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Spaces with σ-point-discrete ℵ0-weak bases

SHEN Rong-xin1,2 LIN Shou3,∗

Abstract. It is discussed in this paper the spaces with σ-point-discrete ℵ0-weak bases. The

main results are: (1) A space X has a σ-compact-finite ℵ0-weak base if and only if X is a

k-space with a σ-point-discrete ℵ0-weak base; (2) Under (CH), every separable space with a

σ-point-discrete ℵ0-weak base has a countable ℵ0-weak base.

§1 Introduction

In [34], Sirois-Dumais introduced the weakly quasi-first-countable spaces, which are natural
generalizations of the well-known weakly first-countable spaces. Liu and Lin [23] introduced
the notion of ℵ0-weak bases, which revealed the elementary character of weakly quasi-first-
countable spaces. It has been founded from the recent study that the notion of ℵ0-weak bases
plays an interesting role in the theory of generalized metric spaces and topological groups [23,
24, 30-33]. In [30], Shen gave a systemical discussion on the spaces with certain ℵ0-weak bases,
and revealed the relation between these spaces and the quotient, countable-to-one images of
metric spaces. It has been proved in [30] that a regular space X has a σ-discrete ℵ0-weak
base if and only if it has a σ-locally finite ℵ0-weak base. Also in [24], Liu, Lin and Li proved
that a regular space X has a σ-locally finite ℵ0-weak base if and only if it has a σ-hereditarily
closure-preserving ℵ0-weak base.

A family B = {Bα : α ∈ H} of subsets of a space X is called hereditarily closure-preserving
[13]) if ∪{Aα : α ∈ H} = ∪{Aα : α ∈ H} whenever Aα ⊂ Bα for each α ∈ H . B is called
point-discrete (also called weakly hereditarily closure-preserving [4]) if {xα : α ∈ H} is closed
discrete whenever xα ∈ Bα for each α ∈ H . B is called compact-finite if every compact subset of
X intersects at most finite members of B. B is called σ-point-discrete (σ-compact-finite) if B is
a countable union of point-discrete (compact-finite) families. It is easy to see that every locally
finite family of subsets of a space is hereditarily closure-preserving and compact-finite, and every
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hereditarily closure-preserving family is point-discrete. Research on σ-point-discrete networks
and σ-compact-finite networks is one of the important topics in the theory of generalized metric
spaces. Burke, Engelking and Lutzer [4] discussed the spaces with σ-point-discrete bases. Boone
[3] proved that every regular space with σ-compact-finite bases is metrizable. Liu and Tanaka
[25], Lin and Yan [20] discussed the spaces with σ-point-discrete weak bases and the spaces
with σ-compact-finite weak bases. Ge [9] characterized ℵ0-spaces by σ-point-discrete strong
cs-networks. Lin and Shen [15] gave a strict relationship between the spaces with σ-point-
discrete sn-networks and the spaces with σ-compact-finite sn-networks. These works lead us
to study the spaces with σ-point-discrete ℵ0-weak bases. In this direction, we are interested in
the following question:

Question 1.1. Does every k-space with a σ-point-discrete ℵ0-weak base have a σ-compact-
finite ℵ0-weak base?

In Section 2, we shall give an affirmative answer to this question.
In Section 3, we discuss the separable spaces with σ-point-discrete ℵ0-weak bases. We

shall prove that under (CH), every separable space with a σ-point-discrete ℵ0-weak base has a
countable ℵ0-weak base. As an application, each closed map on a space with a σ-point-discrete
ℵ0-weak base is compact-covering under (CH). It will be also pointed out that the assumption
(CH) can be replaced by either of the following conditions: (1) X is ℵ1-compact; (2) The
sequential order of X is countable.

In this paper all spaces are regular. By N and ω1, we denote the set of all natural numbers
and the first uncountable ordinal, respectively. For a space X , I(X) is the set of all isolated
points of X . For a family P of subsets of X , ∩P and ∪P are respectively the intersection and
union of all members of P . P<ω = {∩P ′ : P ′ is a finite subfamily of P}. We recall some basic
definitions.

Definition 1.1. [23] Let B be a family of subsets of a space X . B is said to be an ℵ0-weak
base for X if B = ∪{Bx(n) : x ∈ X, n ∈ N} satisfies

(1) For each x ∈ X, n ∈ N, Bx(n) is closed under finite intersections and x ∈ ∩Bx(n);
(2) A subset U of X is open if and only if whenever x ∈ U and n ∈ N, there exists a

Bx(n) ∈ Bx(n) such that Bx(n) ⊂ U .
X is called ℵ0-weakly first-countable [36] or weakly quasi-first-countable in the sense of Sirois-

Dumais [34] if Bx(n) is countable for each x ∈ X, n ∈ N.
If Bx(n) = Bx(1) for each n ∈ N in the definition of ℵ0-weak bases, then B is called to

be a weak base [2] for X . X is called weakly first-countable or g-first-countable in the sense of
Arhangel’skǐı [2] if Bx(1) is countable for each x ∈ X .

Let X be a space. P ⊂ X is called a sequential neighborhood [6] of x in X , if each sequence
converging to x ∈ X is eventually in P . A subset U of X is called sequentially open [6] if U

is a sequential neighborhood of each of its points. X is called a sequential space [6] if each
sequentially open subset of X is open. X is called a k-space [6] if every subset A of X is open
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whenever A ∩ K is open in K for each compact subset K ⊂ X . Note that every ℵ0-weakly
first-countable space is a sequential space [34], and every sequential space is a k-space [5].

Definition 1.2. Let P be a cover of a space X . Then
(1) P is called a network [1] for X if for any open set U and a point x ∈ U , there exists a

P ∈ P such that x ∈ P ⊂ U ;
(2) P is called a k-network [10] for X if for any compact set K and for any open set U such

that K ⊂ U , K ⊂ ∪P ′ ⊂ U for some finite P ′ ⊂ P ;
(3) P is called a cs-network [12] for X if for any open set U and any sequence L converging

to a point x ∈ U , there exists a P ∈ P such that x ∈ P ⊂ U and L − P is finite;
(4) P is called a cs∗-network [7] for X if for any open set U and any sequence L converging

to a point x ∈ U , there exists a subsequence L′ of L and a P ∈ P such that L′ ∪ {x} ⊂ P ⊂ U ;
(5) P is called a wcs∗-network [19] if for any open set U and any sequence L converging to

a point x ∈ U , there exists a subsequence L′ of L and a P ∈ P such that L′ ⊂ P ⊂ U ;
(6) P is called an sn-network [8,17] for X if for any open set U and a point x ∈ U , there

exists a P ∈ P such that x ∈ P ⊂ U and P is a sequential neighborhood of x.

These notions have the following implications.

Remark 1.1. (1) weak bases → sn-networks → cs-networks → cs∗-networks → wcs∗-networks
→ networks;

(2) weak bases → ℵ0-weak bases → cs∗-networks [30];
(3) k-networks → wcs∗-networks.

X is called an ℵ-space [28] if it has a σ-locally finite k-network. X is called an ℵ0-space [27]
if it has a countable k-network, which is equivalent to the spaces with a countable cs∗-network
[7]. In [23], it is proved that a space X has a σ-locally finite ℵ0-weak base (countable ℵ0-weak
base) if and only if it is an ℵ0-weakly first-countable, ℵ-space (ℵ0-space).

§2 Spaces with σ-compact-finite ℵ0-weak bases and spaces with

σ-point-discrete ℵ0-weak bases

Lemma 2.1. [30] Let X be a space. B = ∪{Bx(n) : x ∈ X, n ∈ N} is a family of subsets of X,
here each Bx(n) is a network at x in X and Bx(n) is closed under finite intersections for each
x ∈ X, n ∈ N. Consider the following two conditions.

(1) B is an ℵ0-weak base for X.
(2) For any sequence L converging to x in X, there exist a subsequence L′ of L and n0 ∈ N

such that L′ is eventually in B for each B ∈ Bx(n0).
We have (1)⇒(2). Moreover, if X is sequential, (2)⇒(1).

Lemma 2.2. Let X be a sequential space with an ℵ0-weak base P = ∪{Px(n) : x ∈ X, n ∈ N}.
Then X has an ℵ0-weak base B = ∪{Bx(n) : x ∈ X, n ∈ N} such that B ⊂ P, and for each
x ∈ X−I(X) and n ∈ N, there is a non-trivial sequence L which converges to x and is eventually
in each element of Bx(n).
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Proof. For each x ∈ X , if x ∈ I(X), put Bx(n) = Px(n) for each n ∈ N. If x ∈ X − I(X), since
X is a sequential space, there is a non-trivial sequence L0 converging to x. By Lemma 2.1,
there exist an n0 ∈ N and a subsequence L1 of L0 such that L1 is eventually in each element
of Px(n0). For each n ∈ N, if there is no non-trivial sequence L such that L converges to x

and is eventually in each element of Px(n), then we put Bx(n) = Px(n0). Otherwise we put
Bx(n) = Px(n). By Lemma 2.1, we can easily verify that B = ∪{Bx(n): x ∈ X, n ∈ N} ⊂ P
is an ℵ0-weak base for X which satisfies that for each x ∈ X − I(X) and n ∈ N, there is a
non-trivial sequence L which converges to x and is eventually in each element of Bx(n).

Lemma 2.3. [20] Let P be a point-discrete family of a space X. Put D = {x ∈ X : P is not
point-finite at x}. Then {P − D : P ∈ P} ∪ {{x} : x ∈ D} is compact-finite.

Theorem 2.1. The following statements are equivalent for a space X.

(1) X has a σ-compact-finite ℵ0-weak base.

(2) X is an ℵ0-weakly first-countable space with a σ-point-discrete ℵ0-weak base.

(3) X is a k-space with a σ-point-discrete ℵ0-weak base.

Proof. (1)⇒(2)⇒(3) are obvious. We now prove (3)⇒(1).

Let X be a k-space with a σ-point-discrete ℵ0-weak base. First we prove that X is a
sequential space. It is sufficient to show any compact subset of X is metrizable. By Lemma 2.3,
X has a σ-compact-finite network. Thus any compact subset of X has a countable network.
By [5,Theorem 3.1.19], any compact subset of X is metrizable.

Let P = ∪{Pn : n ∈ N} = ∪{Px(m) : x ∈ X, m ∈ N} be a σ-point-discrete ℵ0-weak base for
X , where each Pn is a point-discrete family and Pn ⊂ Pn+1. By Lemma 2.2, we can assume
that P satisfies that for each x ∈ X − I(X) and m ∈ N, there is a non-trivial sequence Lx,m

which converges to x and is eventually in each element of Px(m).

If x ∈ I(X), then {x} is open in X . Thus {x} ∈ P . So I(X) is a σ-closed discrete subspace
of X . For n, m ∈ N and P ∈ Pn, let

Dn = {x ∈ X : Pn is not point-finite at x};
Vm(P ) = {x ∈ X − I(X) : P ∈ Px(m)};
Wn,m(P ) = (P − Dn) ∪ Vm(P ).

Then Wn,m(P ) ⊂ P . Now we show {Wn,m(P ) : P ∈ Pn} is compact-finite for each n, m ∈
N. Since every point-finite and point-discrete family is compact-finite, it is sufficient to show
{Wn,m(P ) : P ∈ Pn} is point-finite. It is easy to see that {P − Dn : P ∈ Pn} is point-
finite. So we only need to show {Vm(P ) : P ∈ Pn} is point-finite. For x ∈ X − I(X), if
{P ∈ Pn : x ∈ Wn,m(P )} is infinite, then Px(m)∩Pn is infinite. Pick {Pi : i ∈ N} ⊂ Px(m)∩Pn.
Since Lx,m is eventually in each element of Px(m), we can choose a subsequence {xi}i∈N of
Lx,m such that xi ∈ Pi for each i ∈ N. This contradicts that Pn is point-discrete. Therefore
{Wn,m(P ) : P ∈ Pn} is compact-finite.
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For each x ∈ X and m ∈ N, let

B′
x(m) =

⎧
⎪⎨

⎪⎩

{{x}}, x ∈ I(X),

{Wn,m(P ) : P ∈ Px(m) ∩ Pn, n ∈ N}, x ∈ X − I(X)

and Bx(m) = B′
x(m)<ω . Then B = ∪{Bx(m) : x ∈ X, m ∈ N} is σ-compact-finite. To complete

the proof, it is sufficient to show B is an ℵ0-weak base for X .
To begin with, for each x ∈ X and m ∈ N, Bx(m) is a network at x. In fact, let U be an

open neighborhood of x, there exists a P ∈ Px(m) ∩ Pn for some n ∈ N with P ⊂ U . Then
x ∈ Wn,m(P ) ⊂ P ⊂ U . In addition, let L be a non-trivial sequence converging to x ∈ X .
By Lemma 2.1, there exists an m ∈ N and a subsequence L′ such that L′ is eventually in each
element of Px(m). By Lemma 2.3, (L′ ∪ {x}) ∩ Dn is finite for each n ∈ N. By Lemma 2.1,
L′ is eventually in each element of Bx(m). Therefore B is a σ-compact-finite ℵ0-weak base for
X .

Remark 2.1. In [15], Lin and Shen proved that every space with a σ-point-discrete sn-network
has a σ-compact-finite sn-network. However, this is not true for ℵ0-weak bases. Indeed, Burke,
Engelking and Lutzer [4] gave a space with a σ-point-discrete base which is not a k-space.

It is well-known that a space X has a σ-compact-finite weak base if and only if X is a
k-space with a σ-compact-finite sn-network. The following two examples show that a space
with a σ-compact-finite sn-network (even with a compact-finite sn-network) may not have a
σ-point-discrete cs∗-network.

Example 2.1. There exists a space which has a σ-compact-finite sn-network, but dose not
have any σ-point-discrete network.

Proof. Let X be an uncountable set and p be a fixed point in X . We endow X with the
Fortissimo topology [18, 35]. That is, every point x ∈ X −{p} is isolated and the neighborhood
base at p is {U ⊂ X : p ∈ U and X − U is countable}. According to [18, Example 2.5.19], X

satisfies the following two conditions.
(1) Every compact subset of X is finite.
(2) Every uncountable A ⊂ X is not closed discrete.
By (1), there is no non-trivial convergent sequences in X . As a result, {{x} : x ∈ X} is

a compact-finite sn-network for X . Note that {{x} : x ∈ X} is also a k-network for X by
(1). Now we prove that X doesn’t have any σ-point-discrete network. Suppose that X has a
network P =

⋃
n∈N

Pn, where Pn is point-discrete for each n ∈ N. Since every x ∈ X − {p}
is isolated and P is a network for X , {x} ∈ P for every x ∈ X − {p}. So we can find an
uncountable subset A of X − {p} and an n0 ∈ N such that {x} ∈ Pn0 for each x ∈ A. By (2),
Pn0 can not be point-discrete. This is a contradiction.

Example 2.2. There exists a space which has a compact-finite sn-network, but dose not have
any σ-point-discrete network.
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Proof. Let X be the infinite, completely regular and countably compact space in [11, Example
9.1] in which every compact subset is finite. Since every compact subset of X is finite, {{x} :
x ∈ X} is a compact-finite sn-network for X . It is easy to prove that a countably compact
space with a σ-point-discrete network has a countable network. If X has a σ-point-discrete
network, then X is metrizable, hence it is discrete. This is a contradiction.

Corollary 2.1. [24] Every strongly Fréchet-Urysohn space with a σ-point-discrete ℵ0-weak base
is metrizable.

Proof. Let X be a strongly Fréchet-Urysohn space with a σ-point-discrete ℵ0-weak base. By
Theorem 2.4, X has a σ-compact-finite ℵ0-weak base. Then X is ℵ0-weakly first-countable.
By [29, Lemma 2.14], X is first-countable. Since any compact-finite family of subsets of a
first-countable space is locally finite, X has a σ-locally finite ℵ0-weak base. So X is an ℵ-space
[30, Theorem 2.4]. Therefore X is metrizable.

The following questions remain open.

Question 2.1. Does every space with a σ-compact-finite ℵ0-weak base have a σ-locally finite
ℵ0-weak base?

Note that this question is closely related to Liu’s question [18, 21]: whether every space
with a σ-compact-finite weak base is g-metrizable? Note that if the answer to Question 2.1 is
affirmative, then the same to Liu’s question.

Question 2.2. Does every weakly first-countable space with a σ-compact-finite ℵ0-weak base
have a σ-compact-finite weak base?

Question 2.3. Does every weakly first-countable (weakly quasi-first-countable) space with a
σ-point-discrete cs∗-network have a σ-compact-finite weak base (ℵ0-weak base)?

§3 Separable spaces with σ-point-discrete ℵ0-weak bases

Lemma 3.1. Suppose that a space X has a σ-point-discrete wcs∗-network. Then X has a
σ-point-discrete k-network and a σ-compact-finite k-network.

Proof. Let P = ∪{Pn : n ∈ N} be a σ-point-discrete wcs∗-network for X , where each Pn

is a point-discrete family and Pn ⊂ Pn+1. Put Dn = {x ∈ X : Pn is not point-finite at
x}, P ′

n = {P − Dn : P ∈ Pn} ∪ {{x} : x ∈ Dn} and P ′ = ∪{P ′
n : n ∈ N}. By Lemma

2.3, P ′ is σ-compact-finite. Note that the intersection of Dn and any compact subset of X is
finite, we can see that P ′ refines P and is a wcs∗-network, hence any compact subset of X

is metrizable and P ′ is a σ-compact-finite k-network (see [37, Proposition B(1)]). We prove
that P is a k-network. Let K ⊂ U with K compact and U open in X , it is easy to see that
{P ∈ P : P ⊂ U} is a σ-point-discrete wcs∗-network of the space U . Without loss of generality,
we assume {P ∈ P : P ⊂ U} = P . Since P ′ is a k-network, there is a finite subfamily F ⊂ P ′
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such that K ⊂ ∪F ⊂ U . For each F ∈ F , pick P (F ) ∈ {P ∈ P : P ⊂ U} such that F ⊂ P (F ),
then K ⊂ ∪{P (F ) : F ∈ F} ⊂ U .

Since every k-network for a space X is a wcs∗-network for X , we have the following corol-
laries.

Corollary 3.1. A space X has a σ-point-discrete k-network if and only if X has a σ-point-
discrete wcs∗-network.

Corollary 3.2. Suppose that a space X has a σ-point-discrete k-network. Then X has a
σ-compact-finite k-network.

Corollary 3.3. Suppose that a space X has a σ-point-discrete wcs∗-network. Then X has a
σ-compact-finite wcs∗-network.

We remark here that F. Lin also prove the same result of Corollary 3.3.

Example 3.1. [14, Example 2.2] The fan space Sω1 has a σ-point-discrete cs∗-network, and
Sω1 does not have any σ-compact-finite cs∗-network.

Since Sω1 does not have any σ-point-discrete cs-network [14, Theorem 2.8], the following
question remains open.

Question 3.1. Suppose that a space X have a σ-point-discrete cs-network. Then does X have
a σ-compact-finite cs-network?

Now we discuss separable spaces with σ-point-discrete ℵ0-weak bases. We must remark that
the main technique used in the proof of Theorem 3.1 and Lemma 3.2 comes from [22].

Theorem 3.1. Under (CH), every separable space with a σ-point-discrete ℵ0-weak base has a
countable ℵ0-weak base.

Proof. Let X be a separable space with a σ-point-discrete ℵ0-weak base. By (CH), the character
of X is not greater than ω1. Let P = ∪{Pn : n ∈ N} = ∪{Px(m) : x ∈ X, m ∈ N} be a σ-point-
discrete ℵ0-weak base for X , where each Pn is a point-discrete family and Pn ⊂ Pn+1. Without
loss of generality, we may assume that for each m ∈ N, {x} /∈ Px(m) for each x ∈ X − I(X)
and Px(m) = {{x}} for each x ∈ I(X). Now suppose Px(m) ∩ Pn is uncountable for some
x ∈ X − I(x) and n, m ∈ N. Let {Vα : α < ω1} be the local base at x. Notice that for any
neighborhood V of x, V ∩ (P − {x}) 	= ∅ for each P ∈ Px(m). Then, by induction, there exist
a subset S = {xα : α < ω1} of X and a subfamily {Pα : α < ω1} of Px(m) ∩ Pn such that
xα ∈ Vα ∩ Pα, where xα 	= x and Pα 	= Pβ whenever α 	= β. Thus x ∈ S, which contradicts the
point-discreteness of Pn. Therefore X is ℵ0-weakly first-countable, and thus sequential.

By Lemma 3.1, X has a σ-compact-finite k-network. Under (CH), a separable, sequential
space with a σ-compact-finite k-network is an ℵ0-space [25, Theorem 7]. Hence, X has a
countable ℵ0-weak base.
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Corollary 3.4. Every closed map on a space with a σ-point-discrete ℵ0-weak base is compact-
covering under (CH).

Proof. Let f : X → Y be a closed map and X have a σ-point-discrete ℵ0-weak base. Assume
that L is a compact subset of Y . Since X has a σ-point-discrete network, Y also has a σ-
point-discrete network. By Lemma 2.3, Y has a σ-compact-finite network. So L is a compact
metrizable subspace of Y . Then we can take a countable D ⊂ L such that L = D. For each
y ∈ D, pick xy ∈ f−1(y). Let E = {xy : y ∈ D}. Then E is countable and f(E) = L. Now E

is a separable space with a σ-point-discrete ℵ0-weak base. By Theorem 3.1, E has a countable
ℵ0-weak base. So E is a paracompact space. By [26], every closed map on a paracompact space
is compact-covering. Therefore, there is a compact K ⊂ E such that f(K) = L.

In the following, we shall prove that the assumption (CH) in Theorem 3.1 can be replaced
by either of the following conditions: (1) X is ℵ1-compact; (2) The sequential order of X is
countable.

Recall a space X is ℵ1-compact if each closed discrete subspace of X is countable. Let S be
a subset for X . We define iterates of the operator seq cl inductively for a space X as follows:
seq cl0(S)=S; seq cl(S)={x : x is a limit point of S}; if α is an ordinal, let seq clα+1(S)=seq
cl(seq clα(S)); if α is a limit ordinal, let seq clα(S)=∪β<αseq clβ(S). The sequential order of
X is the least ordinal α such that for each subset S of X we have cl(S)=seq clα(S).

Lemma 3.2. Suppose a space X has a σ-point-discrete ℵ0-weak base. If A ⊂ X is ℵ1-compact,
then seq cl(A) is ℵ1-compact.

Proof. Assume to the contrary that there is a closed discrete subset D = {xα : α < ω1}
in seq cl(A) − A. For each α < ω1, let {xα

n} ⊂ A be a sequence converging to xα. Let
P = ∪{Pn : n ∈ N} = ∪{Px(m) : x ∈ X, m ∈ N} be a σ-point-discrete ℵ0-weak base for X ,
where each Pn is a point-discrete family and Pn ⊂ Pn+1. We assign to each α < ω1 an mα ∈ N

and a subsequence {yα
n} of {xα

n} such that {yα
n} is eventually in each element of Pxα(mα). Since

D is closed discrete, we can take Pα ∈ Pxα(mα) such that Pα ∩ D = {xα} for each α < ω1.
Without loss of generality, we may assume that {yα

n : n ∈ N} ⊂ Pα and {Pα : α < ω1} ⊂ Pn0

for each α < ω1 and some n0 ∈ N.
If {yα

n : n ∈ N, α < ω1} is uncountable, then we can take an uncountable S = {yβ : β <

ω1} ⊂ {yα
n : n ∈ N, α < ω1} such that yβ ∈ Pβ . Thus S is a uncountable closed discrete subset

of A. This is a contradiction.
Now suppose that {yα

n : n ∈ N, α < ω1} is countable. For each α < ω1, pick a k(α) ∈ N

such that {Pα : α < ω1} is point-finite at yα
k(α). Then T = {yα

k(α) : α < ω1} is countable. So T

intersects at most countable elements of {Pα : α < ω1}. Thus {Pα : α < ω1} is countable. This
is a contradiction.

Therefore, seq cl(A) is ℵ1-compact.

Theorem 3.2. Let X be a separable space with a σ-point-discrete ℵ0-weak base. If one of the
followings holds, then X has a countable ℵ0-weak base.
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(1) X is ℵ1-compact;
(2) The sequential order of X is countable.

Proof. (1) By Lemma 3.1, X has a σ-compact-finite k-network. An ℵ1-compact space with
a σ-compact-finite k-network is an ℵ0-space [16]. So we only need to show X is ℵ0-weakly
first-countable.

Let P = ∪{Pn : n ∈ N} = ∪{Px(m) : x ∈ X, m ∈ N} be a σ-point-discrete ℵ0-weak base
for X , where each Pn is a point-discrete family and Pn ⊂ Pn+1. For each x ∈ X − I(X) and
m ∈ N, without loss of generality, we may assume that {x} /∈ Px(m). Suppose Px(m) ∩ Pn

is uncountable for some n, m ∈ N and x ∈ X − I(X). Then we can choose an uncountable
{xα : α < ω1} and a {Pα : α < ω1} ⊂ Px(m) ∩ Pn such that {x, xα} ⊂ Pα and the Pα’s
are distinct. Thus {xα : α < ω1} is an uncountable, closed discrete subset of X , which is a
contradiction with the ℵ1-compactness of X . Therefore X is ℵ0-weakly first-countable. The
proof is complete.

(2) Since X is separable, we can pick a countable D ⊂ X such that X = D. Since the
sequential order of X is countable, X =

⋃
α<γ seq clα(D) for some countable ordinal γ. By

Lemma 3.2, seq clα(D) is ℵ1-compact for each α < γ. Hence, X is ℵ1-compact. By (1), X has
a countable ℵ0-weak base.

Acknowledgement. The authors would like to thank the referees for their valuable sugges-
tions, which led to a much better presentation of this paper.
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[13] NLašnev. Closed images of metric spaces (in Russian), Dokl Akad Nauk SSSR, 1966, 170:

505-507.

[14] F Lin. σ-point-discrete cs∗-networks and wcs∗-networks, J Adv Res Pure Math, 2010, 2: 7-12.

[15] F Lin, RShen. Some notes on σ-point-discrete sn-networks, Adv Math (China), 2010, 39: 212-

216.

[16] SLin. A study of pseudobases, Questions Answers Gen Topology, 1988, 6: 81-97.

[17] SLin. On sequence-covering s-maps (in Chinese), Adv Math (China), 1996, 25: 548-551.

[18] SLin. Generalized Metric Spaces and Mappings (Second Ed.), Chinese Science Press, 2007.

[19] SLin, YTanaka. Point-countable k-networks, closed maps, and related results, Topology Appl,

1994, 59: 79-86.

[20] SLin, L Yan. A note on spaces with a σ-compact-finite weak base, Tsukuba J Math, 2004, 28:

85-91.

[21] CLiu. Spaces with a σ-compact-finite k-network, Questions Answers Gen Topology, 1992, 10:

81-87.

[22] CLiu. Notes on g-metrizable spaces, Topology Proc, 2005, 29: 207-215.

[23] CLiu, SLin. On countable-to-one maps, Topology Appl, 2007, 154: 449-454.

[24] CLiu, SLin, J Li. Some properties on ℵ0-weak bases, Topology Proc, 2012, 39: 195-208.

[25] CLiu, YTanaka. Spaces having σ-compact-finite k-networks, and related matters, Topology Proc,

1996, 21: 173-200.

[26] EMichael. A note on closed maps and compact sets, Israel J Math, 1964, 2: 173-176.

[27] EMichael. ℵ0-spaces, J Math Mech, 1966, 15: 983-1002.

[28] PO’Meara. On paracompactness in function spaces with the compact open topology, Proc Amer

Math Soc, 1971, 29: 183-189.

[29] MSakai. Function spaces with a countable cs∗-network at a point, Topology Appl, 2008, 156:

117-123.

[30] RShen. On ℵ0-weak bases, Houston J Math, 2009, 35: 501-514.

[31] RShen. Some new characterizations of metrizable spaces, Studia Sci Math Hungar, 2010, 47:

223-229.

[32] RShen. Quasi and weakly quasi-first-countable spaces (in Chinese), Appl Math J Chinese Univ

Ser A, 2010, 25: 224-228.

[33] RShen, S Lin. A note on generalized metrizable properties in topological groups (in Chinese),

Chinese Ann Math Ser A, 2009, 30: 697-704.

[34] RSirois-Dumais. Quasi- and weakly quasi-first countable spaces, Topology Appl, 1980, 11: 223-

230.



126 Appl. Math. J. Chinese Univ. Vol. 28, No. 1

[35] L ASteen, J ASeebach. Counterexamples in Topology (Second Ed.), Dover Publications Inc, 1995.

[36] SA Svetlichny. Intersection of topologies and metrizability in topological groups (in Russian),

Vestnik Moskov Univ Ser I Mat Mekh, 1989, 44: 79-81.

[37] YTanaka. Theory of k-network, Questions Answers Gen Topology, 1994, 12: 139-164.

1 Department of Mathematics, Taizhou Teachers’ College, Taizhou 225300, China.
2 Department of Mathematics, Nanjing University, Nanjing 210093, China.

Email: srx20212021@163.com
3 Department of Mathematics, Ningde Normal University, Ningde 352100, China.

Email: shoulin60@163.com



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


