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Abstract: By using the concept of CWC, we establish several new metrization theorems, and
obtain the characterization of g-metrizable spaces and symmetric spaces, which generalize some known
results.
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It is well known that the concept of g-functions plays an important role in the theory of
generalized metric spaces. Leel?l introduced the concept of CWC mappings as a generalization
of g-funtions. In rerent years, Geoll! and Mohanad!*" obtained some metrization theorems
by using CWC mappings. Iv is natural to consider how to characterize some spaces related to
weak bases by CWC mappings. Inspired by this idea, we shall give some characterizations of
symmetric spaces and g-metrizable spaces.

Also, some new metrization theorems are obtained, which improve some results in [2] and
[11].

1 Preliminaries

First, let us recall some definitions.

Definition 1.1!8) Let (X, ) be a space, and P a family of subsets of X.

(1) P is a k-network of X if for every compact subset K and K C U € 7, there exists a
finite P’ C P such that K c UP' c U.

(2) P is a weak base of X if P = |J,x P- satisfying that (a) For each z € X, z € (| Py;
(b) If U,V € P,, then there exists W € P, such that W C U V; (c) U is an open subset of X
if and only if for every x € U, there exists P € P, such that P C U. The P; is called a weak
base of z in X for each z € X.

(3) P is a wes*-network of X if for every sequence (z,) — z and £ € U € 7, there exist a
subsequence (Z,,y of (x,) and P € P such that {z,,;k€ N} CPCU.

(4) P is a cs-cover of in X if for every sequence (z,) — z , there exist am € N and P€ P
such that {z,;n >m} C P.
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(5) P is a g-cover of X if every element of P is a weak neighborhood of some point of X,
and for any z € X, there exists some P € P such that P is a weak neighborhood of X.

Definition 1. 28 Let X be a space, a sequence {Pn} of covers of X is a weak development
of X if {st(z 'P,.) n € N} forms a weak base of  in X for each z € X.

A function g : N x X — 7(X) is called g function if g(n +1,z) C g(n, ) for any z € X and
n€N. }

Definition 1.3¥] Let X be a space, a function g : w x X — P(X) is called CWC, if for
everyz € X and n € w, z € g(n+ 1,z) C g(n,z), and for every subset U of X, U is open if and
only if for each z € U, there exists n € w such that g(n,z) C U.

g-metrizable spaces are the regular spaces with ¢ locally finite weak bases. A space X is
g-development, if there exists a CWC mapping g on X with the property: if z,z,, € g(n,y,) for
each n € N, the sequence {z,} converge to z.

Definition 1.4 Let F be a collection of X. F is called LF, if for every z € X, there exists
a neighborhood U of z such that | {K(F: F € F} |< w.

Let (zn > be a sequence of X, z, — z. We denote T{z)= {zn : n € NiUY{z}.

Throughout this paper, all spaces are zssumed to he Ta-spaces.
2 Main Resuits

Theorein. 2.1 For a space X, the following are equivalent:

(1) X is symmetrizable;

(2) X have a weak development;

(3) There exists a CWC mapping g on X satisfying that for any sequence (z,) and point z
inX,z, o zifz € g(n,z,);

(4) There exists a CWC mapping g on X satisfying that for any sequence (z,,) and point z
in X, if ¢ € g(n,z,), then z,, — z for some subsequence (z,,) of (z.).

Proof (1) & (2) See Proposition 1.6.12(7],

(2) = () Suppose (B,) is a weak development of X, and Bn4+; < B,. Let g(n,z) =
st(z,B,), then g is a CWC mapping. If = € g(n,z,), then z € st(zp,B,), thus z, € st(z,B,),
80 Tp — Z.

(3) = (4) Obviously.

(4) = (1) Let g be a CWC mapping satisfying (4), and m(z,y) = min{n,z € g(n,y),y €
g(n,z)}, then m(z,y) = m(y,z) € N whenever ¢ # y.

For each z,y € X, let d(z,y) = m ifz #y, d(z,y) =0if x = y. We show that d is a
symmetric.

(i) Let € U € 7, then there exists ng € N such that g(ng,z) C U. If not, we can pick
zpn € g(n,z)—U, then z,, — , a contradiction. On the other hand, there exists n € N such that
B(z, %) C g(ng,z). If not, let y, € B(x, %) — 9(ng, z), since y, € B(z, ﬂ), then m(z,yn) > n,
hence x € g(n,y,) whenever n > ng, so there exists a subsequence yn, of y, converging to z,
which contracts y, & g(ng, z).
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(ii) For every subset U of X, if for each z € U, there exists n € N such that B(z, %) C U,
then U is open.

In fact, it is easy to see that g(n,z) C B(z, 1), so (ii) is true.

By (i) and (ii), d is symmetric. '

Theorem 2.2 For a regular space X, the following are equivalent:

(1) X is metrizable;

(2) There exists a CWC mapping g on X satisfying that for any closed set F and compact
set Cin X, (U,cr9(n,2)) N(Usec 9(n,z)) =0 if FNC = 0;

(3) There exists a CWC mapping g on X satisfying that for the sequences (z,) and (y,) of
X, if z, — z and g(n,z,) [ g(n,y) # O for each n € w, then y, — z.

(4) X has a weak development (P,,) such that for every sequence z, — z and T(z) C U,
there exists n € N such that st(T'(z), P,) C U.

(5) There exists a CWC mapping g on X satisfying

(I) For the sequences (z,) and (y,) of X, if z, — z, and y,, € o/%. >,), then y, — T;

(II) For the sequences {z,) and (y,) of X, if z,, — z. and z,, € g(n,yn), ihen yn, — z.

Proof By Theorem 1 in [6],{1) < (4). It i3 easy to see (1) = (2) and (3) = (5), we only
need prove (2) = {3} and (£) => (4). '

(2) = (8). Let g be a CWC mapping satisfying (2), and z,,, y, be sequences satisfying the
conditions in (3). If y, /4 z, then there exists an open neighborhood V of z and subsequence
sequence yn, such that {yn, k€ N} C X -V. Let F=X -V andC = {z, : n € N;z, €
V}U{z}, then F and C are closed set and compact set respectively, and F(\C = 0. By (2),
there exists n € N such that (U, cr 9(n, ¥)) (U, cc 9(n, 2)) = 0, thus we can pick k € w such
that g(ng, zn, ) () 9(nk, yn,) = @, a contradiction. ‘

(5) = (4).

Let g be a CWBC mapping satisfying (5). For every z,y € X, let d(z,y) = Wi_ﬂ ifz#y,
d(z,y) = 0 if x = y where m(z,y) = min{n,z & g(n,y),y & g(n,z)}, then d is a symmetric
function on X.

Let Un = {A,diamA < +, A C X}, then st(z,U,) = B(z, L), so (U,) is a weak development
of X. Let T(z) = {zn,n € N} J{z}, and T(z) C U € 7(X), we show that there exists n € N
such that st(T'(z),P,) C U. :

If not, for each n € w, st(T(z),Pn) & U. We can obtain a subsequence (zn,) of (z,) such
that st(zn,,Px) — U # 0. For each k € w, Pick yx € st(zn,,Pk) — U, then d(yx,zn,) < },
namely, m(yYx,%n, ) > k, 50 Zn, € g(k,yx) or yi € g(k, zn,).

! There exists a subsequence (xnkj) of (z,,) satisfying Tn,, € g(k;, yx;) or a subsequence
(uk,) of (yx) satisfying y, € 9(k, s, ), thus yx, — z by (I) or (II), a contradiction.
The following corollary improves a result in Top. Appl. by C. Good!?l.
Corollary 2.3 A space X is metrizable if and only if X has a CWC mapping g satisfying
that for any compact set C and closed set F', C[|F = @, then there is some n € N such that for
“allze X, g(n,z) meets at most one of C and D. :
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Proof We only need prove the sufficiency. Let g be the mapping as above. We show that
g satisfies (I) and (II) in Theorem 2.2. Let (x,), (y») be sequences of X, and z, — z, and y, €
g(n,zy,) . If (ya) # z, then there exists an open neighborhood V' of = and subsequence sequence
Yn, such that {y,, k€ N} CX-V. Let F=X -V and C = {2, : n € N;z,, € V}U{z},
then F and C are closed set and compact set respectively, and F(|C = 0. There is some m € N
such that for all z € X, g(m,z) meets at most one of C and D, but g(nm,zn, )| F # 9, and
g(nm,Zn,. ) C # 0, a contradiction, so (I) is true. The proof of (II) is similarly.

Corollary 2.4'!! For a space X, the following are equivalent:

(1) X is metrizable;

(2) There exists a g function on X satisfying that for any closed set F' and compact C in
X, User 9,2) NWUsec 9(n,2)) = 0 if FNC = 6; |

(3) There exists a g function on X satisfying that for the sequences (z,) and (yn) of X, if
Zn — x, and g(n,z,) [} 9(n,yn) # 0 for each n € N, then y, — z.

Proof It is not difficult to see that every g function in {3) is a CWC riapping, so we only
need prove that X is regular if there exists a g function cu X satistying the conditions in (3).
In fact, Let ¢ F, F is a closed of X. then therz exists m € N such thai g(m,z) () g(m, F).= @,
thus X is regular. If nct, for each n & N, we can pick yn, € F such that g(n,z) (N g(n,yn) # 0,
80 Yn — I, & contradiction.

LF property of g functions was used to characterize metrizable spaces, Lasnev spaces and
N spaces in [12]. From Theorem 12 and Corollary 4 in [1], it is easy to see that the Theorem 2.5
is true.

. Theorem 2.5 For a regular space X, the following are equivalent:

(1) X is metrizable;

(2) There exists a CWC mapping g on X satisfying that

(I) For the sequences (z,) and (y,) of X, if z, — z, and y, € g(n,z,), then y, — z;

(II') For the sequence (z,,) of X, if z € g(n, z,), then z, — z;

(III) For each n € N, {g(n,z),z € X} is LF.

The next theorem shows differences between metrizable spaces and g-metrizable spaces by
CWC mappings.

Theorem 2.6 A regular space X is g-metrizable if and only if there exists a CWC mapping
g on X satisfying (I) and (III). .

Proof Necessity: Let B=(JB, be a weak base of X where B, is a discrete collection
of closed subsets of X for each n € N, and B, be the weak base of z for each z € X. Let
h(n,z) = P € P, if Po(\B: # 0, and h(n,z) = X — |J{P: P € Bp,z & P} if P,(\ B, = 0. We
show that {g(n,z) : # € X} is LF for each n € N. In fact, for every £ € X and n € N, there
exists a neighborhood U such that U meets at most one element of B,, then {U(}h(n,z),z €
X}c{U,U-PUNP; PNU # 0},s0 {h(n,z):z € X} is LF.

Let g(n,z) = N{h(k,x);1 < k < n}, then g(n,z) is LF for each n € N. We only need prove
g(n, z) satisfying (I). It is not difficult to see that if z € g(n,y), and z € P € P,,, then y € P.
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Let zn, € g(n,yn), Tn — z. For each P € B, (B, there exists some m € N such that
zy € P whenever k > m, thus y € P, s0 y, — Z.

Sufficiency: For each n € N and = € X, let h(n,z) = N{g(n,y) : € g(n, )} \ (U{g(n,¥) :
z ¢ g(n,y)}). Then z € h(n,z) C g(n,z). Let H, = {h(n,z) : £ € X}. Then H, is a locally-
finite cover of X. Let £ € X and let U be a neighborhood of z such that |{U Ng(n,y) : y €
X} <w. Then |[{UNh(n,y) : y € X}| < w. Since H,, is a partition of X, U can meet only with
finitely many h(n,y), and hence H,, is locally-finite.

Now, let H = | J,,cy Hn. We shall show that M is a wcs-network of X. For each x € X and
U be a neighborhood of z and let z; — z. Then there exist ng,ip € N such that st(z;, H,,) CU
for each i > ig. Otherwise, for each n € N we can find i, > n such that st(zi,,H,) \U # 0.
Pick yn € st(zi,,Hs) \ U. Then for each n € N, there exists 2, such that z; ,y, € h(n,z,).
Since z;, — z and z;, € h(n,2,) C g(n,2y), 2n — z. But it follows from y, € h(n,2,) that
Zn € g(n,yn), and hence y, — z, which contradicts that y, € U for each n € N.

Since H,, is a locally-finite cover of X, {z; : i > 49} can only meet witk finitely many
members of H,, and we can take Hy, Ha,--- , Hx € K, such that {x;:i >4} <\ J{H;:j <k}
and H; N {z; : i > ig} # O for each j < k. By zhe lagt condition, we have (J{H; : j < k} C
{st(zi,Hno) : ¢ > 10} CU. 82 M is a wes-network. Henes, X is a g-metrizable space.

Finally, we discuss thv relations between g-metrizable spaces and the space with a weak
development of locally fnite cs-covers. It is not difficult to see that the following is true for a
regular space X:

Metric spaces => Spaces having a weak development of locally-finite cs-covers => g-metrizable
spaces. We shall show that the converse is not hold.

Theorem 2.7 Spaces having a weak development of point-finite cs-covers are g-developable.

Proof Let X be a spaces having a weak development U, such that each U, is a point-
finite cs-cover. For eachn € N, let G, = A,
Lemma 3 in [5], we can assume that each g; is a g-cover of X. For eachn € N and z € X,
take g(n,z) € G, such that g is a CWC-map on X. If z,z, € g(n,yn) for each n € N, then
Zp, € st(z,Gn), 50 the sequence {z,} converge to z, hence X is g-developable.

It is easy to check that a space has a weak development of point-finite(resp. locally-finite)
g-covers if and only if it has a point-star network of point-finite(resp. locally-finite) g-covers.

U;. Then G, is a point-finite cs-cover of X. By

L. Foged in 3] constructed an counterexample showing g-metrizable can not be g-developable,
which shows that g-metrizable spaces can not be spaces having a weak development of point-finite
cs-covers by Theorem 2.

Example 2.8 S has a weak development of locally-finite cs-covers.

Let S2 = {0} UN U (N x N) with the Arens’ topology. For each n,i € N, let F,, =
{1,2,---,n},V(i,n) = {s} U{(i,k) € N x N : k > n},W(n) = Uicm\r, V(i,n),Gn = {{0} U
(N\F)}u{V(@i,n):i€ F,}U{W(n)}U {{z}}: 2z € N x N}. Then G, is a weak development
with each G, a locally-finite cs-cover of S».

Theorem 2.9 Spaces having a weak development of locally-finite g-covers are a 1-sequence-

covering, compact-covering, quotient, compact and o-image of a metric space.
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Proof Let P; be a weak development of locally-finite g-covers of a space X. And let
(f,M, X, P;) be a Ponomarev’s system. Then f is a compact-covering, quotient, compact and
o-mapping by Theorem 14 in [9], and f is a 1-sequence-covering mapping by Theorem 3.1.7 in

(8]-
Question 2.10 (1) Is the converse of Theorem 3 hold?
(2) Is g-metrizable and g-developable space a space having a weak development of locally-

finite cs-covers?
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CWC B0 R{LEE
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WE: FH CWC RS, AXKBTAREESEf g TREFE NBHE, LT ANMK
B, k#T7-LCHER TENTERIVINEE X RTREAZAYARY AL
X 8 CWC BHt g R T #4:

M EF5 {za} f0 {yn} X'f?‘é-‘nGNﬁ Zn €g(n,yn) H 2o =2, W o > .

() EFF] {2} 0 {yn} HFHE—nEN H yn € g(n,yn) B 20 — 2, W yn — 2.

XiiE: TEEAZE; CWC B AHEERE, ¢ TEEZH



