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Abstract In this paper we prove the following two results; (1) A 7% topological space has a locally
countable network if and only if it is an ss-image of a metric space; (2) A T topological space has a
locally countable weak base if and only if it is a quofient, compact (or quotient, ) ss~-image of a met-
ric space.
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3 1. Introduction

A central question of Alexandroff’s idea is that by means of various mappings the relation-
ships between various topological spaées and metric spaces are established. We know that a topo-
logical space has a locally countable k-network if and only if it is a compact-covering ss-image of
a metric space (see [1 :I ). It initially shows an efficiency by ss-mappings to realize Alexandroff’s
idea. The purpose of this paper is to further discuss the images of metric spaces by ss-mappings.
In section -2, we establish a relation between spaces with a locally countable network and metric
spaces, which impIOVes a classical result of Michael in [ 2 ] on continuous iméges of separable
metric spaces. In section 3, we establish a relation between spaces with a locally countable weak
base and metric spaces by ss-mappings, an important corollary of which is that a space with a
countable weak base if and only if it is a quotient, compact (or quotient, 7) image of a separable
metric space. It affirmatively answers an open problem posed by Arhangel’skii in [ 3].

In this paper all spaces are T, and all mappings are continuous and onto.
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Q 2. Spaces with a Locally Countable Network

A mapping f: X~—>Y is an ss-mapping (see [17]), if for each yEY, there exists a neigh-
bothood U of y in ¥ such that £~!(U) is a separable subspace of X. '
. 'Iheorem 2.1 Aspace X hasa looally countable network if and only if X is an 1mage of a
metric space under an ss-mapping. '
Proof Suppose X is an image of a metric space under an ss-mapping. Then there exist a
- metric-space M and an ss-mapping f from M onto X. Smce M is a metric space, by the Nagata— '
Smirnov metrization theorem, M has a ¢-locally finite base. Let  be a o-locally finite base for '
M, put ={f(B): BG.@} ;- then 2 is a network for X because a mapping preserves a net-
work. Since f is an ss-mapping, it is easy to check that & is a locally countable family of X.
Hence X has a locally countable network. '
Conversely, suppose X has a locally countable netwotk &= {P,. aE€ A}. For each nE N,
let A, be a copy of A, and it is endowed Wwith discrete topology. Put *

M= {a= (&) € HA',.: {Pa:n € N} is a network of some point zZ.inX},

':GN

and give M the subspace topology induced from the usual product topology of the product space
HA T4 1S umque in M because X is T.. We define f« M—>X by fla)=z, Obwously, Misa

a&N

metric space. We will show that f is an ss-mapping.

For each re X, P, ={PED, z€ P} is a countable network of z in X because P is a
'*pomt-—countable network for X. Suppose D, = {P nEN). Lx-:t a=(a,) ; then aGM and f(a)
=z. Thus f is onto. For each == (a) € M, one has fla) =z, If U is an open ne1ghborhood of
~ 24in X, then thete exists nEN Wlth xaEP CU for {P : nEN} is a network of TaiN X. Put
= {f € M, the n-—-th coordmate of ,Bls ) 3
‘then W is an open neighborhood of @ in M, ,and f W) CP.CU. Hence fi is continuous. For each
z& X, by the locally oountable properi:y of &, there exists an open neighborhood V of z in X
such that {a€E A VﬂPﬁﬁqb} is countable " Put - '

— (TT{a € 4: VN .5 6)) N M5

sCN

then Lisa hered1tanly separable subspace of M and f~1( V) L. Thus f~!(V)isa separable sub-
- space of M. Hence f iIs an ss-mapping.
By Theorem 2.1, we can obtain the following classical result due to Michael in- [2](cf. the

- proof of Corollary 1 in [1])
- Corollary 2.1 A space X has a countable network if and only if X is an 1mage of a separa—-

ble metric space under a continuous mappmg _
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S 3. Spaces with a Locally Countable Weak Base

In this section, all spaces are regular ones.and T',. A family & of subsets of a space X is
a weak base for X (see [:3]) , if for each z€& X, there exists %C@ satisfying .
(2) z€ NPy
Q) if U, VEF;, then WCU(V for some WE 2, ;
(4) a subset G b_f X is open in X if and only if for each zE& G, there exists P& &2, with PC_

A space X is g-first countable (gf-countable, for short) if X has a weak base &= J{,.
z& X} such that each &2, is éountable. A mapping f from a metric space (X, d) onto a space Y
is a =-mapping (see [3]), if 4(F ' (¥), X\f'(U))>0 for each yE€Y and each neighborhood U '
- of yinY.
Lemma 3.1 The following statements are equivalent for a space X;
(1) Xisa gf—couhtable space .with a locally countable k-network ;
(2) X is a topological sum of spaces with a countable weak base;
(3) X has a locally countable weak base.
Proof (1)=>(2). Since a gf-countable space is a k-space (see [4]), by Theorem 1 in
[ 5] X is a topological sum of ﬁmspaces Since an }‘qo-space satlsfymg a gf- countable axiom
“has a countable weak base (see [4)), Xisa topologlcal sum of spaces with a countable weak
base.
(2)=(8). 1t is obvious.
(3)=(1). Suppose X is a space with a locally countable weak base. It is obvious that X is
a gf-countable space, and each point of z is-a Gs-set in X. By Lemma 2.1 in [6], a locally
'countable weak base of X is a locally countable k-network of X. '
Lemma 3.2 Suppose f is a quotient mapping from a sequence space X onto a space Y and
A i a k-network for X, Put B={ f(P); PEP). If AP is point-countable in Y, then F is a
k-network of Y, '
Proof By Propositions 1.5and 1.6in [7].
Lemma 3.3 Suppose Y is a quotient ss-image of a sequence space X with a locally count-
able k-network, then Y has a locally countable k-network.
Proof Suppose f; X->Yisa quotient ss-mapping. Let & be a locally countable k-network

for X. Put

= {f(P): P € &Z}.
By Lemma 3 2, Z is a locally countable k-network for Y (Since f is an ss-mapping, .{f? is local-
1y countable). '

- Theorem 3. 1 The ' following statements are equivalent for a space X .
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(1) X is a quotient, compact, ss-image of a metric space;
( 2) X is a quotient, 7, ss-image of a metric space;

(3) X has a locally countable weak base.

Proof (1)=>(2). It is obvious.

- (2)=>(3). S1nce a quotient , ﬂ—lmage of a metnc space is gf-countable (see [4]) by Lem-
‘mas 3.1 and 3. 3, X has a locally countable weak base.

(3)3(1) By Theorem 2 in [8] we know that a space with a countable weak base is a

quotlent , compact image of a separable metric space. Suppose a space X has a locally countable
weak base. By Lemma 3.1, X= @L where each X, has a countable weak base. For each aE

A, there exist a separable metnc space M.and a quotient ’ compact mappmg fa: M «—>Xa Define
@M —*@X such that each f | M == fa s then f is a quotient, compact ’ es-mappmg from the

metric space @Ma onto X. Hence X is a quotient compact , Ss-image of a metric space.

Corollary 3.1 The followmg statements are equivalent for a space X

(1) Xis a quotient , compact 1mage of a separable metric space;

© Xisa quotient, x—unage of a eeparable metnc space;

QX has a countable weak base.

Renm'k Corollar y 3.1 affirmatively answers the following open problem posed by
Arhangel skij in 131, Fmd an internal characterization of a quotient, compact 1mage of a separa-

ble metr1c space
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