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for n > 1. In this paper, we study topological properties of free topological groups
in terms of Arens’ space Sz. The following results are obtained.
(1) If the free topological group F(X) over a Tychonoff space X contains a non-

MSC: trivial convergent sequence, then F'(X) contains a closed copy of Sa2, equivalently,
22A05 F(X) contains a closed copy of S, which extends [6, Theorem 1.6].

54A20 (2) Let X be a topological space and A = {ni,...,n;,...} be an infinite subset of N.
54D50 If C = U;en Bn, (X) is s-Fréchet-Urysohn and contains no copy of Sz, then X is
54D55 discrete, which improves [15, Proposition 3.5].

(3) If X is a p-space and F5(X) is Fréchet—Urysohn, then X is compact or discrete,
which improves [15, Theorem 2.4].
At last, a question posed by K. Yamada is partially answered in a shorter alternative
way by means of a Tanaka’s theorem concerning Arens’ space Sa.
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1. Introduction

In 1941, the free topological group F(X) over a Tychonoff space X in the sense of Markov was intro-
duced [9]. Topologists discussed various topological properties on free topological groups, where sequentiality
and the Fréchet property, as important topological properties, were investigated.

In 2014, F. Lin, C. Liu [6] showed the following.
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Theorem 1.1. (/6, Theorem 1.6]) If the free topological group F(X) over a Tychonoff space X is a sequential
space, then either X is discrete or F(X) contains a copy of S,,.

In 2002, K. Yamada [15] investigated the Fréchet property of the subspace F,(X) of the free topological
group F'(X) over a metrizable space X, where F,,(X) denotes the subspace of F(X) that consists of all
words of reduced length < n with respect to the free basis X for every non-negative integer n, and obtained
the following results.

Theorem 1.2. ([15, Corollary 2.5]) Let X be a metrizable space. F3(X) is Fréchet-Urysohn if and only if
the set of all non-isolated points of X is compact.

Theorem 1.3. (/15, Theorem 2.4]) Let X be a metrizable space. If F5(X) is Fréchet-Urysohn, then X is
compact or discrete.

K. Yamada [15] posed following Question 1.4 and conjectured that the answer to this question is affir-
mative.

Question 1.4. Let X be a metrizable space. Is F4(X) is Fréchet—Urysohn if the set of all non-isolated points
of X is compact?

F. Lin and C. Liu [6] tried to solve Question 1.4, however, there was a gap in the proof [6,7]. Hence
Question 1.4 is still open.

In this paper, we shall make full use of the concept of Arens’ space Ss to establish our main results. This
paper is organized as follows.

At first, we shall extend Theorem 1.1 by proving that if the free topological group F'(X) over a Tychonoff
space X contains a non-trivial convergent sequence, then F'(X) contains a closed copy of Ss, equivalently,
F(X) contains a closed copy of S,,.

Secondly, let X be a topological space and A = {ni,...,n;,...} be an infinite subset of N. If C' =
Uien En, (X) is k-Fréchet-Urysohn and contains no copy of Sz, then X is discrete, which improves [15,
Proposition 3.5].

Thirdly, we shall prove that if X is a p-space and F5(X) is Fréchet—Urysohn, then X is compact or
discrete, which improves Theorem 1.3.

Quite recently, K. Yamada [16], in a lengthy proof, proved that if X is a locally compact, metrizable
space and the set of all non-isolated points of X is compact, then Fy(X) is a k-space if and only if Fy(X) is
a Fréchet—Urysohn space. Further, if X is a locally compact, separable, metrizable space, then the set of all
non-isolated points of X is compact if and only if Fy(X) is a Fréchet—Urysohn space, which gave a partial
answer to Question 1.4. In this paper, we shall present a shorter alternative way to prove the above result
by means of a Tanaka’s theorem concerning Arens’ space So.

2. Preliminaries

A topological space X is called a Fréchet space or Fréchet—Urysohn (k-Fréchet-Urysohn) space if for
every A C X (open subset A C X) and every x € A there exists a sequence {,},en of points of A
converging to x. A topological space X is called a sequential space if a set A C X is closed if and only
if together with any sequence it contains its limits. Obviously, every Fréchet—Urysohn space is sequential
(k-Fréchet—Urysohn). A k-Fréchet—Urysohn space need not be sequential [8].

Definition 2.1. ([1]) Let X = {0} UN U N2 NY denotes the set of all functions from N to N. For every
n,m,k € N, put V(n,m) = {n}U{(n, k) : k > m}. For every € N2, let B(x) = {{z}}. For every n € N, let
B(n) = {V(n,m) : m € N}. Let B(0) = {{0} UU,>; V(n, f(n)) :i € N, f € N'}. The topological space X,
generated by the neighborhood system {B(z)}zcx, is called Arens’ space and denoted by Ss.
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Obviously, the subspace Y = {0} U {n; : i € N} U {(n;,m;(i)) : i,j € N} of Sy is homeomorphic to S,
where {n;};en is an arbitrary sequence with n; < ng < --- and {m;(i)},en is an arbitrary sequence with
my (i) < ma(i) < ---

It is easy to see that Arens’ space Ss is sequential but not k-Fréchet—Urysohn.

A topological space X is called a k-space [4] if for every A C X, the set A is closed in X provided that
the intersection of A with any compact subspace Z of the space X is closed in Z. The following Tanaka’s
theorem was established in 1983.

Theorem 2.2. (/13]) Suppose that X is a k-space in which every singleton is a Gs-set. Then X is Fréchet—
Urysohn if X contains no closed copy of So.

In the paper, F,(X) algebraically denotes the free group on non-empty set X and e is the identity of
F,(X). The set X is called a free basis of F,(X). Here are some details. Every g € F,(X) distinct from
e has the form g = 7' --- 25, where 21,...,2, € X and ¢y, ...,&, = £1. This expression or word for g is
called reduced if it contains no pair of consecutive symbols of the form zz~! or 27’2 and we say that the
length I(g) of g equals to n. Every element g € F,(X) distinct from the identity e can be uniquely written

in the form g = ' ---zl», where n > 1, r; € Z\ {0}, z; € X and z; # x;41 for every i =1,...,n — 1.

Remark 2.3. It has been shown, for instance, see [2], that the topology of the free topological group F(X)
over a Tychonoff space X is the finest topological group topology on the group F,(X) which induces the
original topology on X.

For every non-negative integer n, Fj,(X) denotes the subspace of F(X) that consists of all words of
reduced length < n with respect to the free basis X. Put E,(X) = F,(X) \ F,,—1(X) for n > 1. The
symbol i, denotes the continuous multiplication mapping of X™ onto F,(X) for every n € N, where
X=Xao{aX "

Lemma 2.4. (/2, Theorem 7.1.13]) Let X be a topological space. The subspaces X and F,(X) of F(X) are
all closed in F(X) for every non-negative integer n.

Lemma 2.5. (/2, Corollary 7.4.5]) Let X be a topological space and C be any set of F(X). If CN F,(X) is
finite for every n € N, then C' is closed and discrete in F(X).

Lemma 2.6. (/2, Corollary 7.4.4]) Let X be a topological space and K be a countably compact subspace of
F(X). Then K C F,(X) for some n € N.

Lemma 2.7. (/2, Corollary 7.4.6]) If C' is a compact subset of a topological space X, then F(C,X) is
topologically isomorphic to F(C), where F(C, X) is the subgroup of F(X) generated by C.

The support [2] of a reduced word g = 7' --- 25> € F(X), where 1,....,z, € X and €1, ...,&, = £1, is
defined as follows:

supp(g) = {z1, ..., Tn }-

Given a subset K of F(X), we put

supp(K) = | J supp(g).
geEK
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A subset B of a topological space X is said to be bounded in X (or simply bounded) if every continuous
real-valued function on X is bounded on B [2]. A topological space X is called a u-space, if the closure of
every bounded set in X is compact [2]. It is easy to see that every paracompact space is a p-space.

Lemma 2.8. (/2, Corollary 7.5.6]) Let X be a p-space. If K is a bounded subset of F(X), then the closure
of supp(K) in X is compact.

In what follows, all topological spaces are assumed to be Tychonoff, unless stated otherwise. For some
terminology unstated here, readers may refer to [2,4].

3. The Fréchet property and S» of F(X)

At first, we shall improve Theorem 1.1 in the introduction. We need a technical lemma.

Lemma 3.1. Let X be a topological space and L = {x, }nen be a sequence of F(X)\ {e} converging to the
identity e. For every p € N, there exist ¢ € Ny € X U X! and a subsequence {xp, }ren of {Zn}tnen such
that {ylxn,, vy~ 9}ren converges to e, and l(yiz,,y~?) > p for every k € N.

Proof. By Lemma 2.6, L C F,,(X) for some m € N. Without loss of generality, we assume, for every n € N,
l(zn) = s for some s < m. We write z,, = T, 1 -+ - Tp s for every n € N, where ,, 1, ..., 755 € X UX 1 Tt is
easy to see that either |[{n:z,1 € X} =wor [{n:z,; € X '} =w.

Without loss of generality, we may assume z, 1 € X for every n € N. If |[{n : z,, s = z9,n € N}| = w
for some o € X U X!, we pick y € X such that y # x¢ if 20 € X; and y = mgl if g € XL Let
{Zn, tren be a subsequence of L with x,, s = x¢ for every k € N. Choose ¢ > p, then {y%z,, vy 9} ren
converges to e and [(y%z,, y~?) = 2q + s > p for every k € N. Otherwise, there is a subsequence {2, }ren
of L such that @y, s # xn; s if @ # j. Let y = 2, s if 7y, s € X, and y = :c;ll’s if 2, s € X 1. Choose
q > p, then there exists a subsequence {xnkj }ien of {zn, }ren such that {yqacnkj Yy~ 1} ren converges to e and
l(yqxnkj y~ %) =2q+ s > p for every j € N. This completes the proof. O

Recall that S, is the quotient space obtained by identifying all limit points of the topological sum of w
many convergent sequences.

Lemma 3.2. (/11]) A topological group G contains a closed copy of S, if and only if G contains a closed
copy of Ss.

Theorem 3.3. Let X be a topological space. If F(X) contains a non-trivial convergent sequence, then F(X)
contains a closed copy of Sa, equivalently, F(X) contains a closed copy of S,,.

Proof. If F(X) contains a non-trivial convergent sequence, then there is a non-trivial sequence L = {x,, } nen
converging to the identity e. By Lemma 2.6, L C F,,(X) for some ng € N, which implies I(x,) < ng for
every n € N. By Lemma 3.1, there is a sequence {t; }ren converging to e and the length of every ¢ is greater
than 2ng. Thus {z1tx}ren converges to x1, and I(z1tx) > ng for every k € N. Put y1 5 = z1¢) for every
k € N and L; = {y1,x}ken. Using again Lemma 2.6, we can choose n; € N such that the length of every
element in L; is less than n;. By induction, we can choose a sequence {n;};cy with ny < ng < ---, and a
sequence {L; }ien with L; = {y; k }ren converging to x; and n,—1 < I(y; 1) < n; for every i,k € N. Put

S={e}U{z,:neNtU{y,i:nkeN}L

Claim. S is closed in F'(X) and is a copy of Ss.
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Let f € NY. The set [, cx{yn.k : k < f(n)} is closed and discrete in F/(X) by Lemma 2.5. Then the set

{e}u U{xn} U{Ynk s k> f(n)}

n>i

is an open neighborhood of e in S for every i € N. It is also easy to see that {z,} U{ynr : k> f(n)} is
open in S for every n € N, and {y, 1} is open in S for every n, k € N. Hence the space S is a copy of Sa.

Now we will show that S is closed in F(X). Suppose p ¢ S. Since {e} U {z,, : n € N} is compact, there
exist open subsets U and V of F'(X) such that

peUdetU{z,:neN}CVandUNV = 0.

Thus there is an f € NY such that

{eyu U tza} Ulyan ik = f(0)} C V2

neN

Let

W=U\ J{yns k< f(n)}.

neN

The set W is an open neighborhood of p in F(X) by Lemma 2.5 and W N S = @, whence S is closed in
F(X). O

Remark 3.4. E. Ordman, B. Smith-Thomas asked whether X contains a non-trivial convergent sequence if
F(X) contains a non-trivial convergent sequence [12, Question 3.11]. M. Tkachenko constructed a topological
space X without infinite compact subsets such that F(X) contains a non-trivial convergent sequence [14,
Theorem 3.5]. Thus the answer to [12, Question 3.11] is negative.

Corollary 3.5. Let X be a topological space. If F(X) is a sequential space, then either X is discrete or F(X)
contains a closed copy of Ss.

Proof. If X is not discrete, then F'(X) is also not discrete. F'(X) contains a non-trivial convergent sequence,
since F'(X) is a sequential space. By Theorem 3.3, F'(X) contains a closed copy of S3. O

Corollary 3.6. Let X be a topological space. If F(X) is a sequential space, then either X is discrete or F(X)
contains a closed copy of S, .

Corollary 3.7. ([12]) Let X be a topological space. If F(X) is a Fréchet—Urysohn space, then the space X is
discrete.

Remark 3.8. There exists a sequential space X that contains no a copy of Sz or S,,, but is not Fréchet [5,
Example 2.14].

Now we further strengthen Corollary 3.7 by discussing x-Fréchet property.
Let E, O be positive even, odd number sets, respectively.

Theorem 3.9. Let X be a non-discrete space, A = {n1,...,n;,...} be an infinite subset of N. If A C E, then

Uien En, (X) is dense in | J;cn E2i(X); if A C O, then ;e En, (X) is dense in ey Eoi—1(X).
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Proof. The space X being non-discrete, let x be an accumulation point of X, thus the identity e is an
accumulation point of H = {az™! : a € X} in F(X). Fix p € [J;cy F2i(X) and an open neighborhood U of
p in F(X), there is an open neighborhood V at e such that pV' C U. Then I(p) = 2iy for some ig € N. Put

n; =min{n; € A:n; > l(p),i € N}.

Hence, n;—I(p) = 2k for some k € N. Let W be an open neighborhood of e in F/(X) such that W* C V. Then
W contains infinitely many elements of H, which implies that there exists K = {a, : n =1,2,....,k} C X
such that

({z} Usupp(p)) N K =0 and {ap,z~':n <k} Cc WnNH.

Let y = paiztagz™" -+~ agaz™!, then y € pW* C pV C U. We have y € E,,,(X) since I(y) = l(p) + 2k = n;.
Hence U NJ; ey En, (X) # 0. The second part can be proved in a similar fashion. 0

Corollary 3.10. Let X be a non-discrete space, A = {ny,...,n;, ...} be an infinite subset of N. If [ ANE| = w
and |[ANO| = w, then | J;cy En, (X) is dense in F(X).

Theorem 3.11. Let X be a topological space and A = {ny,...,n;,...} be an infinite subset of N. If C' =
Uien En, (X) is -Fréchet-Urysohn and contains no copy of Sa, then X is discrete.

Proof. Suppose that X is non-discrete. Without loss of generality, we assume that A C Eand n; < mng < ---

Lemma 2.4 implies that | J,, En,(X) is open in C for every k € N. Choose z € E,, (X). By Theorem 3.9,
v € J;uq En;(X). Since C is k-Fréchet-Urysohn, there is a non-trivial sequence {z,},en of points of
Uis1 En,(X) converging to . According to Lemma 2.6, {z, : n € N} U {a} C F;,(X) for some iy € N.
Again, by Theorem 3.9, z; € |
of points of |J

i>io B (X). There exist i1 > ip and a non-trivial sequence {1 x}ren

io<i<iy P (X) converging to x1; similarly, there exist i > 47 and a non-trivial sequence
{z2,k tren of points of ; ;. Fn,(X) converging to 2. In this way, we can choose a sequence {ix}xen

with 4 > i1 and a non-trivial sequence {z, ; tren of points of Uim E,,(X) converging to ,,. It

<<,
follows from the proof of Theorem 3.3 that

{z} U{zp :m e N} U{zp i :m,k e N}
is a copy of Ss. This contradicts the hypothesis that C' contains no copy of S3. 0O

Corollary 3.12. (/15]) Let A = {nq,...,n;,...} be an infinite subset of N. If C = |
Urysohn, then X is discrete.

ien Eni (X) is Fréchet—

4. The Fréchet property and Ss of F5(X) and F4(X)
Next, we shall considerably improve Theorem 1.3 in the introduction.
Theorem 4.1. Let X be a u-space. If F5(X) is Fréchet-Urysohn, then X is compact or discrete.
Proof. Suppose X is neither discrete nor compact. Since X is a u-space, X is not countably compact. Then
in X there exist a non-trivial convergent sequence C' containing its limit point and an infinite countable

discrete closed subset D C X such that CN D = 0.
Claim. F5(X) contains a copy of Ss.
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In fact, let C = {z, : n € N} U {a} and D = {d,, : n € N}, where {z,}nen converges to z € X. Thus
{z7 2y }ren converges to e € F(X). Let yp r = Tpndyztagd, ! for every n, k € N. Then {y,, 1 }ren converges
to z, € F(X) for every n € N.

Put

L={z}U{z,:neN}U{ynr:n ke N}L

Obviously, L C F5(X) and L is a sequential space. We shall show that L is a copy of Ss.

Fix two subsequences {n;};cn and {k;};eny with ny < ng < --- and k1 < ko < ---. Then the sequence
{Yn. k., tien does not converge in F'(X). Otherwise, by Lemma 2.8, {dy, :i € N} C supp({yn, k,, : 1 € N})
is compact in X. This contradicts the fact that {dy, :i € N} is an infinite subset of D.

Let f € N¥. Then the set U, cxy{yn.x : & < f(n)} is closed and discrete in F5(X) and the set

{e} U J{end U dyng k= f(n)}

n>i

is an open neighborhood of x in L for every ¢ € N. It is also easy to see that {x,} U{ynx : k> f(n)} is
open in L for every n € N, and {y, x} is open in L for every n,k € N. Hence the space L is a copy of Ss.
This completes the proof of Claim.

By above Claim, Ss is a Fréchet—Urysohn space. This is a contradiction. O

The following theorem was proved not long ago [16].

Theorem 4.2. ([16]) Let X be a locally compact, metrizable space and the set of all non-isolated points of X
is compact. If Fy(X) is a k-space, then Fy(X) is a Fréchet-Urysohn space.

In this paper, we present a shorter alternative proof for Theorem 4.2 using Tanaka’s theorem (Theo-
rem 2.2). We still need a few auxiliary lemmas.

Lemma 4.3. Let X be a metrizable space and {xy}ren be a sequence of reduced elements of F(X) with the
length n € N, where xj, = T Tk, for every k € N and z,; € X U X1 for every i < n. If {xy}ren
converges to a € F(X), then there is a sequence {k;}jen with ky < ky < --- such that {zy, ;}jen converges
to some a; € XU X! for everyi<n anda=ay---ay.

Proof. Since {zx : k € N} U {a} is bounded in F(X), it follows from Lemma 2.8 that the closure
supp({zr : k € N} U{a}) of supp({z) : k € N} U{a}) in X is compact. Let

1
Z =supp({z : k € N} U{a}) Usupp({zx : k e N} U {a}) .

Then Z is a compact subset of X = X @ {e}® X!, s0is Z" in X" Thus pg = (Th1, . Thn) € Z"Ni; ()
for every k € N. Then {py}ren has a subsequence {py,};en converging to some (ai,as,...,a,) € Z", ie.,
{ak, i}jen converges to a; € X U X! for every i < n. It immediately follows from the continuity of the
mapping ¢, that a =a;---a,. O

Lemma 4.4. Let X = K @& D, where K is a metrizable space and D is a discrete space. Suppose that
L={z}U{z, :neN}U{zyr:nk €N} isacopy of So in Fy(X), where l(x, k) =4 for every n,k € N.
Then there exists a copy Ly of Sy such that Ly C L and |supp(L1) N D| < w.

Proof. We write x,, x = @y kbn kCn kdn. k, Where ap i, bn ks Cn i, dnk € X U X! for every n,k € N. Since
{#n k }ren converges to x, for every n € N, by Lemma 4.3, we obtain that {an x, }jen converges to some
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an € XUX ! {bps, }jen converges to some b, € X UX ™1, {cnk, }jen converges to some ¢, € X U X1,
{dn .k, }jen converges to some d,, € X U X1 and so z, = anbpcndn.

Without loss of generality, we may assume that [(x,,) = 4 for every n € N or {(z,,) = 2 for every n € N.

Case 1. I(x,) = 4 for every n € N.

Since {x,, }nen converges to z in F(X), using again Lemma 4.3, we have {a,, }ien converges to some
a € XUXL {by,}ien converges to some b € X UX 1, {c,, }ien converges to some ¢ € X U X1 {d,,, }ien
converges to some d € X U X! and so z = abed.

Ifa € KUK™! since KUK ! isopenin XUX ! then {a,, : i > ip} C KUK ™! for some ig € N. Without
loss of generality, we may assume that a,, € K UK ~! for every i € N. Further, since {a@n; k, }jen converges
to an,, we have {an, r, : j > jo} C KU K~ for some j, € N. We may assume that Uk, € KU K1 for
every j € N. If a € DUD™!, since {a} is open in X UX !, then there exists an m € N such that a,,, = a for
every ¢ > m. We may assume that a,, = a for every ¢ € N. Further, since {ani’kj }jen converges to a,, = a,
we may assume that an, r, = a for every j € N. The analogous statements are valid for b, ¢, and d.

Put

Ly ={x} U{z,, :i € N}U{zy, 1, : 1,5 € N}

Then L, is a copy of Sy such that L; C L and |supp(L1) N D| < w.

Case 2. [(x,,) = 2 for every n € N.

This means that we may assume a,, = b, ! for every n € N or b,, = ¢, ! for every n € Nor ¢, = d,;* for
every n € N. We only prove the case that a,, = b, ! for every n € N. The arguments for the rest are similar.

Since {z, }nen converges to x in F(X), i.e., {¢,dp }nen converges to x in F(X), by Lemma 4.3, we have
{en, }ien converges to some ¢ € X U X1, {d,, }ien converges to some d € X U X!, and so z = cd.

If c € KUK then {c,, : i > i} C KUK™! for some iy € N. Without loss of generality, we
may assume that ¢,, € K U K~! for every i € N. Further, since {Cni.k; }jen converges to c,,, we have
{enik;, 1 J > Jo} C KU K~ for some j, € N. We may assume that Cnik; € KU K~ for every j € N. If
c € DUD™!, then ¢,, = c for some i > iy. We may assume that c,, = ¢ for every i € N. Further, since
{€ni .k, }jen converges to c,, = ¢, we may assume that c,, , = c for every j € N. The analogous statements
are valid for d.

If a,, € DUD™! then b, € DU D™!. Since {@n.k,;}jen converges to a, and {b,,}jen converges to by,
we may choose some j € N such that a, x; = an and by x; = by, whence I(wp x;) = U(an,k;bnk; Cnk; dnk;) =
l(cnk;dnk;) < 4. This is a contradiction. So we have an,b, € K UK ~! for every n € N. Especially,
An;,bn, € KUK™! for every i € N Further, we may assume that An; by Ong i, € KU K~ for every j € N.

Put

Ly ={z} U{xy,, i € N} U{zp, 1, 14,5 € N}
Then L, is a copy of Sy such that L; C L and [supp(L1) N D| < w. O

Lemma 4.5. Let X = K ® D, where K is a compact metrizable space and D is a discrete space. Then Fy(X)
contains no copy of Ss.

Proof. By Theorem 1.2, F3(X) is Fréchet—Urysohn, and so contains no copy of Sy. Suppose that L =
{z}U{z, :n € N}U{z, 1 : n,k € N} is a copy of Sy in Fy(X). Since F5(X) is closed in F(X) and contains
no copy of Sy, without loss of generality, we may assume {z,x : n,k € N} C Fy(X) \ F5(X). Applying
Lemma 4.4, we can obtain a copy Ly of Sy such that Ly C L and [supp(L;1) N D| < w.

Now, let Dy = supp(Li) N D. Then |D;| < w and L; C F(K U Dy, X), where F(K U Dy, X) is the
subgroup of F(X) generated by KU D;. Since K U D; is compact metrizable, by Lemma 2.7, F(K U Dy, X)
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is topologically isomorphic to F(K U D;) and Fy(K U Dy) is metrizable. So L; is metrizable. This is a
contradiction. 0O

Lemma 4.6. (/10, Lemma 2.12]) Let X be a locally compact metrizable space and the set of all non-isolated
points of X is compact. Then X can be expressed as a topological sum of a discrete subspace and a compact
metrizable subspace.

The Alternative Proof of Theorem 4.2. By Lemma 4.6, X can be expressed as a topological sum of a discrete
subspace and a compact metrizable subspace. Then F4(X) contains no copy of Sz by Lemma 4.5. Since X
is a metrizable space, each singleton of Fy(X) is a Gs-set [2, Theorem 7.6.7]. By Theorem 2.2, Fy(X) is a
Fréchet—Urysohn space. This completes the proof. 0O

It is well known that if X is a locally compact, separable, metrizable space, then F(X) is a k-space [3].

Corollary 4.7. ([16]) If X is a locally compact, separable, metrizable space, then the set of all non-isolated
points of X is compact if and only if F4(X) is a Fréchet—Urysohn space.

Acknowledgements

The authors would like to thank Professor K. Yamada for providing us a copy of the paper “K. Yamada,
Fréchet—Urysohn subspaces of free topological groups, in press”, and the referee for the detailed list of
corrections and all her or his efforts in order to improve the paper.

References

. Arens, Note on convergence in topology, Math. Mag. 23 (1950) 229-234.

. Arhangel’skii, M. Tkachenko, Topological Groups and Related Structures, Atlantis Press and World Scientific, 2008.

. Arhangel’skii, O. Okunev, V. Pestov, Free topological groups over metrizable spaces, Topol. Appl. 33 (1989) 63-76.

Engelking, General Topology, Heldermann Verlag, Berlin, 1989 (revised and completed edition).

Lin, A note on the Arens’ space and sequential fan, Topol. Appl. 81 (1997) 185-196.

Lin, C. Liu, S, and S2 on free topological groups, Topol. Appl. 176 (2014) 10-21.

Lin, C. Liu, An addendum to “S,, and Sz on free topological groups”, Topol. Appl. 191 (2015) 199-201.

Liu, L. Ludwig, x-Fréchet—Urysohn spaces, Houst. J. Math. 31 (2) (2005) 391-401.

. Markov, On free topological groups, Dokl. Akad. Nauk SSSR 31 (1941) 299-301 (in Russian).

. Nickolas, M. Tkachenko, Local compactness in free topological groups, Bull. Aust. Math. Soc. 68 (2003) 243-265.

. Nogura, D. Shakhmatov, Y. Tanaka, as-Property versus A-property in topological spaces and groups, Studia Sci. Math.
Hung. 33 (1997) 351-362.

[12] E. Ordman, B. Smith-Thomas, Sequential conditions and free topological groups, Proc. Am. Math. Soc. 79 (2) (1980)
319-326.

=
AEpPQEERDE >

[13] Y. Tanaka, Metrizability of certain quotient spaces, Fundam. Math. 119 (1983) 157-168.

[14] M. Tkachenko, More on convergent sequences in free topological groups, Topol. Appl. 160 (2013) 1206-1213.
[15] K. Yamada, Fréchet—Urysohn spaces in free topological groups, Proc. Am. Math. Soc. 130 (8) (2002) 2461-2469.
[16] K. Yamada, Fréchet—Urysohn subspaces of free topological groups, in press.


http://refhub.elsevier.com/S0166-8641(16)00116-4/bib41726531393530s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib415432303038s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib414F5031393839s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib4531393839s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib4C696E31393937s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib4C4C32303134s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib4C4C32303135s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib4C4C7532303035s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib4D31393431s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib4E5432303033s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib4E535431393937s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib4E535431393937s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib4F5331393830s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib4F5331393830s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib54616E616B6131393833s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib5432303133s1
http://refhub.elsevier.com/S0166-8641(16)00116-4/bib5932303032s1

	S2 and the Fréchet property of free topological groups
	1 Introduction
	2 Preliminaries
	3 The Fréchet property and S2 of F(X)
	4 The Fréchet property and S2 of F5(X) and F4(X)
	Acknowledgements
	References


