z�i k ∈ N, fnk
6∈ P ∪{f} = P .?� l ∈ N l1 fnk

(
⋂

j≤l[Kj , Vj]) � P %F��u Kj ∈ α > Vj a� R Z�i j ≤ l /z�℄B ε > 0 lK B(fnk
(Kj), ε) ⊂ Vj Z�i j ≤ l /z��s

⋂

j≤l[Kj , B(fnk
(Kj), ε)] ∩ P = ∅. Ya0�
M ′′ = {i ∈ N : fni

∈
⋂

j≤l

[Kj , B(fnk
(Kj), ε/2)]}s~�L�l�L��/�hl℄� i ∈ M ′′ lK εni

< ε/2. #�ZJn j < l� x ∈ Kj /�~
|gni

(x) − fnk
(x)| = |fni

(x) − fnk
(x) + εni

|

≤ |fni
(x) − fnk

(x)| + εni

< ε.f2� gni
∈

⋂

j≤l[Kj , B(fnk
(Kj), ε)]. �� gni

∈ P �[�
l fnk
_~a��

⋂

j≤l[Kj , B(fnk
(Kj), ε/2)] � D 3P~�y�BF�=℄ D srTL�VM 4.2.7 [116, Problem 4.8] 4X Cp(X) J�N AP �q� Cp(X) JH�=J�9A!6	



bY� tvQ-1`�o�y��:�'NoD�L��Ge�xHyL�L�- “���4F3�pX�W2Liy=5 ”, :eMZ~��4FL3yK��7
8% [8, 29], �4F*g�4F_~B��L�4W2�O�yg�4FUs7WL��yPih�L�4FshX��L���4F3�z5�pX�W2##(��}<~{LX��tC�t;�Z�4F*g�4F3L�pX�W2QV��siA~CLr?���%H A. V. Arhangel’skǐı � V. V. Uspenskij � [16]3�l1Æ9�i<�4^^}&r3�6L�y.������4F3L*l= (�*l=� k �*l=) � cs Pih�l=LiNW2�%A*'j%A��y.��
§5.1 vu A. V. Arhangel’skǐı | V. V. Uspenskij `WN� [14] 3� A. V. Arhangel’skǐı ����4F��6['OCFLWF��`>�iT�A9WFL�4W2([65mFL�4W2�� 5.1.1 [14] > P J�N����)xT�℄e�Æ="�"6b&x$�
G J�Nb&.� H J G 6�N��{6).F5;�q G/H ��x$ P.�-�1k� e 6��� U F5 U ��x$ P.L'w{� A. V. Arhangel’skǐı #��9�LK��� 5.1.2 [14] > G J�Nb&.� H J G 6�N��{6).F5;�q G/H J�N k �q���q G J�N k �q�Qi&� A. V. Arhangel’skǐı � V. V. Uspenskij � [16] 3#��9�LK��� 5.1.3 [16] > G J�Nb&.� H J G 6�N��{6).F5 G/HJD{6 (~{6�+D{6� Dieudonné e�6), ��q G �JD{6 (~{6�+D{6� Dieudonné e�6).
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P 46 g P1� suP,0_�n�xDGO�/��RX~K�Z*l=(l/z�A�slTL�riX�/�B G 'JnL['OL�4Fl1CF H = G, � G/H siy3bL�4F�G℄�G +�s*l=�t; A. V. Arhangel’skǐı � V. V. Uspenskij �
[16] 3�69~.��VM 5.1.4 [16, m℄ 2.6] > G J�Nb&.� H J G 6�N��{6?�).F5;�q G/H J��q��q G JH�=J��q	Z;�/�C��JL�� 5.1.8 3{�kTL%A�/� Cq�LK���H�*l=� k �*l=� σ l=3�o� 5.1.5 [14, =� 1.2] > G J�Nb&.�H J G 6�N��{6).�
π : G → G/H J*/;Æ=��-�1k� e 6�N��� U F5 π(U) �� G/H * π � U <6r#J�Ne�Æ=�o� 5.1.6 [16, =� 1.1] > P J�NT��)�q℄���r�℄�"6b&x$������ P 6b&.J P 6�7
8%�Z��4F G, O� G _~Q Gδ W2�� G _~ Gδ ZGA�� 5.1.7 > G J�Nb&.� H J G 6�N��{6?�).F5;�q G/H J P 6�� P J�Nb&x$�4X P �+�p_t���q G�J P 6�

(i) P T��)�q℄���r�℄�"�
(ii) P �Z< Gδ x$�
(iii) > f : X → Y J�Ne�Æ=�4X X �� Gδ �ws* Y J P6�� X �J P 6��& ^ π : G→ G/H sDGWy[�}� G/H s P L> P �G (ii), {H}s G/H Liy Gδ C0�f2�?� G/H La0� {Un : n ∈ N} lK {H} =

⋂

n∈N
Un. �s/�~ H =

⋂

n∈N
π−1(Un). }� H s G LiyX�CF�D,� e� H 3_~h�a��+ {Vn : n ∈ N}. �i Vn hl"o' Wn∩H ,�u�i Wn a� G. t; {e} =

⋂

n∈N
Vn =

⋂

n∈N
(Wn∩H) =

⋂

n∈N
(Wn∩π

−1(Un)).=℄ G _~Q Gδ W2�
l G _~ Gδ ZGA�



§5.1 T� A. V. Arhangel’skǐı ℄ V. V. Uspenskij 6m℄ : 47 �|^us 5.1.5, ?� e Liya�� U lK π(U) �� G/H > π � U XL�0siy �y[�t;} (i) � (iii), Cl= U s P L�=℄ G s['
P L�}us 5.1.6, G s P L�=nH*l=��*l=l1 σ l=�GTs 5.1.7 3L�A (� [45, 72]),/�~O9L���O$ 5.1.8 > G J�Nb&.� H J G 6�N��{6?�).F5;�q G/H J��q ( ���q� σ �q). ��q G �J��q (���q� σ�q).}� k �*l=sl�G�GTs 5.1.7 3L�A (iii) Y+h% [72, .� 3.4.17], /�vSC��� 5.1.8 LK�Z k �*l=sl/z�9�L��
5.1.11 ���s/zL�l= X .'_~ KG z� [67] O�?� X Liyant� {Un} �GO� lim

n→∞
pn = p, lim

n→∞
qn = q > pn ∈ st(qn,Un), � p = q. =G�O� X _~

KG [��� X _~ Gδ ZGA$> X L�iCl=U_~ KG [��9��yusrQ� “�i_~Q Gδ L�4FU_~ Gδ ZGA ” �yK��o� 5.1.9 > G J�Nb&.�4X G ��< Gδ x$�� G �� KG z���& ^ {Un} sD,� e Liya��[�lK ⋂

n∈ω Un = {e}. %fi�W�/�;^ U−1
n Un ⊂ Un−1.  Un = {xUn|x ∈ G}, ��i Un siy G Liyant�9�#� {Un} s G Liy KG [��^ pn ∈ st(qn,Un), {pn} l1 {qn} j#sv~� p � q L[��ZJn

n ∈ N, ?� xn ∈ G lK pn, qn ∈ xnUn. �s/�hlB un, vn ∈ Un lK pn =

xnun, qn = xnvn. =nH pnu
−1
n = xn = qnv

−1
n , /�~ q−1

n pn = v−1
n un ∈ U−1

n Un.}�[� {q−1
n pn} v~� q−1p, 
l q−1p ∈

⋂

n∈ω U
−1
n Un ⊂

⋂

n∈ω Un = {e}, t; p = q. ��� G _~ KG [��o� 5.1.10 [67] > f : X → Y J�Ne�Æ=�4X X �� KG z�* YJ k ���q�� X �J k ���q�q��Ts 5.1.7 L#��|^us 5.1.9 �us 5.1.10, /�~O9���



P 48 g P1� suP,0_�n�xO$ 5.1.11 > G J�Nb&.� H J G 6�N��{6?�).F5;�q G/H J k ���q���q G �J k ���q k- ���VM 5.1.12 �b&.%�
(1) ��q� k ���qJH8p	
(2) σ �q℄���qJH8p	

§5.2 cs bk�G`jQ-1� 2008’ �9�4^^}&rX�Æ9�69��y.��VM 5.2.1 ��6!:��T6b&. G, 4X G �Y Sω 6����� G JH�=J�?�`6	VM 5.2.2 �6!:��T6Db&. G, 4X G �Y Sω 6����� G JH�=J:��T66	=nHO�.� 5.2.2 L%AskTL��.� 5.2.1 L%AfskTL�/�C#�Z�[�L� cs Pih�L"�g�4F G, G sPih�LF>PF G %Æ Sω L�f���%A ('j%A) �X~.��m 5.2.3 > P �q X 6�N)i,� x ∈ ∩P.

(1) P  gJ x <&6 sn f [42] 4X P %��N�>J x 6�Nz���*� x 60	�� U -� P ∈ P F5 P ⊂ U .

(2) P  gJ x <&6 cs f [47] 4X�0	K�� x 6z� L �j x 6��� U , -� P ∈ P F5 P ⊂ U * L &� P ;

(3) P  gJ x <&6 cs∗ f [39] 4X�0	K�� x 6z� L �j x6��� U , -�)z� L′ ⊂ L ℄ P ∈ P F5 L′ ⊂ P ⊂ U .

X .'s sn:��T6 (cs:��T6�cs∗f �T6) O�ZJn x ∈ X,?�h�L x Q8L sn " (cs "� cs∗ ").	 5.2.4 q/�sn :��T ⇒ cs :��T ⇒ cs∗ :��T���� 2.1.2, 6!:��T ⇒ cs∗ :��T� [101] %��� cs :��T ⇔ cs∗ :��T��A�6!:��T ⇒ cs :��T�



§5.2 cs Pih�Lg�4F P 49 gl= X .'siy Db&. O���hsiyF$>FXL1-Æ	s}\L�2[0 (T,≤) .'siy S O�ZJn t ∈ T , 0� ↓ t = {τ ∈ T : τ ≤ t}�� ≤ s�[0�{T�� t ∈ T , 5 ↑ t = {τ ∈ T : τ ≥ t} l1 succ(t)=

min(↑ t− {t}) ' t � T 3
~�\�I/L0�� T Liy.BAW[C0.'s T Liy F . 5 maxT (minT ) ' T 3
~.B� (.L�) I/L0���4l= X 3Liy z�S s)� (T,≤) �G (i) T ⊂ X, (ii) T �~0�j$> (iii) J{ t /∈ maxT , 0� succ(t) sh�L$>v~� t.o� 5.2.5 [17] �z��q X, < a ∈ X P�)i A ⊂ X 6��3*|3-��Nz�S T ⊂ X F5 minT = {a} * maxT ⊂ A.o� 5.2.6 �Db&. G j(z�)�q F ⊂ G, 4X F−1F J sn :��T6�� F J:��T6��& %fi�W�/�hl;^D,� e ∈ F . ^ {An : n ∈ N} s F−1F3Q e 8DS9EL sn "�w;/�#�Z�i n ∈ N, ?� m > n lK A2
m ∩ F−1F ⊂ An. ;^%G�Z�i m > n ?� xm, ym ∈ Am lK

xmym ∈ F−1F − An. e�H[� {xm}, {ym} v~� e, /�% {xmym} v~�
e. �� An s e � F−1F 3Liy[����[�9#Z�i n ∈ ω, 0� An ∩ F s e � F 3L[����;^%G�
e ∈ clF (F −An0

) Z y n0 ∈ N /z�|^us 5.2.5, ?�iy[�� T ⊂ FlK minT = {e} > maxT ⊂ F −An0
. 9�/��� T L0�j$�=℄KH�[�B x0 = e l1 m0 = min{m ∈ N : A2

m ∩ F−1F ⊂ An0
}. ;^/�kU��� {Ami

: i ≤ j} � {xi : i ≤ j} ⊂ T lKZ�i i ≤ j, A2
mi

∩ F−1F ⊂ Ami−1
>

xi ∈ succ(xi−1) ∩ (xi−1Ami
). � xj ∈ F ∩ (Am0

Am1
· · ·Amj

) ⊂ F ∩ A2
m0

⊂ An0
,=℄~ xj /∈ max(T ). �d/�KHiyv~� xj L[� succ(xj). �s

x−1
j succ(xj) v~� e > x−1

j succ(xj) ⊂ F−1F . B mj+1 ∈ N lK A2
mj+1

∩

F−1F ⊂ Amj
. }� Amj+1

siy e � F−1F 3Liy[����/�hlB
xj+1 ∈ succ(xj)∩ (xjAmj+1

). �d�� /� T _~iy0�j$ {xi : i ∈ N}.�[�t; e ∈ intF (An ∩ F ) ZJn n ∈ N /z� F sPih�L�



P 50 g P1� suP,0_�n�xo� 5.2.7 � cs :��T6��Db&. G j(z�)�q F ⊂ G, 4X F�Y Sω 6����� F J sn :��T6��& %f^ e ∈ F . ^ A s G �Q e 8L cs "�%fi�W�/�hl;^
A �� G L-Æ	�~�$�~�Fk��Ya0H A|F = {A ∩ F : A ∈ A}s e � F 3Liy sn "�;^%G�/�hl�H eLiya�� U ⊂ GlKZJn�G A∩F ⊂ UL A ∈ A, 0� A ∩ F %s e � F 3L[����

A′ = {A ∈ A : A ∩ F ⊂ U} = {An : n ∈ N},

Bn =
⋃

k≤n

Ak.}� B0 ∩ F %s e � F 3L[����?� F 3[� L0 = {x0i}i∈N v~�
e lK L0 ∩B0 = ∅. B e L��� U0 ⊂ G lK U2

0 ⊂ U . ?� m0 ∈ N lK L04� Am0
∩ F ⊂ U0. %fi�W�/�;^ L0 ⊂ Am0

∩ F . }
$a�/�hl��6[� Lk, DG� mk l1 e L��� Uk lKZJn k ∈ N,

(i) Lk = {xki}i∈N v~� e > Lk ⊂ Uk ∩ F − Bmk−1
;

(ii) Lk ⊂ Amk
⊂ Bmk

;

(iii) Uk ∩ {xji : j, i < k} = ∅ > U2
k ⊂ Uk−1. X =

⋃

k∈N
Lk, Y = clF (X) −X. � X s G LiyrTCl=�=℄

Y �� F . e�l9�5?U�?U 1. e s Y Liy�zQ�/�hl�H e � G 3L��� W ⊂ U lK W ∩ Y = {e}. Z k ∈ N, Sk = Lk ∩W , X ′ =
⋃

k∈N
Sk. � X ′ = X ∩W = (X ∪ Y )∩W = clF (X)∩W�� F . /�#� X ′ s F 3iy Sω Lf��}� F s[�l=�?� F 3v~[� S ⊂ X ′ lK S -\�~�y Sk BF�=nH S �Xv~� e, ?�

k0 ∈ N lK S 4� Amk0
, �� (i) �[�t; F Æ~iy Sω L�f��?U 2. ?� Y h3b[�v~� e.|^ 5.2.5, ?�[�� T ⊂ clF (X) lK minT = {e}, maxT ⊂ X >

succ(e) ⊂ Y .  t0 = e, ?� C0 ∈ A lK C0 ⊂ U0 > succ(e) 4� C0. B
t1 ∈ succ(t0) ∩C0. }
$a�/�hl��iy~�j$ {ti : i ≤ n+ 1} l1
{Ci : i ≤ n} ⊂ A lK succ(ti) 4� tiCi, Ci ⊂ Ui and ti+1 ∈ succ(ti) ∩ tiCi Z



§5.2 cs Pih�Lg�4F P 51 gJn i ≤ n /z�=n M = succ(tn)∩ tnCn v~� tn 6= e. G℄�M ⊂ tnCn ⊂

tn−1Cn−1Cn ⊂ · · · ⊂ t0C0C1 · · ·Cn ⊂ U0U1 · · ·Un ⊂ U . }/�Z A L;^�
C0C1 · · ·Cn ⊂ A, =℄ C0C1 · · ·Cn ∩ F ⊂ Bmk0

Z y k0 ∈ N /z�}� e s
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