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A note on D-spaces

SHOU LIN

Abstract. BEvery semi-stratifiable space or strong X-space has a o-cushioned (modk)-
network. In this paper it is showed that every space with a o-cushioned (modk)-network
iIs a D-space, which is a common generalization of some results about D-spaces.
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A neighborhood assignment for a topological space (X, 7) is a function ¢ : X —
T such that = € ¢(z) for each x € X. A space X is said to be a D-space if, for
each neighborhood assignment ¢ for X, there exists a closed discrete subset D of
X such that {¢(d) : d € D} covers X. The first published results on D-spaces
appear in (5], where it is proved that finite products of Sorgenfrey lines are D-
spaces. Several interesting questions on D-spaces were raised by E.K. van Douwen
and W.F. Pfeffer in [6]. It is still an open problem whether every regular Lindelof
space 1s a D-space. It is also asked whether there exists a subparacompact or
metacompact space which is not a D-space. These questions are still open.

In [1] the authors study D-property in classes of generalized metric spaces. It
is known that semi-stratifiable spaces are D-spaces [2], and strong X-spaces are
D-spaces [3]. Semi-stratifiable spaces need not be strong Y-spaces, and strong
2.-spaces need not be semi-stratifiable spaces [8]. It is therefore natural to look
for a “common denominator” to the results mentioned above.

Throughout this paper, all spaces are assumed to be T7. We refer the reader
to |7]| for notations and terminology not explicitly given here.

Definition 1. A space X is said to be a semi-stratifiable space [4] if, for each
open set U of X, one can assign a sequence {F(n,U)},cn of closed subsets of X
such that

(1) U = UneN F(n: U):
(2) F(n,U) C F(n,V) whenever U C V.

A correspondence U — {F'(n,U)},,eN is a semi-stratification for X whenever it
satisfies the conditions (1) and (2).
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A collection P of pairs of subsets of a space X is called a pair-network for X if
whenever x € U with U openin X,z € P C Py C U for some (P}, P») € P. A col-

lection P of pairs of subsets of a space X is called cushioned if | J{P;: (P, P2)eP’}
CUP: (P, )€ 73’} for each P’ C P.

Lemma 2. A space is a semi-stratifiable space if and only if it is a space with a
o-cushioned network.

PROOF: Let (X,7) be a semi-stratifiable space, and U — {F(n,U)},,en be a
semi-stratification for X. For each n € N, put P, = {(F(n,U),U) : U € 7}.

pinieniieiesiuil

If 7 C 7, then Upye F(n,U) C F(n,J7") € U7'. Thus Py is a cushioned
collection of X. Hence, |J,,cn Pn is a o-cushioned network for X.

Conversely, suppose that a space X has a o-cushioned network |J,cn Pn,
where each P, is cushioned in X. Foreachn € N, U € 7, put F(n,U) =
UH{P1: (P, P)€el;«, Pi, PoCU}. It is obvious that F(n,U) CU and F(n,U) C
F(n,V) whenever UcCV. Let z € U € 7. There exist n € N and (Py, P) € Pn
such that x € P, C P, C U, thus ¢ € F(n,U). Hence U = |,,cy F(n,U).
Therefore, U — {F(n,U)},eN is a semi-stratification for X. L

Definition 3. A collection P of pairs of subsets of a space X is called a (modk)-

network for X if, there is a cover K of compact subsets of X such that, whenever
K € K and K C U with U open in X, then K ¢ P, C P, C U for some

(Pl': P2) cP.
Theorem 4. Spaces with a o-cushioned (modk)-network are D-spaces.

PROOF: Suppose a space X has a o-cushioned (modk)-network | J,,cp Pn with
respect to a cover K of compact subsets, where each P, is cushioned and P,, C
Pn+1 for each n € N. Assume each P, is well-ordered.

Let ¢ be an arbitrary neighborhood assignment for X. First, a subset D, of X
is defined inductively as follows for each n € N.

Set Dg = (). Assume D,; C X is defined for all 0 < m < n.

A finite subset D7 of X is defined inductively as follows for order numbers a.

Set Dy = (. Assume Dg' is defined for all 0 < 3 < o. Put

U = U{@’)(d) . d € (U{DE’:,B <0:}) UDn_l}.

Denote R by the following requirement: There exist K € K, (P, P) € Pn,
and {z1,z2,...,2r} C K \ U such that

KCcPiCPRcUUdz)Ud(xa)U- - Udd(xy).

If R? does not hold, the induction on « stops. Otherwise, let (Pi, Py) be the
first pair in P, that satisfies R?, and put D? = {x1,z9,...,Zk}.
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Let Dn = (Ug<~,, Pa) Y Dn-1 for some order number yn, where 7, is the first

ordinal number for which R} does not hold.
Secondly, put D = | J{D, : n € N}, and we shall prove that X is a D-space
by D).

Claim 1. X = UdGD Q&'(d)
If IlOt, then K\UdED (,?’)(d) ?‘é 0 fOI' SOIne K - }C. Pllt L P K\UdED ¢(d). L 1S
a non-empty, compact subset of X. There is a finite subset {z1,22,...,2%} of L

such that L C ¢(z1)Ud(z2)U---Ud(x)) because ¢ is a neighborhood assignment
for X. Denote M = K \ (¢(z1) U p(z2) U---Ud(xg)). Then M C K\ L C
Udep 9(d). By the compactness of M, M C |, D; ¢(d) for some j € N, thus
K Cd(x1)Ud(xzo)U---Ud(xp)U (UdeDj ¢(d)). Since P is a (modk)-network for
X with respect to X, there are m € N and (P, P3) € Pm such that

KCPCPCd(z1)Upla)U---Up(xp) U ( U tﬁ(d))
dEDj

Put n = max{j + 1,m}, U = U{¢(d) : d € Dn_1}. Then Uyep, ¢(d) C U,
(P, P) € Pnp and {z1,72,...,7} C K \ U. Hence R} holds, thus D} =
{r1,72,...,7}, and K C P| C P, C U ep ¢(d), a contradiction.

Claim 2. Each D, is a closed discrete subset of X.

Dy is closed discrete in X. Suppose that D,,_1 is closed discrete in X. It
suffices to prove that |, ., Dg is closed discrete in X in order to show that Dp,

is closed discrete in X. For each a < 7, let (P[%, P3%) be the first element in
Pr, satistying R. Assume that z € Uy, Dg. Since Uyer,, Do C Uqg<n,, Pla
then z € Uy, Pi5 C U{é(d) : d € (U{DG : @ < m})U Dp—1}. And since
each Dy N Ugep,_, #(d) = 0, then = € Y{é(d) : d € Up<n, Do} Let oz
be the minimal element « in vy, satisfying x € {J{¢(d) : d € D3}, Put V =
H{¢(d) : d € D} } \U;_(am P7.. Then V is an open neighborhood of z in X,
and V' N (Uy<,, Pa) C Dg, is finite. Hence, |Jy., Dy is closed discrete in X.

Claim 3. D is closed discrete in X.

For each z € X, there is n € N such that z € (Jjecp_ ¢(d) by Claim 1. Since
D, is closed discrete in X, there is an open neighborhood W of z in X such
that W C Ugep, #(d) and W contains at most a point in Dy,. Thus W N D C

((Udep,, #(d)) N (D \ Dp)) U(W N Dy). For eachy € D\ Dy, y € DI for some
m > n and some a < Y. Put U = (J{¢(d) : d € (DG : B < a})U Dpr}.
Then Ugep, #(d) C U, and DFNU = B, thus y ¢ Ugep.. #(d). Hence, (D\ Dp)N
(Ugep,, #(d)) = 0. This shows that W contains at most a point in D. Therefore,
D is closed discrete in X.
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A collection F of closed subsets of a space X 1s called closure-preserved if
UF' is closed for each F' C F. A space is called a strong X-space (strong ¥ -
space) (8] if there exists a o-locally finite (o-closure-preserved) collection F of
closed subsets, and a cover X of X by compact subsets, such that, whenever
KeKand K CU with U open in X, then K C F C U for some F € F. Every
strong Y-space is a strong $#-space. If a collection F of closed subsets of a space
X is closure-preserved, then a collection {(F, F) : FF € F} of pairs of subsets of

X is cushioned. Hence every strong L7 -space or semi-stratifiable space is a space
with a o-cushioned (modk)-network. Thus Theorem 4 is a common generalization
of Buzyakova’s result (3] and Borges-Wehrly’s result {2|. The following corollary
is an unpublished result obtained by Liang-xue Peng.

Corollary 5. Every strong ©#-space is a D-space.
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