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k,~-SPACES AND Y. TANAKA’S QUESTION*

J. LI (Shantou) and S. LIN (Fuzhou)

Abstract. It is shown that every separable k'-space with a point-countable k-
system has a countable k-system, which gives an affirmative answer to Y. Tanaka’s
Question posed in 1982.

E. Michael established characterizations of paracompact locally compact
spaces under quintuple quotient mappings [1]. A. Arhangel’skii introduced k-
systems in discussing the relations between metric spaces and quotient map-
pings [2]. Y. Tanaka investigated spaces with a point-countable k-system,
and posed the following questions [3]:

Let X be a space with a point-countable k-system.

QUESTION 1. If X is a k’-space, then does X? have a k-system?
QUESTION 2. If X*“ has a k-system, then is X a locally compact space?

QUESTION 3. If X is a separable k’-space with a point-countable k-
system, then does X have a countable k-system?

H. Chen positively answered Question 1 in [4], and negatively answered
Question 2 in [5]. J. Li and S. Lin partially answered Question 3 in [6]. We
give an affirmative answer to the above Question 3.

In this paper, all spaces are Hausdorff spaces. Let us recall some def-
initions. Let X be a space, and let P be a cover of X. Then P is called
a k-cover of X if every compact K C X is covered by some finite P’ C P
(see [6]). A space X is determined by P if U C X is open (closed) in X if
and only if U P is open (closed) in P for every P € P. If each element of
P is compact in X, then such a cover is called a k-system according to A. V.
Arhangel’skii [2]. A space X is a k-space if it is determined by the cover
consisting of all compact subsets of X. A space X is a k'-space if, whenever
x € A, there exists a compact subset C' of X with z € AN C.

A collection P in X is point-countable if each single point of X meets
only countable many members of P.
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Obviously, every k'-space is a k-space.

LEMMA. Suppose that X is a k'-space, © € A, and B is closed in X with
x ¢ B. Thenz € ANC and BNC =0 for some compact subset C of X.

PROOF. Since X is a k'-space, there exists a compact subset K of X such
that £ € AN K. By the regularity of K, € V C V C K\B for some open
subset V in K, and so K =V U (K\V). Let C =V. Then C is compact in
X. Thusz € AnNC and BNC = 0.

THEOREM. Suppose that X is a separable k'-space with a point-countable
k-system. Then X has a countable k-system.

PROOF. Let D be a countable dense subset in X, and K a point-countable
k-system for X. Put P={P € K: PN D # (}. Then P is countable. Let
P={P,: ne N}.

(1) P is a cover of X. For each z € X, x € D. Because X is a k’-space,
there exists a compact subset C' of X such that x € C N D. For each y € C,
put {KeK:ye K} = {Kz(y) D1 E N}. Suppose that C' ¢ UK’ for any
finite subset K’ C K. Inductively choose y, € C such that y, ¢ K;(y;) for
i,j <n. So every K;(y;) contains only finitely many y,’s. Let ¥ = {y, :
n € N}. Since C is compact in X, Y has an accumulation point z in C. Put
Z =Y\{z}. Then Z is not closed in X, and so there is K € I such that
K N Z is not closed in X, and hence K contains infinitely many y,’s. Thus
K = K;(y;) for some i, j € N, a contradiction. Therefore, there exists a finite
subset X' C K such that C C UK', and so z € K N D for some K € K'. Thus

x € K € P. Hence P is a cover of X.

(2) If AC D and z € A, then there exists m € N such that z € AN P,,.
Since X is a k'-space, there exists a compact subset C' of X such that
x € ANC. By (1), there is a finite subset X' C K such that C C UK', and so
x€ AN P for some P € K'. Thus PN D # (), and P € P. Hence z € AN Py,
for some m € N.

(3) P is a k-cover of X. Suppose not, then there is a compact subset K
of X such that K ¢ UP’ for any finite subset P’ C P. Since P is a cover
of X, we can inductively choose z; € K N P,,\Uj<p, Pj, where n; =1 and
n; < nj+1. Because K is compact in X, {z; : ¢ € N} has an accumulation
point in K. Without loss of generality, let {z; : i € N} have an accumula-

tion point y and z; # y for every i € N. Because x; € D for every i € N,
by Lemma, we can inductively choose a compact subset C; of X such that

x; € m and C; N ({y} U (Uj<niffj)) = @, soyeDnN (UiENOi)- By (2),
y € DN (UienC;) N Py, for some m € N. Taking ig € N with n;, Sm <
Niy+1, then when i > ig, P,, NC; =0. Thusy € DNC; N P, C C; € X\{y}
for some 7 < i, a contradiction. Hence P is a k-cover of X.
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(4) P is a countable k-system for X. Suppose that there is F' C X such
that F' N P is closed in X for each P € P, but F' is not closed in X. Since X
is a k-space, F'N C' is not closed in X for a suitable compact C, and so, by

(2), C C UP’ for some finite P’ C P. However, FNC =U{(FNP)NC: P

€ 73'} is closed in X, a contradiction. Hence X is determined by P, and P
is a k-system for X.
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