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Abstract

This paper mainly discuss the spaces under the boundary compact image of

metric spaces. It is shown that each sequence-covering and boundary compact map

on a metric space is 1-sequence-covering. It is also studied the image of sequentially

quotient(sequence-covering), boundary compact image of a metric space, and obtain

the characeters of space with a point countable sn-network and snf -countable space.

The concept of space with an uniform base at non-isolated points is introduced. It is

shown that X is an open, boundary-compact image of a metric space if and only if X

has an uniform base at non-isolated points. Some relationships among the images of

metric spaces under open boundary-compact maps, pseudo-open boundary-compact

maps, open compact maps, spaces with point-countable base and some generalized

spaces are discussed. The following results are obtained:(1) X has a base which is

σ-disjoint at non-isolated points if and only if X is an open, at most boundary-one

image of a metric space; (2) Each discretizable space of a space with an uniform base

is an open compact and at most boundary-one image of a space with an uniform

base.

Key Words: sequence-covering mappings; metric spaces; uniform bases at non-

isolated points; boundary compact mappings; discretizable spaces; point countable

families
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Tanaka ?`N [5] #n	E</\a�JSB� s �_?Bxx"J℄U?.,���B�?4�k&E</\a>�JJSB�?k&Nm��{*��?�_Uh?%sw"��℄U�� [6, 7]. 9#n	�|�B�?4�k&E</\a>�JJSB�?k&Nm��{�'*���'�Z���?�_�xUh?%s#�"��3.℄/� [8] =<T�V?HH 1.1 { 1.2:A_ 1.1 B� X #Bx</? (4�E</	) :~+:B� X #<JSB�?K6�'*�K6�' MJ 1(K6 s ~�' MJ 1 �K6</<x~�' MJ 1) ��?�_�A_ 1.2 B� X #ÆBx</? (4�E</Æ	) :~+:B� X #<JSB�?��'*���' MJ 1(� s �' MJ 1 ��</<x~�' MJ 1) ��?�_�B� X 4�x!	 ⇒ B� X 4� sharp 	 [9] ⇔ B� X 4�E</ sharp	 [10] ⇒ B� X 4�E</	 ⇒ B� X 4�E</Æ	 ⇒ B� X 4�E</
sn H�



2 |~o\vzfvqpvrks��Pg)|<�|�JSB�?k&Nm��{�'*��'�Z���D>� sharp 	�E</	�E</Æ	�E</ sn H
B� X #JSB�k&Nm��{�'* (�'�Z) ��?�_��^B�4��h#
9�#JSB�?6�'*��'�Z?�_4��u?h#
n	�Uh?xa\n%s�V�A_ 1.3[11] B� X 4�x!	:~+:B� X #JSB�?6*�_�A_ 1.4 K	B� X VV���
(1) B� X 4�E</		
(2)X #JSB�?6 s �_ [1];

(3)X #JSB�?</0� s �_ [12];

(4)X #JSB�?*\a6 s �_ [13];

(5)X #JSB�?6�</<x�_ [14];

(6)X #JSB�?K6� s ~�' MJ 1 ?��?�_ [8];

(7)X #JSB�?K6�</<x~�' MJ 1 ?��?�_ [8].A_ 1.5 K	B� X VV���
(1) B� X 4�E</Æ		
(2)X #JSB�? 1 lV\a� s �_ [15];

(3)X #JSB�?���' MJ 1 ? s �_ [8];

(4)X #JSB�?���' MJ 1 ?</<x�_ [8].A_ 1.6 K	B� X VV���
(1) B� X 4�E</ sn H	
(2)X #JSB�? 1 lV\a s �_ [15].n	JSB��?k&*��?r1w"���X'�N [16] { [17] $Y��iT�JSB��?lV\a*��# 1 lV\a��{JSB��?lV�*��#KlV\a���xe-�?O;#�h?%s$? “*��” oZ�J “�'*��”? �N�g,�H?5���N?'v%s�V�A_ 1.7 � f : X → Y #�'*���|$ X #JSB��m f #lV���:~+: f #KlV\a���



[he_YWbyu 3A_ 1.8 JSB�?lV\a�'*��# 1 lV\a���A_ 1.9 KB� X, VV���
(1)X # snf </	
(2)X #JSB�?lV���' MJ 1 ?�_	
(3)X #JSB�?lV���'*?�_	
(4)X #JSB�?KlV\a��'*?�_�A_ 1.10 KB� X, VV���
(1) X �E</ sn H	
(2) X #JSB�? 1 lV\a�</<x~�' MJ 1 ?�_	
(3) X #JSB�?lV���' MJ 1 ? s �_�A_ 1.11 KB� X, VV���
(1)X #JSB�?6��'*�_	
(2)X 4�n	XjLE?x!		
(3)X 4�n	XjLE?E��		
(4)X 4�n	XjLE?E�Z?�6�A_ 1.12 � X 4�n	XjLEx!	?B��m
(1) X 4�p�6	
(2) X 4� ortho 	{ σ-Q 	�A_ 1.13 B� X 4�n	XjLE σ "\�	:~+: X #JSB�?6��' MJ 1 ?�_�A_ 1.14 x!	B�?G��#x!	B�?6*~ M�' 1 ��?�_�A_ 1.15 KB� X, V,���
(1)X 4�E</		
(2)X #JSB�?</0� s �_	
(3)X #JSB�?K6��'*? s �_	
(4)X #JSB�?0���' M 1 ?</<x�_��N4`B�5# T2 ?E{B����#Nma���N$LH~?+��y�N [6] � [18].



4 |~o\vzfvqpvrks> 2 � Df^T<{hHJ7XZ
wE{o�=<TjMn	k&E</\a?��>��3.℄/� [8] $=<ÆBx</B�{E</Æ	Y�#JSB�?k&�'?��_{JSB�?��' MJ 1 ? s �_��g,TX'� [6] ?O; 2.3.18 ?�H�5���}PgKlV\a�lV�?�'*��?8`�
2.1 B��`� P #E{B� X ?,�� P %J X $E x ? I9:P[6],  X $?lV {xn} $O	 x, � {xn} #%\	 P ?� P %J X $? I94,,  P # P$exE?lVYÆ�B� X %J I96.[19],  X $?exelV6�# X$?6�� X %J Fréchet B� [19], K	 x ∈ P ⊂ X, P $4�lV$O	 X$?E x.A� 2.1.1 � P =

⋃

x∈X Px #B� X ?\a~a0�K	
| x ∈ X �
(a)  U, V ∈ Px, �4� W ∈ Px � W ⊂ U ∩ V ; (b) Px # x � X $?H�Æ
x ∈ ∩Px, ~ x ∈ U ∈ τ(X), 4� P ∈ Px � x ∈ P ⊂ U .

(1)P %J X ? sn H [15], ex Px ?�# x � X $?lVYÆ� X %J
snf </ [6], ex Px #</?�

(2)P %J X ? =+[20],  G ⊂ X �=K	 x ∈ G 4� P ∈ Px, � P ⊂ G,m G # X $?6,�� X %J gf </ [21], ex Px #</?�A� 2.1.2 � P #B� X ?,�� P %J X ? cs H [22], K	 X $?lV {xn} $O X $?E x ~ x ∈ U ∈ τ(X), 4� m ∈ N { P ∈ P �=
{x} ∪ {xn : n ≥ m} ⊂ P ⊂ U .� [6] {�K	B� X �

(1)gf </ ⇔snf </ + lVB�	
(2) Æ	 ⇒sn H ⇒cs H	
(3)sn H + lVB� ⇒ Æ	�A� 2.1.3 � f : X → Y #x���
(1)f # 2M? (s M?), Kex y ∈ Y , f−1(y) # X $?* (<Y) ,�	
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(2)f #�12M? (�1NFM?�U"�1 1M?),Kex y ∈ Y , ∂f−1(y)# X $?* (�Z� MxE?) ,�	
(3)f # >M?, K Y $?ex6� U � f−1(U) # X $?6�	
(4)f # E4M?,  f−1(y) ⊂ U ∈ τ(X), m y ∈ Int(f(U));

(5)f # I9%&M?[23], K Y $?$OlV {yn}, 4� X $?$OlV
{xn} �=K n ∈ N, xn ∈ f−1(yn);

(6)f #I9>M?[24], K Y $?$OlV {yn}, 4� X $?$OlV {xk}�=K k ∈ N, xk ∈ f−1(ynk
);

(7)f # 1 I9%&M?[15], Kex y ∈ Y , 4� x ∈ f−1(y) �=K Y $?$OlV {yn}, 4� X $?lV {xn} $O	 x ~K n ∈ N, xn ∈ f−1(yn);

(8)f # EI9%&M?[3 ], K Y $?$OlV L, 4� X $?*,� K �= f(K) = L.� �,H~?lV\a���N [3] $H~?lV\a��#"�?���N$N [3] ?lV\a��%JKlV\a���X���&\a����V?nT�
1 lV\a�� - lV\a�� �

�
�*
KlV\a��

H
H

Hj lV�����_ 2.1.4[24] � f : X → Y #x���m
(1)  X #lVB��� f #���:~+: f #lV���~ Y #lVB��
(2)  X # Fréchet B��� f #K6��:~+: f #lV���~ Y #

Fréchet B��Vh?�Hg,N [6] ?O; 3.4.8 ?�H�5~KN [17] ?HH 2.2 ?>�g	�#�?�Æ��_ 2.1.5 � f : X → Y #�'*���|$ X #JSB��m f #lV���:~+: f #KlV\a����k �vh�� f #lV���� {yn} #$O	 Y $E y0 ?XySl



6 |~o\vzfvqpvrksi�{j S1 = {y0} ∪ {yn : n ∈ N}, X1 = f−1(S1) { g = f |X1
. m g #lV��'*���2O��H 2.1.4 ? (2) � g #K6���� {Un}n∈N # ∂g−1(y0) �

X1 $C�?YÆ	�� {Un ∪ Int(g−1(y0))}n∈N # g−1(y0) � X1 $C�?YÆ	�Kex n ∈ N, [ Vn = Un ∪ Int(g−1(y0)). � y0 ∈ Int(g(Vn)), 4z4� in ∈ N �=K
| i ≥ in � yi ∈ g(Vn), 2O� g−1(yi) ∩ Vn 6= ∅. "V� 1 < in < in+1. K
| j ∈ N,  j < i1, � xj ∈ f−1(yj);  in ≤ j < in+1, � xj ∈ f−1(yj) ∩ Vn. [
K = ∂g−1(y0)∪ {xj : j ∈ N}. m K # X1 $?*�~ g(K) = S1. �0 f #KlV\a���*Yh�� f #KlV\a��� {yn} # Y $?$OlV��4� X $?*� K �= f(K) = {yn}. Kex n ∈ N, � xn ∈ f−1(yn). X�lV {xn} �$O?,lV {xnk

}. 4z f #lV���� 2�_ 2.1.6[15] � f : X → Y #x���� {Bn}n∈N # X $E x ?C�?H~ex f(Bn) # Y $ f(x) ?lVYÆ� Y $?lV {yn} $O	 f(x), 4� X$?$OlV {xn} �=K n ∈ N, xn ∈ f−1(yn).�_ 2.1.7 � f : X → Y { g : Y → Z #�'�Z���� g ◦ f : X → Z w#�'�Z����k Kex z ∈ Z, (g ◦ f)−1(z) = f−1(g−1(z)) = f−1(∂g−1(z) ∪ Int(g−1(z))).� f−1(Int(g−1(z))) # X $?6�~ ∂g−1(z) #�Z��4z ∂(g ◦ f)−1(z) ⊂

∪{∂f−1(y) : y ∈ ∂g−1(z)} #�Z�� 2�_ 2.1.8[8] � f : M → X # 1 lV\a s ���|$ M #JSB��K X $exXjLE x � ∂f−1(x) ⊂ Int(f−1(x)), 4� M ?,B� M1 �=
g = f |M1

: M1 → X # 1 lV\a�</<x~�' MJ 1 ?����_ 2.1.9[6] (1)snf </B�� 1 lV\a���)	
(2)gf </B�� 1 lV\a����)��_ 2.1.10[25] B� X 4�E</Æ	:~+: X 4�E</ cs H? gf </B��

2.2 ��VO�N [16] ?HH 4.4 �iT�JSB��?lV\a*��# 1 lV\a�



[he_YWbyu 7n�tl`}m℄dwXZa^�A_ 2.2.1 JSB��?lV\a�'*��# 1 lV\a����k � f : X → Y #lV\a�'*���|$ X #JSB��K
|
t0 ∈ Y , "V� t0 # Y $kxXyS$OlV {tk} ?�ZE�� X #JSB��� [18] � X �	 ⋃

n∈N
Bn a0VV>� (a)-(c):

(a) Kex n ∈ N, Bn # X ?2$�Z6\a	
(b) Kex n ∈ N, Bn+1 e�U Bn;

(c){Bn} # X ?xe�6�� Pn = {f(B) : B ∈ Bn, B∩∂f−1(t0) 6= ∅~{tk}%\	f(B)} = {Pα : α ∈ Γn}.

(d)Pn #XB?�Z���J f #lV\a�4z{� Pn #XB?�� Bn #2$�Z?~ ∂f−1(t0)#*��2O Pn #�Z��
(e) K
| n ∈ N, 4� f(B) ∈ Pn �= f(B) # t0 ?lVYÆ~K f(B) $ex$O	 t0 ?lV K, 4� B $?$OlV L �= f(L) = K."���K
| α ∈ Γn, Pα ��# t

0
?lVYÆ���"# t

0
?lVYÆ��

(e) "&L��4�$OlV Kα → t
0
�= (Kα \ {t

0
}) ∩ Pα = ∅ �� Kα ⊂ Pα ~K Bn $ex� B a0 f(B) = Pα, �"4� B $$OlV Lα �= f(Lα) = Kα.[ Kn = (

⋃

α∈Γn
Kα)∪{tk : k ∈ N}. � Γn #�Z��Kn $O	 Y $?E t

0
. � f#lV\a���4z4� X $$OlV Ln �= f(Ln) = Kn. 2O4� B ∈ Bn�= Ln #%\	 B, � {tk} %\	 f(B) ~ B ∩ ∂f−1(t0) 6= ∅. Æ� α ∈ Γ

n
�=

f(B) = Pα. 4z (Kα \ {t0})∩Pα 6= ∅ ~ B $4�$OlV L �= f(L) = Kα. ����bL�K
| n ∈ N, [ Un = {x ∈ X : KB ∈ (Bn)x, f(B)"#Y$Et0?lVYÆ}

(f)  x ∈ Un, � ∩(Bn+1)x ⊂ Un+1."���4� p ∈ ∩(Bn+1)x \ Un+1. � Un+1 ?H~�4� B ∈ (Bn+1)p �= f(B) # Y $ t
0
?lVYÆ�� B1 ∈ (Bn+1)x, � p ∈ B ∩ B1. �� (b) �4�

B2 ∈ Bn �= B ∪ B1 ⊂ B2. 2O B2 ∈ (Bn)x ~ f(B2) # Y $ t
0
?lVYÆ��

x 6∈ Un, bL�
(g)∂f−1(t0) 6⊂

⋃

n∈N
Un.



8 |~o\vzfvqpvrks� (f) � Un ⊂
⋃

{∩(Bn+1)x : x ∈ Un} ⊂ Un+1.  ∂f−1(t0) ⊂
⋃

n∈N
Un, m� ∂f−1(t0) # X $?*�~ ∩(Bn+1)x # X $?6���4� m ∈ N �=

∂f−1(t0) ⊂ Um. � (e) ��4� Bm $?� B �= f(B) # Y $ t0 ?lVYÆ~
∂f−1(t0) ∩B 6= ∅. 2O ∅ 6= ∂f−1(t0) ∩B ⊂ X \ U , bL�lHE x0 ∈ ∂f−1(t0) \

⋃

n∈N
Un. ��

(h)  {yi} # Y $$O	 t0 ?lV��4� X $$O	 x0 ?lV {xi} ~Kex i ∈ N, � xi ∈ f−1(yi).K
| n ∈ N, �	 x0 6∈ Un, 4� Bn ∈ (Bn) �= f(Bn) # Y $ t0 ?lVYÆ�2O {st(x0,Bn)} # X $ x0 ?C�?2$	~ex f(st(x0,Bn)) # Y $ t0?lVYÆ���H 2.1.6 �4� X $?lV {xi} $O	 x0 ~Kex i ∈ N, �
xi ∈ f−1(yi).��4�� f # 1 lV\a��� 2VhPg�g,JSB��?lV� (lV\a) �'*�_?>��A_ 2.2.2 KB� X, VV���

(1)X # snf </	
(2)X #JSB�?lV���' MJ 1 ?�_	
(3)X #JSB�?lV���'*?�_	
(4)X #JSB�?KlV\a��'*?�_��k (1) ⇔ (2) � [6, C` 2.3.17]. (2) ⇒ (3) #X�����H 2.1.5 �

(3) ⇔ (4).

(3) ⇒ (1) � f : M → X #lV��'*���|$ (M, ρ) #JSB��[ I � B� X $?�<jLE�Kex x ∈ X \ I { n ∈ N, � Vn(x) =

{y ∈ M : ρ(∂f−1(x), y) < 1/n}. m {Vn(x)}n∈N # M $ ∂f−1(x) ?YÆ	�[
Bx = {f({Vn(x))}n∈N.� B = ∪{Bx : x ∈ X \ I}

⋃

{{x} : x ∈ I}. m B #B� X ? sn H�"��4� x ∈ X \ I { m ∈ N �= f(Vm(x)) "# X $E x ?lVYÆ��4�
X \ f(Vm(x)) $lV {xn} $O	E x. � f #lV����4� M $lV L $O	 ∂f−1(x) $kxE�= f(L) # {xn} ?,lV�� L #%\	 Vm(x), 4z
f(L) #%\	 f(Vm(x)), bL�Æ B # X ? sn H�~ X # snf </� 2



[he_YWbyu 9�HH 2.2.2, �H 2.1.4 {�H 2.1.7 Pg�<=V,C`�oj 2.2.3 (1) ex snf </B��lV��'*���)	
(2) ex gf </B����'�Z���)�oj 2.2.4[8] KB� X, VV���
(1) X # gf </	
(2) X #JSB�?���' MJ 1 ?�_	
(3) X #JSB�?���'*?�_�A_ 2.2.5 KB� X, VV���
(1) X �E</ sn H	
(2) X #JSB�? 1 lV\a�</<x~�' MJ 1 ?�_	
(3) X #JSB�?lV���' MJ 1 ? s �_��k (2) ⇒ (3) #X�?�
(3) ⇒ (1) � f : M → X #lV�? s ��~K
| x ∈ X � |∂f−1(x)| 6 1,|$ M #JSB��� B # M ?E</	~[

B′ = {B ∈ B :4�x ∈ X�=B ∩ ∂f−1(x) 6= ∅};

P = {f(B) : B ∈ B′}
⋃

{{x} : x#X$?jLE}.� f # s ��� P E</� x # X ?jLE�� Px = {x};  x #XjLE�� Px = {f(B) : B ∩ ∂f−1(x) 6= ∅, B ∈ B}. m P =
⋃

x∈X Px. JT�i P # X? sn H���i�K
| f(B) ∈ Px, f(B) # X $XjLE x ?lVYÆ�"���� {B ∈ B : B ∩ ∂f−1(x) 6= ∅} # M $8E� ∂f−1(x) ?2$	~ f #lV���� f(B) # X $E x ?lVYÆ�
(1) ⇒ (2) � P = F ∪ {{x} : x#X$?XjLE}, |$ F # X ?E</ snH�� P = {Pα : α ∈ I}. Kex i ∈ N, ℄
 Ii = I G�E{~"

M = {α = (αi) ∈
∏

i∈N

Ii : {Pαi
}#X$kExα?H}.H~ f : M → X, |$ f((αi)) = xα. � M #JSB�~�N [6] ?�H 1.3.8� f # s ���Y� f # 1 lV\a���K
| x ∈ X, 4� X $E x ?H

{Pαi
} ⊂ F �=ex Pαi

# x ?lVYÆ�" β = (αi) ∈
∏

i∈N
Ii. m β ∈ f−1(x).Kex n ∈ N, � Bn = {(γi) ∈ M : Kexi 6 n, γi = αi}. m {Bn}n∈N # M



10 |~o\vzfvqpvrks$E β ?C�?2$	~ f(Bn) =
⋂

i6n Pαi
. "���� γ = (γi) ∈ Bn, m

f(γ) ∈
⋂

i∈N
Pγi

⊂
⋂

i6n Pαi
. � f(Bn) ⊂

⋂

i6n Pαi
. ZxUh�� z ∈

⋂

i6n Pαi
,� X $E z ?H {Pδi

} �= δi = αi : i 6 n. � δ = (δi) ∈
∏

i∈N
Ii. m

z = f(δ) ∈ f(Bn), �0 ⋂

i6n Pαi
⊂ f(Bn). 4z f(Bn) =

⋂

i6n Pαi
# X $E x ?lVYÆ���H 2.1.8, f # 1 lV\a���Kex n ∈ N, � πn :

∏

i∈N
Ii → In #B����KexXjLE x ∈ X," Vn = π−1

n (βn) ∩M , |$ P
βn

= {x}. m Vn # M $?6�~ Vn ⊂ f−1(x). (αi) ∈ ∂f−1(x), m ⋂

i∈N
Pαi

= {x}. Kex n ∈ N, H~ αi(n) ∈ Ii �V� i < n, αi(n) = αi;  i > n, αi(n) = βi. mKex n ∈ N, (αi(n)) ∈ Vn ⊂

Int(f−1(x)), ~� M $� limn→∞(αi(n)) = (αi). �0 ∂f−1(x) ⊂ Int(f−1(x)). ��H 2.1.8, 4� M ?,B� M
1
�= g = f |M1

: M1 → X # 1 lV\a�</<x~ |∂f−1(x)| 6 1 ?��� 2oj 2.2.6 � f : X → Y #lV��</<x~�' M 1 ?��� X �E</ sn H�� Y w�E</ sn H�oj 2.2.7[8] KB� X, VV���
(1) X �E</Æ		
(2) X #JSB�?��</<x~�' MJ 1 ?�_	
(3) X #JSB�?���' MJ 1 ? s �_�oj 2.2.8 KB� X, VV���
(1) X �E</ sn H	
(2) X #JSB�? 1 lV\a s �_	
(3) X #JSB�?lV\a��'*? s �_	
(4) X #JSB�? 1 lV\a��'*? s �_��k �HH 2.2.5 � (1) ⇒ (4). (4) ⇒ (3) #X���HH 2.2.1 � (3) ⇒ (2).

(1) ⇔ (2) � [15, HH 2.3]. 2oj 2.2.9 KB� X, VV���
(1) X �E</Æ		
(2) X #JSB�? 1 lV\a� s �_	
(3) X #JSB�?lV\a�'*?� s �_	
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(4) X #JSB�? 1 lV\a�'*?� s �_�oj 2.2.10 4�E</ sn H?B�� 1 lV\a</<x���)��k � f : X → Y # 1 lV\a�</<x���|$ X 4�E</ snH��HH 2.2.5(2), 4�JSB� M { 1 lV\a�</<x�� g : M → X �=Kex x ∈ X � |∂g−1(x)| 6 1. m h = f ◦ g : M → Y # 1 lV\a� s ����C` 2.2.8, Y 4�E</ sn H� 2oj 2.2.11 � f : X → Y # 1 lV\a�</<x���|$ Y #lVB�� X �E</Æ	�m Y w�E</Æ	��k ��H 2.1.9 {C` 2.2.8, Y #4�E</ sn H? gf </B��m��H 2.1.10, Y 4�E</Æ	� 2

2.3 b�Rsna 2.3.1 4�B� X #JSB�? 1 lV\a��'*?� s �_�9 X "#JSB�?lV\a*�_�"���� X J�/� R ~℄
EQHC�E{ [26, K 69]. m X 4�</	?Xp*B���C` 2.2.9, X #JSB�? 1 lV\a��'*?� s �_�9 X "#JSB�?lV\a*�_�"����H 2.1.4, X #JSB�?K6?*�_�m X #p*B��bL� 2a 2.3.2 4�JSB� M {��Z<x�� f : M → X a0�V>��
(1) X "4�E</ cs H	
(2) X "#JSB�?lV\a s �_	
(3) f "#lV\a���a0>�?B� X <� [25, ) 14(2)], ^B�#JSB� M ?��Z<x�� f ?�_�9"4�E</ cs H�� [27, HH 1.1] �JSB�?lV\a s �_?B�4�E</ cs H�4z X "#JSB�?lV\a s �_�2O f "#lV\a���^Kw1i�HH 2.2.5(3) {C` 2.2.6 $?>� “�' M 1” "o� “�'�Z” =7� 2a 2.3.3 4�E</Æ	?B�"� 1 lV\a?x<x��4�)�



12 |~o\vzfvqpvrks� Y J Stone-Čech *� βN. B� X 7�� βN ~℄
G�E{�m X #JSB�~� [18, C` 3.6.15] � Y "uXyS?$OlV�" f = idX : X → YJ~����m f # 1 lV\a?x<x���9 Y "4�E</Æ	� 2��$3�Pg:,�VxaO;�rm 2.3.4 4�E</ sn H?B�#Z�lV�~ M�' 1 ? s ��4�)
rm 2.3.5 4�E</ sn H?B�#Z� 1 lV\a? s ��4�)
rm 2.3.6 � f : X → Y #lV\a�'*��� X 4�E</	�#<�B��m f #Z# 1 lV\a��
rm 2.3.7 � X #JSB�?lV�? s �_? snf </?B��m X #Z#JSB�?lV��'*? s �_
rm 2.3.8 JSB�?�*�_#Z#JSB�?�</<x�_




[he_YWbyu 13> 3 � N�FLd�<��Q��'vYRE{B�?	�XjLE?h#��-Tn	XjLE?x!	?_s� �D>�JSB�?6�'*�_�0F��8`JSB�?6�'*�_?B��JSB�?K6�'*�_?B�{4�E</	?B�?nT�KB� X, � I(X) = {x : x#X?jLE} { I(X) = {{x} : x ∈ I(X)}.

3.1 B��`� X JE{B�� X %J K2 (#2, K Lindelöf) B� [6],  X ?ex6\a�E�Z? (2$�Z?�E</?) 6�U\a� X %J4� Gδ!0G[6], ∆ = {(x, x) : x ∈ X} # X ×X $? Gδ �� X %J D�6.[6],  X ?ex6,�# X $? Fσ ��A� 3.1.1 � P #B� X ?xe	�
(1)P %JX ?LV+[28]((O$'7��LV+), K
| (XjLE)x ∈ X{ (P)x ?</,� P ′, P ′ #E x ?YÆ	�
(2)P %J X ? �TQ+[28]((O$'7���TQ+), K
| (XjLE)x ∈ X { x ∈ U ∈ τ(X), {P ∈ (P)x : P 6⊂ U} #�Z?�� �H~$�“n	XjLE” � “K X ?exXjLE”. X��x!	 (E��	)⇒ n	XjLE?x!	 (n	XjLE?E��	), 9T�L�&L��K 3.3.1.A� 3.1.2 � {Pn} #B� X ?6,�1lV�
(1) {Pn} %J X ? <S4[29], K
| x ∈ U ∈ τ(X), 4� n ∈ N �=

x ∈ st(x,Pn) ⊂ U .

(2) {Pn}%J X ?S4[6] ((O$'7��S4), Kex (XjLE)x ∈ X,

{st(x,Pn)}n∈N #E x ?YÆ	�
(3) X %J X ? <5S� (5S�, (O$'7�5S4�),  X 4�p�6 (�6�n	XjLE?�6).X��B� X ?ex�6#n	XjLE?�6�9T�"���K 3.3.2.A� 3.1.3 � f : X → Y #���
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(1) f # 4M?[6], K X ?
|6� U , � f(U) # Y ?6�	
(2) f # C>M? (5BC>M?)[7], K
| y ∈ Y { X ?
| (</) 6�1 U a0 f−1(y) ⊂ ∪U , �4��Z,� U ′ ⊂ U �= y ∈ Intf(∪U ′);�H~�{7<�6�� ⇒ 0��� ⇒ </0��� ⇒ K6�� ⇒ ����A� 3.1.4 � X JE{B��
(1) � U # X ?,�1� U %J X ? Q(Æ�;)��)[30], Kex W ⊂ U� Int(∩W) = ∩{IntW : W ∈ W}.

(2) B� X ?	 B %J X ? ortho +[31], Kex A ⊂ B, ��� ∩A # X?6���� ∩A # X ?XjL?8E� {x}, ~ A # x � X $?YÆ	� X# proto 5 86.[32],  X #4� ortho 	?W*B��
(3) B� X ?	 B %J X ? sharp +[9], �s {Bn} # B ?��"\�2&?QZ�V~ x ∈

⋂

n∈N
Bn, � {

⋂

n6iBn : i ∈ N} #E x � X ?2$	�
(4)B� X ?	 B%J X ? BCO(Æ�</l	)[9],K
| x ∈ X, {Bi} ⊂ B#qdC�lV�m {Bi}i∈N #E x ?YÆ	��N [9, 10, 34] �B� X 4�x!	 ⇒ σ E�Z	 ⇒ σ-Q 		B� X ?x!	 ⇒ sharp 	�<�B� ⇒BCO, Gδ K [	B�4� Sharp 	 ⇒ 4�E</	�VhPg7xa�H��_ 3.1.5 � P #B� X ?	��VV���
(1)P # X n	XjLE?x!		
(2)P # X n	XjLE?E��	��k (2) ⇒ (1) #X�?� �i� (1) ⇒ (2).� P # X n	XjLE?x!	�4�XjLE x ∈ X { X $�u x?6,� U �= {P ∈ (P)x : P 6⊂ U}#QZ?�� {Pn : n ∈ N} ⊂ {P ∈ (P)x : P 6⊂ U}~Kex n ∈ N, � xn ∈ Pn \ U . m {Pn}n∈N #E x ?YÆ	�4zlV {xn}$O	 X $?E x. 2O�4� m ∈ N �= xm ∈ U , bL��0� P # X n	XjLE?E��	� 2



[he_YWbyu 15�_ 3.1.6 � {Pn} # X n	XjLE?�6�K
| n ∈ N, �s Pn # X$n	XjLE#E�Z?~ Pn+1 �U Pn, m P = I(X) ∪ (
⋃

n∈N
Pn) # X n	XjLE?x!	��k � x # X ?XjLE~ {Pm : m ∈ N} # (P)x ?QZ,���ex

Pn n	XjLE#E�Z?�Kex k ∈ N, 4� Pmk
∈ Pnk

�= mk < mk+1 ~
nk < nk+1. � {Pn} # X n	XjLE?�6� {Pmk

}k∈N # X $E x ?YÆ	�2O {Pm}m∈N #E x ?YÆ	�4z P # X n	XjLE?x!	� 2� P #B� X ?,�1� P %J (O$'7���NF� ((O$'7���5B�, (O$'7���H/�), K X $?exXjLE x, x  M*	 P$?�Ze� (</e��xe�). � {Pn} # X ?�6 (n	XjLE?�6).

{Pn} %J X ? �NFS4((O$'7���NFS4), ex Pn n	 X $?E#E�Z? (n	 X ?XjLE#E�Z?).�_ 3.1.7 B� X 4�n	XjLE?x!	:~+: X 4�n	XjLE?E�Z�6��k *Yh���H 3.1.6 <=��vh�� P # X n	XjLE?x!	���H 3.1.5, P # X n	XjLE?E��	�"V�� P ∈ P ~ P ⊂ I(X), � P #8E��
(a)P # X $n	XjLE#E</?�"��4�XjLE x ∈ X �= (P)x #"</?�� P # X n	XjLE?E��	�4zK
| y 6= x � {P ∈ (P)x : y ∈ P} #�Z?�K
| n ∈ N �4� (P)x ?QZ,� {Pn : n ∈ N}, xn ∈ Pn \{x}~ k ∈ N�= ord(xn, (P)x) = k.��H 3.1.5, {xn} $O	 x. � (P)x # X $E x ?YÆ	�Kex i ∈ N, 4�

Fi ∈ (P)x { ni ∈ N �= {xj : j > ni} ⊂ Fi ⊂ X \ {xj : j < ni}. 2OKex i ∈ N� ord(xni
, (P)x) > i, bL�4z P # X $n	XjLE#E</?�

X ?,�1 F %J4�h# (♯), K
| F ∈ F \ I(X), m {H ∈ F : F ⊂

H} #�Z��
(b) P 4� (♯)."��4� F ∈ P \ I(X) {QZ,� {Pn : n ∈ N} ⊂ P \ {F} �=Kex n ∈ N � F ⊂ Pn. �XjLE x ∈ F ~Kex n ∈ N, � xn ∈ Pn \ F . ��H
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3.1.5, X� {xn} $O	 x. �� F #6�\bL�"

Pm = {H ∈ P :  H ⊂ P ∈ P,m P = H}
⋃

I(X),

P ′ = (P \ Pm)
⋃

I(X).

(c) Pm # X ?6\a~n	 X ?XjLE#E�Z?�� (b), Kex P ∈ P \ I(X), 4� HP ∈ Pm �= P ⊂ HP . 2O Pm # X?6\a� Pm � X ?kxXjLE x "#E�Z?�m4� (Pm)x ?QZ,� {Hn : n ∈ N}. Kex n ∈ N, � Hn 6⊂ H1, 4� xn ∈ Hn+1 \ H1. 2O
xn → x ∈ H1, bL�

(d) P ′ # X n	XjLE?E��	�� x ∈ U \ I(X), |$ U # X ?6��m4� V,W ∈ P { y ∈ V \ {x} �= x ∈ W ⊂ V \ {y} ⊂ V ⊂ U . �0� W ∈ P ′. m P ′ # X ?xe	~#n	XjLE#��?�" P1 = Pm {Kex n ∈ N, " Pn+1 = [(P \
⋃

i6n Pi)
⋃

I(X)]m. � (b),

P =
⋃

n∈N
Pn.

(e) {Pn} # X n	XjLE?E�Z?�6�� (c) { (d), ex Pn � X ?XjLE#E�Z� x ∈ U \ I(X) ~ U #
X $?6��m {P ∈ (P)x : P 6⊂ U} #�Z?�2O4� n ∈ N �K
|
x ∈ P ∈ Pn � P ⊂ U , Æ st(x,Pn) ⊂ U . �0� {Pn} # X n	XjLE?E�Z?�6� 2�_ 3.1.8[11, 35, 18] KB� X, VV���

(1)X #JSB�?6*�_	
(2) X #JSB�?K6*�_	
(3) X 4�x!		
(4) X 4�E��		
(5) X #p*?<�B�	
(6) X 4�E�Z?�6��_ 3.1.9 exK6�'*��#0�����k � f : X → Y #K6�'*���Kex y ∈ Y { X ?\a f−1(y)



[he_YWbyu 17?6,�1 U , 4� U ?�Z,� U ′ � ∂f−1(y) ⊂ ∪U ′. "V�4� U ∈ U ′ �=
U ∩ f−1(y) 6= ∅. �0 y ∈ f(U). � V = (∪U ′) ∪ Int(f−1(y)). m f−1(y) ⊂ V . �
f #K6��� y ∈ Int(f(V )) ⊂ f((∪U ′)∪ f−1(y)) = f(∪U ′)∪ {y} = f(∪U ′). 2O
f(∪U ′) # Y $E y ?YÆ�4z f #0���� 2

3.2 ��VO��$��i4�n	XjLEx!	?B�<>�JJSB�?6�'*�_� 8`xa\nh#�A_ 3.2.1 KB� X, VV���
(1)X #JSB�?6�'*�_	
(2)X 4�n	XjLE?x!		
(3)X 4�n	XjLE?E��		
(4)X 4�n	XjLE?E�Z?�6��k ��H 3.1.5 {�H 3.1.7 <= (2) ⇔ (3) ⇔ (4).

(1) ⇒ (4). � f : M → X #6�'*���|$ M #JSB��� [18,

5.4.E], K M ?ex*,� K, Pg<� M ?6\alV {Bi} �= {st(K,Bi)}i∈N# K � M $?YÆ	�Kex i ∈ N, "V� Bi+1 # Bi ?2$�Z?6�U~[ Pi = f(Bi) ∪ I(X). mKex i ∈ N, Pi # X ?6\a� x # X ?3E�� Intf−1(x) = ∅, 2O f−1(y) = ∂f−1(x) # M $?*���0� Bi ?2$�Zh�� {B ∈ Bi : B ∩ f−1(x) 6= ∅} #�Z?�Æ� (Pi)x #�Z?���iT Pi n	XjLE#E�Z?�VhPg�� {Pi} # X n	XjLE?�6�� x ∈ U \ I(X), |$ U # X $?6��� f−1(x) #*?�4� m ∈ N �=
st(f−1(x),Bm) ⊂ f−1(U). �0 st(x,Pm) = st(x, f(Bm)) ⊂ U . 4z {Pi} # X ?n	XjLE?E�Z?�6�

(4) ⇒ (1). %W�H~xeJSB� M {w/ f : M → X �V�� {Pn}# X n	XjLE?E�Z?�6�Kex n ∈ N, "V� I(X) ⊂ Pn, " Pn =

{Pα : α ∈ Λn} ~℄
 Λn G�E{�"
M = {α = (αn) ∈

∏

n∈N

Λn : {Pαn
}n∈N#X$kExα?YÆ	}.
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B� ∏

n∈N
Λn ?,B��4z M #JSB��H~w/ f : M → X,

f((αn)) = xα. m f((αn)) =
⋂

n∈N
Pαn

, Æ f ?H~#}H?� (f,M,X,Pn) %J Ponomarev T�VhPg�� f #6�'*���
(a) f #x���� α = (αn) ∈ M ~ f(α) = x ∈ U , |$ U # X $?6��m4� m ∈ N�= Pαm

⊂ U . " Vm = {β ∈ M : β ?B m e4�YS# αm}. m Vm # M $?6�� α ∈ Vm { f(Vm) ⊂ Pαm
⊂ U . �0 f #Nm?�K
| x ∈ X, n ∈ N, 4� αn ∈ Λn �= x ∈ Pαn

{ Pαn
= {x} : x ∈ I(X). m {Pαn

}n∈N # x ?YÆ	�� α = (αn). m α ∈M ~ f(α) = x, 4z f #a��
(b) f #6���K
| α = (αn) ∈M,n ∈ N, "

B(α1, α2, · · · , αn) = {(βi) ∈M : βi = αi : i 6 n}.m f(B(α1, α2, · · · , αn)) =
⋂

i6n Pαi
. "��� β = (βi) ∈ B(α1, α2, · · · , αn), m f(β) =

⋂

i∈N
Pβi

⊂
⋂

i6n Pαi
. �0 f(B(α1, α2, · · · , αn)) ⊂

⋂

i6n Pαi
. ZxUh�� x ∈

⋂

i6n Pαi
. � P ?</,� {Pβi

}i∈N �=
(i) Kex i ∈ N, x ∈ Pβi

∈ Pi,

(ii) βi = αi : i 6 n, ~
(iii) Pβi

= {x} : i > n ~ x ∈ I(X).[ β = (βi). m β ∈ B(α1, α2, · · · , αn) ~ f(β) = x. 2O ⋂

i6n Pαi
⊂

f(B(α1, α2, · · · , αn))./�� f(B(α1, α2, · · · , αn)) =
⋂

i6n Pαi
. � {B(α1, α2, · · · , αn) : (αi) ∈ M,n ∈

N} # M ?xe	�4z f #6���
(c) f #�'*���� x ∈ X.  x ∈ I(X), m ∂f−1(x) = ∅.  x 6∈ I(X), m� (b) �

∂f−1(x) = f−1(x). Kex i ∈ N, � Γi = {α ∈ Λi : x ∈ Pα}. � Γi #�Z?�2O ∏

i∈N
Γi # ∏

i∈N
Λi ?*,��Pg�i� f−1(x) =

∏

i∈N
Γi. "���

α = (αi) ∈
∏

i∈N
Γi, m {Pαi

}i∈N # X $E x?YÆ	�2O α ∈M ~ f(α) = x,4z ∏

i∈N
Γi ⊂ f−1(x). ZxUh� α = (αi) ∈ f−1(x), m x ∈

⋂

i∈N
Pαi
~
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α ∈
∏

i∈N
Γi. 4z f−1(x) ⊂

∏

i∈N
Γi. �0 ∂f−1(x) = f−1(x) =

∏

i∈N
Γi #*?�

2 � Ponomarev T (f,M,X,Pn) $�Kex x ∈ X � f−1(x) ⊂
∏

i∈N
{α ∈ Λi :

x ∈ Pα}. 4z�V,C`�oj 3.2.2 B� X 4�E</	#n	XjLE?x!	:~+: X #JSB�?6�'*? s �_�oj 3.2.3 6�'�Z?���)4�n	XjLEx!	?B���k � f : X → Y #6~�'�Z?���|$B� X 4�n	XjLE?x!	��HH 3.2.1, 4�JSB� M {6�'*�� g : M → X. �J
∂(f ◦ g)−1(y) ⊂ ∪{∂g−1(x) : x ∈ ∂f−1(y)}, 4z f ◦ g : M → Y #6~�'*���2OB� Y 4�n	XjLE?x!	� 2A_ 3.2.4 � X 4�n	XjLEx!	?B��m

(1) X 4�p�6	
(2) X 4� ortho 	{ σ-Q 	��k �HH 3.2.1, � {Pn}n∈N # X n	XjLE?E�Z?�6�" P0 =

I(X). {s� {Pn}n∈ω # X ?p�6�� P =
⋃

n∈ω Pn. m P # X ? σ-Q 	{ ortho 	�%W�Kex n ∈ N, Pn #nz�)?�"���Kex A ⊂ Pn,  x ∈

∩A− I(X), m (Pn)x #�Z?�2O ∩A # X $E x ?YÆ�4z P # X ?
σ-Q 	�|1�� A ⊂ P,|$ ∩A"#X $?6��m4� x ∈ ∩A�= ∩A"#E x?YÆ�2O x#XjLE~Kex n ∈ N, (Pn)x #�Z?�� x ∈ U ∈ τ(X). �4� n ∈ N�= x ∈ st(x,Pn) ⊂ U . �m > n{ A ∈ A∩Pm. m A ⊂ st(x,Pn) ⊂ U ,2O A # X $E x ?YÆ	�4z ∩A #x8E���0 P # X ? ortho 	�
2 oj 3.2.5 � X #4�n	XjLEx!	?B��8^V,>��

(1)X 4� sharp 		
(2)X #<�B�	
(3)I(X) # X $? Fσ ��



20 |~o\vzfvqpvrksm (1) ⇒ (2) ⇔ (3).�k (1) ⇒ (3) ?�i� [29, HH 3.1]. �J<�6B�?6,�# Fσ ��4z{= (2) ⇒ (3).

(3) ⇒ (2). �HH 3.2.1, � {Bn} # X ?n	XjLE?E�Z?�6��
I(X) # Fσ ��4� X ?6,�1lV {Gn} �= X − I(X) =

⋂

n∈N
Gn. Kex

n ∈ N, � Un = {Gn}
⋃

{{x}; x ∈ X − Gn}. m {Bn,Un} # X ?�6��0 X#<�B�� 2��H 3.1.8, <=�V?C`�oj 3.2.6 B� X #JSB�?6*�_:~+: X #JSB�?6�'*�_?G�p*B����,C`�<=<4�n	XjLEx!	?B�?xaJS�HH�K��� X 4�n	XjLEx!	�m X #<JS�?:~+: X #G�?�6�rB��VhPg�8^JSB�?6�' MJ 1 ?�_�A_ 3.2.7 B� X 4�n	XjLE σ "\�	:~+: X #JSB�?6�' MJ 1 ?�_��k *Yh�� B =
⋃

n∈N
Bn # X ?	�|$Kex n ∈ N, Bn #n	XjLE"\��"�xh�"V� I(X) ⊂ Bn. " Pn = Bn∪{X}{ Pn = {Pα : α ∈ Λn}~℄
 Λn G�E{�x&9)? Ponomarev TH~�V��s (

∏

i∈N
Λi)×X $lK ((αi), x) a0�V>� (i) { (ii), m% ((αi), x) #PH~?�

(i)  x ∈ I(X), m4� n ∈ N �= Pαn
= {x};

(ii)  x ∈ X \ I(X), mKex n ∈ N, �
Pαn

=

{

X, if (Bn)x = ∅,

∩(Bn)x, if (Bn)x 6= ∅.m {Pαn
}n∈N # X $E x ?YÆ	~E x #Ix?�"
M = {α = (αi) ∈

∏

i∈N

Λi : kExα ∈ X�((αi), xα)#PH~?}.m M ℄
'
B� ∏

i∈N
Λi ?,B�E{�� M #JSB��H~w/ f :

M → X, f((αi)) = xα. m f #}HH~?�VhPg�� f #6?�' MJ
1.
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}i∈N # X $E x ?YÆ	�4z f �E x #Nm?�ZxUh�Kex x ∈ X, � B #n	XjLE σ "\�?�4z4� (αi) ∈

∏

i∈N
Λi �= ((αi), x) #PH~?�m f((αi)) = x, �0

f #a���0 f #x���
f #6��?�iF3	HH 3.2.1(b), k_��KexXjLE x ∈ X, �4�xelV {Pαi

} �= ((αi), x) #PH~?��0 |∂f−1(x)| = |f−1(x)| = 1. �0
f # M�'J 1 ?����vh� Pg��ex4�n	XjLE σ "\�	?B��6�' MJ
1 ?��4�)�� f : M → X #6�' MJ 1 ?���|$ M �	 ⋃

n∈N
Bn�=Kex n ∈ N, Bn n	 M $XjLE"\��� P =

⋃

n∈N
f(Bn). Kex

n ∈ N,  x # X $?XjLE�m f−1(x) #x8E�~# M $XjLE���0 |(f(Bn))x| 6 1. 2O P # X ?	~n	XjLE# σ "\�?� 22HH 3.2.7 ?�vh?�i<=�V?C`�oj 3.2.8 4�n	XjLE? σ "\�	?B��6�' MJ 1 ?���)�oj 3.2.9 B� X 4�E</?n	XjLE σ "\�	:~+: X #JSB�?6�' MJ 1 ? s �_�#VDPg�8`x&4�n	XjLEx!	?9)B��� (X, T ) #E{B�� A ⊂ X. �} X ℄
V,E{%Jn	 A ?G�� [31]: X ?6�f�
U ∪K, |$ U ∈ T , K ⊂ A. X n	 A ?G��?B��J XA, XA w�%JB� X ?G���X��B� X ?E{3	 X n	 A?G��?E{�B� X 4�x!	��B� XA �4� Gδ K [��4�n	XjLE?x!	�O~�� σ E�Z	�JSB�?G����	4� Gδ K [? proto JS�B� [32,HH 3.1].A_ 3.2.10 x!	B�?G��#x!	B�?6*~ M�'J 1 ��?�_��k � X 4�x!	���H 3.1.8, 4� X $E�Z?�6 {Um}, |$Kex m ∈ N, Um+1 �U Um. Kex A ⊂ X, "

H = (X × {0}) ∪ (A× N);
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V (x,m) = {x} × ({0} ∪ {n ∈ N : n > m}), x ∈ X,m ∈ N;

W (J,m) = ((J ∩ (X − A)) × {0})

∪((J ∩A) × {n ∈ N : n > m}), J ⊂ X,m ∈ N.℄
 H 	�V�
V (x,m), ∀x ∈ A,m ∈ N;

W (J,m), ∀ 6,� J ⊂ X,m ∈ N;

{x}, x ∈ A× N.m H # T2- B��K
| m ∈ N, �
Pm = {V (x,m) : x ∈ A}

⋃

{W (U,m) : U ∈ Um}
⋃

{{h} : h ∈ A× {1, 2, · · · , m− 1}}.m {Pm}m>2 # H ?E�Z?�6��0 H 4�x!	�� π1|H : H → XA #B�����{�i π1|H #6*~�' MJ 1 ?��� 2�0ex4�x!	B�?G��#*	 MOBI F [33].℄/� [8] $g,JSB�?� (K6) �'*�_?>��Vh#h-x#?%s�A_ 3.2.11 KB� X, V,���
(1)X #Bx</	
(2)X #JSB�?K6 M�'J 1(�'*) ?�_	
(3)X #JSB�?0� M�'J 1(�'*) ?�_��k (1) ⇔ (2) � [8, C` 2.1]. ��H 3.1.9 <= (2) ⇔ (3). 2A_ 3.2.12 KB� X, V,���
(1)X 4�E</		
(2)X #JSB�?</0� s �_	
(3)X #JSB�?K6�'*? s �_	
(4)X #JSB�?0��' M 1, </<x�_��k ℄/� [8] �iT�B�4�E</	:~+: X #JSB�?K6�' MJ 1, </<x�_��0��H 3.1.9, (1) ⇔ (4). (4) ⇒ (3) #X�?��



[he_YWbyu 23xg 3.1.9, (3) ⇒ (2). � [36] <= (2) ⇔ (1). 2

3.3 b�sn��x$JPg�g,xaK,1iJSB�?�'*�_?B��xaq~JSB���?nT�a 3.3.1 � X #8M��� I = [0, 1] { B # X ?!N27��Æ� B #
X $"�u"</�,�?"</,��G��B� XB %J Michael line[37].� X∗ # XB ?9�~ f : XB → X∗ #�u���" Z = XB

⊕

X∗ ~� Y#K
| x ∈ XB \B, � {x, f(x)} ��xEO2 Z =<?�B��m
(1) � XB #JSB� I ?G���4z# proto <JSB�~�HH 3.2.10�#x!	B�?6*~�' MJ 1 ?�_�
(2) XB "# BCO B���0"#JSB�?6*�_	
(3) Y #JSB�?6�'*? s �_	
(4) � [38, K 1], Y "4� Gδ K [�� XB #JSB� I ?G��� XB #W*B�� XB # BCO, m#<�B��� B # XB $? Fσ ��bL��0 XB "# BCO B���{s� Y 4�E</	~^E</	# Y ?n	XjLE?x!	��0�C` 3.2.2, Y #JSB�?6�'*? s �_� 2a 3.3.2 � ψ(D) # Isbell-Mrówka B� [39], |$ |D| > ℵ0. m
(1) ψ(D) #JSB�?6�' MJ 1 ?�_	
(2) ψ(D) "#p Lindelöf B�	
(3)  |D| = ℵ0, m ψ(D) #<�B�	
(4)  |D| > c, m ψ(D) "#G�B��
D ?QZ,�1 C %J -*�H/, K
| A 6= B ∈ C, A ∩ B #�Z?�� A # D ?�6��"\�1�m |A| > |D|+ [40]. ψ(D) #� A ∪D ~℄
V,E{%J Isbell-Mrówka B�� D ?E�J ψ(D) ?jLE	K A ∈ A, A �

ψ(D) ?YÆ	�f� {A} ∪ (A− F ), |$ F # D ?�Z,�}�� X = ψ(D),A = {Aα}α∈Λ {ex Aα = {x(α, n) : n ∈ N}. Kex n ∈ N, "
Bn = {{Aα} ∪ {x(α,m) : m > n} : α ∈ Λ}

⋃

{{x} : x ∈ D}.
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n∈N
Bn # X n	XjLE σ "\�?	�2O�HH 3.2.7 � X#JSB�?6�' MJ 1 ?�_�� X ?6\a {{Aα} ∪D}α∈Λ d�E</?6�U�4z X "#p Lindelöf B���0 X "#JSB�?6 s �_~�HH 3.2.10 � X "#x!	B�?G��� D #</?�X� ψ(D) #<�B���0 ψ(D) 4� Gδ K [�9�	

ψ(D) "#p Lindelöf B��4z ψ(D) "4�E</	� |D| > c, � [41] � ψ(D) "#<�B���C` 3.2.5 � ψ(D) "#G�B�� 2a 3.3.3 4�B� X �=
(1) X 4� sharp 		
(2) X d�n	XjLE?x!		
(3) X #4�x!	B�?6*~</<x?�_�� [9, K 5.1] $?B� X 4��,?h#�|$ X #4� sharp 	?X<�B��� X "4�jLE�4z X "#JSB�?6�'*?�_~�HH 3.2.1�"4�n	XjLE?x!	� J. Chaber � [42, K 4.5] �iT X #4�x!	B�?6*~</<x?�_� 2a 3.3.4 4�B� X #JSB�?0� M�'J 1 ?�_�9 X �"#JSB�?K6 s �_�w"#JSB�?6�'*�_�� X = R

2 ~℄
GfE{ [43]. �{7< X #Bx</?W*B�~d�jLE�� X #Bx</B�� m�HH 3.2.11 � X JSB�?0� M�'J 1 ?�_� X "4�E</	 [30,K 1.8.3], �HH 3.2.12 � X JSB�?</0� s �_���<Bx</B�?K6��#</0��� [36], X "#JSB�?K6 s �_� X #JSB�?6�'*�_�� X d�jLE�� X #JSB�?6*�_���H 3.1.8 � X #<�B���0 X #<JS?�bL� 2a 3.3.5 4� proto <JSB�"4�n	XjLE?x!	�
G. Gruenhage �N [44, p. 363] i�x proto <JSB� X "# γ B���

[43, j; 1.7.10] � X "4� σ-Q 	~�HH 3.2.4 � X "4�n	XjLE?x!	� 2a 3.3.6 4�B� X #JSB�?6*�_�9"#JSB�6�' MJ
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1 ?�_�
Y. Tanaka �N [45, K 3.1] i�xX��? T2 B� X, |$ X #JSB�?6 MP<x?�_�� X "4�jLE�4z X "#JSB�?6�' MJ

1 ?�_�Z�� X #JSB�?6?x<x?�_�m X �u	JSB��bL� 2rm 3.3.7 � X 4�E</	� X 4�n	XjLE?x!	�� X #Z#JSB�?6�'*? s �_
rm 3.3.8 JSB�?6�'*? s �_#Z#JSB�?6�'*?</<x�_
rm 3.3.9�|�JSB�?�_D>�4�x!	B�?G��?B�
K��#Zx!	B�?6*~�' M 1 ?�_#x!	B�?G��




26 |~o\vzfvqpvrks9\qu
[1] V. I. Ponomarev. Axioms of countability and continuous mappings(in Russian)[J],

Bull Pol Acad Math, 1960, 8:127–133

[2] D. K. Burke, E. A. Michael. On certain point-countable covers[J]. Pacific. J. Math,

1976, 64(1):79–92

[3] G. Gruenhage, E. Michael and Y. Tanaka. Spaces determined by point-countable

covers[J]. Pacific J. Math, 1984, 113(2):303–332

[4] Y. Tanaka. Point-countable covers and k-networks[J]. Topology Proc, 1987, 12:327–

349

[5] Y. Tanaka. Metrization II. In:Morita.K, Nagata.J.eds. Topics in General Topology[R].

Amsterdam:North-Holland, 1989:275–314

[6] W&�D;.[`�kU[`�� [M]. �/�:n+Æ�� 2002:1–90

[7] W&�IRA��v.A�>Dz [M]. �/�:n+Æ�� 2004:1–131

[8] C. Liu. A note on point-countable weak base[J]. Questions and Answers in General

Topology, 2007, 25:57-61
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