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Abstract In this paper a sufficient and necessary condition in which σ-spaces are pre-
served by pesudo-open and L-mappings is obtained, a mapping theorem on σ-spaces
by Chaber in 1978 is improved, it is shown that pseudo-open and compact images of
k-semistratifiable spaces are σ-spaces, which generalizes a mapping theorem on strati-
fiable spaces by Henry in 1971 and affirmatively answers a question on ℵ-spaces posed
by Shou Lin in 1990. In the final, some examples are given showing the theorems are
nice pseudo-open mapping theorems on σ-spaces and k-semistratifiable spaces [1−19].
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A� 1966 � Arhangel’skii [1] ��B�� MOBI ���C�, �������D��E�
�����F, �� ����D�������E!"�� [9]. Arhangel’skii [1] �#$�%

#&�'���(��D)��.  !(��D�*"��D�#+�D�, $,GH-+./
�I0%&. 1, �'���(��D)'2(!)GHJ*��� [2]; +����(��D)
*3��� [3]; ,���(��D)*-,�� [11]. k -,��K!,��. ℵ ���/45
0G6�L7�E [15], M819N8K!O:. k :;2P�0P�'����34�5!H
6��<7KQ=8�R79)SH. 1ND��E:0, 1987 �;T><? [8] U@&=D�
�� k -,���E, 1997 �AB [14] U@& k -,�����D)* σ ��. =D�.�D
�>*(�D�. ��, CD��EF?@.

V8 k -,���(��D)*A* σ ��?
B$GW E. Michael [16] XH! σ ��IC� σ DEGJD�, FG& Chaber [10] �Æ σ

���D�2K, L2HIJ&MD��, 4N,KL& 1990 �AB [12] ���CD���L

2IJ: ℵ ���(��D)*A* σ ��? MNOÆP@, B$;#��>*QYIZR T1

3S�E�����, D�>*ÆT�QO", $[F2P�U\]PQC$ [7, 13] !^.
_` 1[5, 15] �� X R!-,��, 1&9Æ X �VH=S F , TN X ��S�WX

{G(n, F )}n∈N , YL
(1) F =

⋂
n∈N G(n, F );

(2) Z F1 ⊂ F2, Z9ÆVH n ∈ N , G G(n, F1) ⊂ G(n, F2).
Z#I

(3) Z X ��aS K ∩ F = ∅, TN m ∈ N , YL K ∩ G(m,F ) = ∅.
ZR X * k -,��.

)G σ DEGJ=:���R! σ ��. b[U, k -,�� ⇒ σ �� ⇒ -,�� ⇒ U
+��� ⇒ U3��� [13].

_` 2 ID� f : X → Y .
(1) f R!(�D�, Z y ∈ Y R U * X [VG f−1(y) ��S, Z f(U) * y N Y [�

\c.
(2) f R! L(W�) D�, ZVH f−1(y) * X � Lindelöf(W�) aS.
(3) f R! σ DEGJD� [16], Z9Æ X �VH σ DEGJXY P , TN P �Z] F , Y

L f(F) * Y � σ DEGJXY.
de 1 I f : X → Y *(� L D�. Z Y *U+���, Z f * σ DEGJD�.
fg U@3^[_5. `U@, �� X �VH�XY U TNZ] B, YL f(B) *�� Y

� σ DEGJSh. abM, 9ÆV\ y ∈ Y , OÆ f−1(y) * X � Lindelöf aS, TN U �'
"ah Uy XY f−1(y). iOÆ f *(�D�, TN y ��\c Vy, YL y ∈ Vy ⊂ f(∪Uy). j
V = {Vy : y ∈ Y }, Z V * Y ��XY. OÆ Y *U+���, V TN σ Sc�=Z] F . 9Æ
VH F ∈ F , TN y(F ) ∈ Y , YL F ⊂ Vy(F ).

d B = {f−1(F )∩U : F ∈ F , U ∈ Uy(F )}. e�, B* U �Z]. C0U@ f(B)* Y � σ D

EGJSh. abM,P F =
⋃

n∈N Fn,8[VH Fn * Y �ScSh. kP Bn = {f−1(F )∩U :
F ∈ Fn, U ∈ Uy(F )}, Z B =

⋃
n∈N Bn R f(Bn) = {F ∩ f(U) : F ∈ Fn, U ∈ Uy(F )}. OÆ Fn *

Y �ScSh, ;C f(Bn) * Y � σ DEGJSh. l]1@ f(B) * Y � σ DEGJSh.
8U, U@ f * σ DEGJD�. I P *�� X � σ DEGJXY. P P =

⋃
n∈N Pn, 8

[VH Pn * X �DEGJSh. 9ÆVH n ∈ N , TN X ��XY Un, YL Un �VHm^
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g Pn �o�GJ\m. OhH[;U, TN Un �Z] Bn YL f(Bn) *�� Y � σ DEGJ
Sh. Z ⋃

n∈N (Pn ∧ Bn) * P �Z]R ⋃
n∈N f(Pn ∧ Bn) * Y � σ DEGJXY, i f * σ

DEGJD�.
de 2[16] σ DEGJD��� σ ���E.
_e 1 I f : X → Y *(� L D�. Z X * σ ��, Z Y * σ ��jR^j Y *U

+���.
fg e�, σ ��*U+���. 1& Y *U+���, OpK 1 .pK 2, Y * σ ��.
q 1 TN(��D� f : X → Y QY: X * T2 � σ ��, Y *3���, $* Y �*

U+���.
k`, pW$ [3, l 4.2] k��NU+��3���. m Y = ω2 × ω2 − {(0, 0)}. 9ÆVH

α ∈ ω2−{0}2P Hα = ω2×{α}, Vα = {α}×ω2. Sl Y mrCD��:9ÆVH α ∈ ω2−{0},
n (0, α) �VH\cVG (0, α) o Hα MnGJaS; n (α, 0) �VH\cVG (α, 0) o Vα M

nGJaS; Y �8sn*pon, Z Y *NU+��3��� [3].
8U, qt T2 � σ �� X. m S = {0} ∪ {1/n : n ∈ N},X = Y × S. Sl X mrCD�

�: 9ÆVH y ∈ Y , n (y, 0) N X [�\c*m.1 {(y, 0)} ∪ (
⋃

n≥m(W (y, n) × {1/n})), 8
[ m ∈ N R W (y, n) * y N�� Y [�\c; X �8sn*pon. Z X * T2 ��. OÆ
Y × {0} .VH Y × {1/n} >* X �=Sca��, ;C X * σ =Sca��, �� X * σ

��.
ur, 2PO" f : X → Y , YL9ÆVH (y, s) ∈ X G f(y, s) = y. b[U, f *(���

D�. lN, X * T2 � σ ��, Y *NU+��3���.
vw 1 �Æ σ ���D�2K, 1978 � Chaber [4] U@&: I f : X → Y *��D�, Z

X * σ ��, Z Y * σ ��jR^j Y *U3���. OÆ3���*U3��� [3], M0�
la1@, N Chaber �%&[, �'s�D�t+!(�D�. pH:0, juq)�� Y *

U+���N, C0�laP@2K 1 * Chaber %&�bE50. m Y *$ [17, 2K 2] ;q
t�)Gn'"*�N3���. OÆ Y )Gn'"*, ;CTN�'�� X .� L (x�(
� L) D� f : X → Y ($ [10, 2K 7.1] W [13, 2K 2.7.19]). iOÆ�'�����D)*3
��� ($ [3,2K 5.12]), ;C f �*�D�. l-P@, 2K 1 * σ ��v��(�D�2K.

_e 2 I f : X → Y *(��D�. Z X * k -,��, Z Y * σ ��.
fg x!-,��*U+���, O2K 1, yrU@ Y *-,��.
x! X * k -,��, 9Æ X �VH=S F , TN X ��S�WX {G(n, F )}n∈N QY

2P 1 �sw (1)–(3). 9N, 9Æ Y �VH=S H . n ∈ N , 2P
D(n,H) = int(f(G(n, f−1(H)))),

Z H ⊂ D(n,H). Æ* H ⊂ ⋂
n∈N D(n,H). 1& y ∈ Y \ H, tu f−1(y) ∩ f−1(H) = ∅. x!

f−1(y)* X ��aS, TN m ∈ N YL f−1(y)∩G(m, f−1(H)) = ∅, x y �∈ f(G(m, f−1(H))),
�� y �∈ D(m,H). xy, H =

⋂
n∈N D(n,H). e�, Z Y �=S H1 ⊂ H2, Z9ÆVH n ∈ N

G D(n,H1) ⊂ D(n,H2). M0#D1@, Y ��S�WX {D(n,H)}n∈N QY2P 1 �sw (1)
. (2). i Y *-,��.

vw 2 x! ℵ ��* k -,�� ([13, 5# 1.6.10]), MD2KL2HIJ& 1990 �AB
�$ [12, �� 4.6] �����: ℵ ���(��D)*A* σ ��? ix!,��* k -,�

� [13], 2K,50& 1971 � Henry �CD%&: ,���(��D)*-,��. 2K 1.2
K 2 ,'�v!*A 1977 � Michael pw σ DEGJD��zxC�hH\bE��zW.
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q 2 yz{.|{| [19] U@&hH'"� k -,��N 1 WXXY�}�D�C�)
��*9R�'��. C0}\laP@2K 2 * k -,��v��(�D�2K.

(1) $ [17, 2K 2.8] 1@, �'���}�D)F~*-,��, ;C2K 2 [D� f �(

��E�'t+!}�E.
(2) 9Æ�'�� (X, d), D� f : X → Y R! π D�, Z9ÆVH y ∈ Y o y N Y [�

\c U , G d(f−1(y),X \ f−1(U)) > 0. e�, �'��M��D�* π D�. I Y *$ [10, l
9.10] W$ [13, l 1.8.2] k��N σ ���-�'��. x! Y *-�'��, TN�'�� X

.(� π D� f : X → Y ($ [13, 2K 2.9.11]). l1@, N2K 2 [xY{) X Z~!�'�

�, D� f ���E,�'t+! π �E.
(3) I Y *$ [6, l 3.3] qt�)Gn'"*�N σ ��. OÆ Y )Gn'"*, TN�

'�� X .� L (x�(� L) D� f : X → Y ([10, 2K 7.1] W [13, 2K 2.7.19]). l1@, 2
K 2 [D� f ���E,�'t+! L �E.

(4) $ [9, l 3] 1@, TN Moore �� X .��D� f : X → Y , YL Y �* σ ��. x
! Moore ��* σ �� [10], ;CN2K 2 [{)�� X * k -,���'t+! σ ��. l
Hla,P@2K 1 [�Æ�� Y *U+���I*~�'��.

(5) $ [13, l 3.3.27(4)] 1@, �'�����D)F~* k -,��, ;CN2K 2 [x
Y{) X Z~!�'��, )�� Y ,F~* k -,��.
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