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1960 	� Ponomarev [1] 
�� π �
� 1971 	� Siwiec [2] 
��l��
�
� 1969

	� Kofner [3] �����wc�� π �euU�� Cauchy wc� 1991 	� Tanaka [4] ��
���wc�l��
�� π �euU� Cauchy wc�lx�smv�� π �
Pl��

�
��uUH���wc��uBo [5−8]. ��� Z [8] !���wc X ���wc�l

��
j�e��k� X ���wc� 1l��
�j�e���wc��j�
� π �
�
R"���L����wc�l��
 π �e��v��w��wc� 1 l��
 π �e��
ZU���wc�l��
 π �
�cF�
�I�H���wc��
i#�v��V��
���L�G$���%��w�F&��wc�l��� π �e���F&��wc�l�
�
� π �e�����hL��  '�

�Z!�wc(!�") Hausdorff �zC!�R#wc��
�*"n�"OA� N �

$"�A#�wc X �R#$W τ(X) W τ ; %&#Q X !�w� xn (n ∈ N), $

〈xn〉 = {xn : n ∈ N};

%& X �+#, P P x ∈ X, $

(P)x = {P ∈ P : x ∈ P}, st (x,P) = ∪(P)x.

Y���%-xZ [8] W.�
/N 1 &�
 f : X → Y .

(1) f &Wl��
�
 [2], ' {yn} � Y !�('l��)*( X !�('l� {xn},
+),w xn ∈ f−1(yn).

(2) & (X, d) ���wc� f &W π �
 [1], -L%&,w y ∈ U ∈ τ(Y ), 0 d(f−1(y),

X\f−1(U)) > 0.

f : X → Y &Wj�
�',w f−1(y) � X �j+#�.����&��wc��j�

� π �
�

WuU��wcl��
� π �e�Z [8] 
�I*i%- “ hS” �w+/��,0�

/N 2 & P = ∪{Pn : n ∈ N} �wc X �+#,�1!,w Pn � X ��
� {Pn} &
W X � hS�'%&,w x ∈ X, 〈st (x,Pn)〉 � x  X !�S�' X � hS {Pn}, +)
,w Pn o0�i# C, 1 {Pn} &W X � C  hS�

o0r hS�wc&Wt2wc�.�� {Pn} �wc X � hS��k�%&,w
x ∈ X P2z3�� Pn ∈ (Pn)x, 〈Pn〉 � x  X !�S�

 hS3 π �
��-.w/�,0�w04�%&2wwc X P n ∈ N , 5 Pn = {{x} :

x ∈ X}, )* {Pn} � X � hS�6w04�2wwc��z7��wc� π �e�Fx�
HI hS3��wc� π �ei#�1k% hS!��
����wc�� π �
2a8
��Me�V9:+3('l�cF�,0�& X �w+wc� P � X �+#�' X !�
l� {xn} ('& x, & {xn} �4& P ��-L( m ∈ N , +)

{x} ∪ {xn : n ≥ m} ⊂ P,
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P &W X !� x �l�?7 [9], ' X !�l� {xn} ('& x, 1 {xn} �4& P ��

/N 3 & P �wc X ��
�

(1) P &W X � cs∗ �
�' S � X !�('l��1( S ��+l��4& P !�
�8�

(2) P &W X � cs �
�' X !�,w('l��4& P !��8�
(3) P &W X � sn �
 [8], ' P !�,w8� X !� �l�?7�%&2z� x ∈ X,

( x  X !�l�?7 P ∈ P .

%- cs∗ �
P cs �
 Z [4] !�6&WMe (D′)∗ P (D)∗,  Z [5] !�6&WMe
(c2) P (c3). 97���%-�68a Z [10] P [11] !�

/N 4 &�
 f : X → Y .

(1) f &Wl���
 [12], ' {yn} � Y !�('l��)*( {yn} �+l� {yni} P
X !�('l� {xi}, +),w xi ∈ f−1(yni).

(2) f &WXl��
�
 [5,13], ' Y !�2w (MZb �) ('l�� X !�j+#
 f @�e�

(3) f &W 1 l��
�
 [14], '%&,w y ∈ Y ( x ∈ f−1(y) ")Me�-L {yn}
� Y !('& y �l��)*( X !('& x �l� {xn}, +),w xn ∈ f−1(yn).

.�� 1 l��
�
�l��
�
�l��
�
�Xl��
�
Pl���
�
9���wc��Xl��
�
�l���
�

�Z�:w��I���wc�l��� π �e�
& {Pi}�wc X � hS�%&,w i ∈ N , $ Pi = {Pα : α ∈ Λi}, Λi ;:z7R#�5

M = {α = (αi) ∈ ∏
i∈N Λi : 〈Pαi〉 D� X !� xα�S}, 1 M ���wc�9�%&,w

α ∈ M , xα �VwD���&�tx��OA f : M → X,+) f(α) = xα. ��& (f,M,X,Pi)

W Ponomarev E�

O; & (f,M,X,Pi) � Ponomarev E�1( M ���� d, +) f � π �
�
TA %&,w x ∈ X P i ∈ N , ( αi ∈ Λi, +) x ∈ Pαi . $& {Pi} � X � hS�

Fx 〈Pαi〉 � x  X !�S�5 α = (αi), 1 α ∈ M � f(α) = x, E f �"OA�&

α = (αi) ∈ M, f(α) = x ∈ U ∈ τ(X),

1( n ∈ N , +) Pαn ⊂ U . 5 V = {β ∈ M : β �: n +<<W αn}, )* V � M !M α

�r+#� f(V ) ⊂ Pαn ⊂ U , E f �"nOA�

%&,w k ∈ N , J πk :
∏

i∈N Λi → Λk �O=�
�%&,w α, β ∈ M , ��

d(α, β) =
{

0, α = β,

max{1/k : πk(α) �= πk(β)}, α �= β,

1 d � M ��pz�$& M �R#�$z7wc, 〈Λi〉 �YwcF>=�+wcR#�&�
d � M �����%&,w x ∈ U ∈ τ(X), ( n ∈ N , +) st (x,Pn) ⊂ U . %& α ∈ f−1(x),

β ∈ M , ' d(α, β) < 1/n, )*� i ≤ n K�0 πi(α) = πi(β). &� x ∈ Pπn(α) = Pπn(β), >?

f(β) ∈
⋂
i∈N

Pπi(β) ⊂ Pπn(β) ⊂ U.
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N@

d(f−1(x),M\f−1(U)) ≥ 1/n,

E f � π �
�
/; 1 wc X ���wc�l��� π �e��k� X o0 cs∗ �
� hS�

TA & (M,d) ���wc� f : M → X �l��� π �
�%&,w n ∈ N , 5

Pn = {f(B(z, 1/n)) : z ∈ M}, 1! B(z, 1/n) = {y ∈ M : d(z, y) < 1/n}, )* {Pn} �wc X

� hS�PQ��%&,w x ∈ U ∈ τ(X), ( n ∈ N , +) d(f−1(x), M\f−1(U)) > 1/n.

3�"�A m ≥ 2n. ' z ∈ M , +) x ∈ f(B(z, 1/m)), )*

f−1(x) ∩ B(z, 1/m) �= ∅.

-L B(z, 1/m) �⊂ f−1(U), 1

d(f−1(x),M\f−1(U)) < 2/m ≤ 1/n.

TA�N@ B(z, 1/m) ⊂ f−1(U), >? f(B(z, 1/m)) ⊂ U , Fx st (x,Pm) ⊂ U , E {Pn} � X

� hS�?$& f �l���
�.� {Pn} � X � cs∗ �
�

J@�& {Pi} �wc X � cs∗ �
� hS�%&,w i ∈ N , $ Pi = {Pα : α ∈ Λi}.
J (f,M,X,Pi) W Ponomarev E�$
!� f : M → X � π �
�& {xn} � X !('&
 x0 �l��NS&F0� xn �= x0. $& P1 � X � cs∗ �
�( {xn} �+l� T1 P

α1 ∈ Λ1, +) T1 �4& Pα1 ��$J[[�%&,w i ∈ N , to3l� Ti P αi ∈ Λi, +)

Ti+1 � Ti �+l�� Ti �4& Pαi ��&� Ti ⊂
⋂

k≤i Pαk
. 3� xni ∈ Ti P βi ∈ f−1(xni),

+) ni < ni+1 �� k ≤ i K�0 πk(βi) = αi, >?

lim
i→∞

πk(βi) = αk.

5 β0 = (αi), )* M !l� {βi} ('& β0, E f �l���
�
F&�! 1, 0@��L�
ID 1 o0 cs∗ �
 hS�wc�����wc�Xl��
� π �e�
���L���V��2a s �
�Me�&�
 f : X → Y . f &W s �
�',w

f−1(y) � X �t�+#�
/; 2 wc X ���wc�Xl��
� s, π �e��k� X o0tA cs∗ �
� 

hS�

TA & f : M → X �Xl��
� s, π �
�1! (M,d) ���wc�%&,w i ∈ N ,

& Bi � {B(z, 1/i) : z ∈ M} �n�0bra\�J Pi = {f(B) : B ∈ Bi}. $�! 1 F��
{Pi} � X � tA cs∗ �
� hS�

J@�& {Pi}�wcX � tA cs∗�
� hS�%&,w i ∈ N ,$ Pi = {Pα : α ∈ Λi}.
J (f,M,X,Pi) W Ponomarev E�$
!� f : M → X � π �
�%&,w x ∈ X P i ∈ N ,

F ∆i = {α ∈ Λi : x ∈ Pα}, )*
∏

i∈N ∆i �
∏

i∈N Λi �t�+#�-L α = (αi) ∈
∏

i∈N ∆i,
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)* 〈Pαi〉 � x X !�S�Fx α ∈ M � f(α) = x, E
∏

i∈N ∆i ⊂ f−1(x). -L α = (αi) ∈
f−1(x), )* x ∈ ⋂

i∈N Pαi , &� α ∈ ∏
i∈N ∆i, E f−1(x) ⊂ ∏

i∈N ∆i. N@

f−1(x) =
∏
i∈N

∆i.

\ f � s �
�T� f �Xl��
�
�
%&,w x ∈ X � X !('& x �l� {xn}, $ K = {x} ∪ {xn : n ∈ N}. %&,w

i ∈ N , $& Pi � X � tA� cs∗ �
�5 (Pi)x = 〈Pm〉. '%&,w k ∈ N , l� {xn}
�N4& ⋃

m≤k Pm ��1( +l� {xnk
}, +),w xnk

∈ X\⋃
m≤k Pm, >?0 {xnk

} �
+l� {xnk(j)} P m ∈ N , +) 〈xnk(j)〉 ⊂ Pm. TA�N@( k ∈ N , +) {xn} �4&⋃

m≤k Pm ��\( (Pi)x �0b+# Fi, +) {xn} �4& ∪Fi ��o3 Pi �0b+# Gi,

+) K\ ∪ Fi ⊂ ∪Gi. 5 Hi = Fi ∪ Gi, 1( Λi �0b+# Γi, +) Hi = {Pα : α ∈ Γi}. %
&,w α ∈ Γi, 3

Ka =
{

K ∩ Pα, x ∈ Pα,

(K\ ∪ Fi) ∩ Pα, x /∈ Pα,

1 {Kα : α ∈ Γi} Wj+#,�� K =
⋃

α∈Γi
Kα. F

L =
{

(αi) ∈
∏
i∈N

Γi :
⋂
i∈N

Kαi �= ∅
}

,

1
(1) L�j#

∏
i∈N Γi �]+#�>? L�

∏
i∈N Λi !�j+#�& α = (αi) ∈

∏
i∈N Γi\L,

1 ⋂
i∈N Kαi = ∅, >?( i0 ∈ N , +)

⋂
i≤i0

Kαi = ∅. 5

W =
{

(βi) ∈
∏
i∈N

Γi : %& i ≤ i0, 0 βi = αi

}
,

1 W �
∏

i∈N Γi !M0 α �r+#� W ∩ L = ∅.
(2) L ⊂ M � f(L) ⊂ K. & α = (αi) ∈ L, 1 ⋂

i∈N Kαi �= ∅. 3 y ∈ ⋂
i∈N Kαi , 1

y ∈ ⋂
i∈N Pαi , E 〈Pαi〉 � y  X !�S�Fx α ∈ M � f(α) = y ∈ K, >? L ⊂ M �

f(L) ⊂ K.

(3) K ⊂ f(L). %&2w y ∈ K � i ∈ N , 3 αi ∈ Γi, +) y ∈ Kαi . 5 α = (αi), 1 α ∈ L

� f(α) = y, N@ K ⊂ f(L).

H�F�� f �Xl��
�
�
�Z�:���I���wc�l��
� π �e�
V9%&��wc�,0�%&#Q X, & d : X ×X → [0,∞). d &W X ��%&pz�

'%&2z� x, y ∈ X, 0
(1) d(x, y) = 0 ��k� x = y;

(2) d(x, y) = d(y, x).

%& x ∈ X P ε > 0, F B(x, ε) = {y ∈ X : d(x, y) < ε}. wc (X, d) &W%&��wc�' d
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� X ��%&pz�� X �+# U � X �r+#��k�%&,w x ∈ U , ( ε > 0, +)

B(x, ε) ⊂ U .

wc X &Wl�wc [9], ' X �+# U � X �r+#��k�%&,w x ∈ U , U � x

�l�?7�.��%&��wc�l�wc (dZ [15] ^L 1.6.15).

@��!v��V���ZrPK8��L�

/; 3 %&wc X, @�MecT_b�

(1) X ���wc� 1 l��
 π �e�
(2) X ���wc�l��
 π �e�
(3) X o0 cs �
� hS�

(4) X o0 sn �
� hS�

TA (1)⇒(2) �.��� (2)⇒(3) yE�! 1 ����
(3)⇒(4) & {Pn} �wc X � cs �
� hS�NS&,w Pn+1 a\ Pn. %& X !T

NcN�: x, y, x n(x, y) �$�+) x /∈ st (x,Pn)�Kf[A n. �� d : X ×X → [0,∞),

+)

d(x, y) =
{

0, x = y,

2−n(x,y), x �= y,

1 d � X ��%&pz�%&,w x ∈ X, n ∈ N , 0 st (x,Pn) = B(x, 1/2n). 9K d o0i
#�%&2w x ∈ X P ε > 0, ( \A δ = δ(x, ε), +)� d(x, y) < δ � d(x, z) < δ K�0
d(y, z) < ε. �1�( ε0 > 0 Pl� {yn} P {zn}, +),w d(x, yn) < 1/2n, d(x, zn) < 1/2n

� d(yn, zn) ≥ ε0. o3 k ∈ N , +) 1/2k < ε0. $& {Pn} � X � hS�Fxl� {yn} P
{zn}�('& x. ?$& Pk � X � cs�
�( m ∈ N P P ∈ Pk, +) {ym, zm} ⊂ P , &�
zm = st (ym,Pk),>? d(ym, zm) < 1/2k < ε0. TA�N@�%&2w x ∈ X P n ∈ N ,txo3

\A δ = δ(x, n),+)� d(x, y) < δ� d(x, z) < δK�0 d(y, z) < 1/n,J g(x, n) = B(x, δ(x, n)).

$& Pn � X � cs �
�&� st (x,Pn)� x�l�?7�>? g(n, x) v� x�l�?7�5
Un = {g(n, x) : x ∈ X},1 Un � X � sn�
�' {Un}N� X � hS�1( x ∈ G ∈ τ(X)

P X !�l� {xn} P {yn}, +) x ∈ g(n, yn), xn ∈ g(n, yn)\G, )*l� {xn} N('& x �

d(yn, x) < δ(yn, n), d(yn, xn) < δ(yn, n),

&�
d(x, xn) < 1/n,

>? {xn} ('& x. TA�E X o0 sn �
� hS�

(4)⇒(1) & {Pi} �wc X � sn �
� hS�%&,w i ∈ N , $ Pi = {Pα : α ∈ Λi}.
J (f,M,X,Pi)W PonomarevE�$
!�f : M → X � π �
�& x0 ∈ X. %&,w i ∈ N ,

o3 αi ∈ Λi, +) Pαi � x0 �l�?7�1 〈Pαi〉 � x0  X !�S�5 β = (αi) ∈
∏

i∈N Λi,

)* β ∈ f−1(x0). J {xn} � X !('& x0 �l��%&,w i ∈ N , {xn} �4& Pαi ��

%&,w n ∈ N , -L xn ∈ Pαi , �� αin = α, -L xn /∈ Pαi , 3� αin ∈ Λi, +) xn ∈ Pαin .

>?( ni ∈ N , +)� n > ni K�0 αin = αi, &� Λi !l� {αin} ('& αi. %&,
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w n ∈ N , F
βn = (αin) ∈

∏
i∈N

Λi,

)* f(βn) = xn � M !l� {βn} ('& β, E f � 1 l��
�
�
Z [7] �����wc��l��
j�
� 1 l��
�
�F&�! 3, 0@��L�
ID 2 ��wc��l��
 π �
��� 1 l��
�
�
�Z�KSA8�+Q�P|+�
/N 5 & (X, d) �%&��wc� X !�l� {xn} &W d-Cauchy l��'%&,w

ε > 0, ( k ∈ N , +)� m,n ≥ k K�0 d(xm, xn) < ε. X &W Cauchy wc [16], ' X o

0%&�� d, +) X !�,w('l�� d-Cauchy l�� X &W� Cauchy wc [17], ' X

o0%&�� d, +) X !�,w('l�0+l�� d-Cauchy l��

yt��%&%&��wc (X, d), ' {xn} � X �('l��)*� {xn} 0+l��
d-Cauchy l���k�%&,w ε > 0, ( +l� {xni}, +)F0� d(xni , xnj ) < ε.

F^ 1[3−5] %&wc X, @�MecT_b�

(1) X ���wc�� π �e�
(2) X �o0 cs∗ �
� hS�l�wc�

(3) X �� Cauchy wc�

TA (1)⇒(2) &wc X ���wc�� π �e�$&��
}~l�wci# (dZ

[15] ^L 2.3.1), Fx X �l�wc�?$&l�wc����
�l���
 (dZ [15] ^L

2.1.6), $�! 1, X o0 cs∗ �
� hS�

(2)⇒(3) & X �o0 cs∗ �
� hS�l�wc�J {Pn} � X � cs∗ �
� hS�

NS&,w Pn+1 a\ Pn. $& Pn � X � cs∗ �
�&�%&,w x ∈ X P n ∈ N , st (x,Pn)

� x �l�?7�-�! 3 !� (3)⇒(4) ����tx�� X ��%&pz d, +)%&,w
x ∈ X P n ∈ N , 0 st (x,Pn) = B(x, 1/2n), &� (X, d) �%&��wc�%& X !�2w
('& x �l� {xn} � ε > 0, ( k ∈ N , +) 1/2k < ε, $& Pk � X � cs∗ �
�(

 +l� {xni} �4& Pk !��8 P , >?,w d(xni , xnj ) < 1/2k < ε, E {xn} 0+l��
d-Cauchy l��Fx X �� Cauchy wc�

(3)⇒(2)&%&��wc (X, d)�� Cauchywc�.��X �l�wc�%&,w n ∈ N ,

F
Pn = {A ⊂ X : sup{d(x, y) : x, y ∈ A} < 1/n},

1%&,w x ∈ X, 0 st (x,Pn) = B(x, 1/n), >? {Pn} � X � hS�%&,w n ∈ N � X

!2w('& x�l� {xk},( +l� {xki}� d-Cauchyl��F0� d(x, xki) < 1/(n+1).

&�( m ∈ N , +)� i, j ≥ m K�0 d(xki , xkj ) < 1/(n + 1). 5

An = {x} ∪ {xki : i ≥ m},

)* An ∈ Pn, >? Pn � X � cs∗ �
�
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(2)⇒(1) &wc X �o0 cs∗ �
� hS�l�wc�$�! 1, X ���wc�l�

�� π �e�$&�"l�wc�l���
���
 (dZ [15] ^L 2.1.6), Fx X ���

wc�� π �e�
F^ 2 %&wc X, @�MecT_b�

(1) X ���wc� 1 l��
�� π �e�
(2) X ���wc�l��
�� π �e�
(3) X �o0 cs �
� hS�l�wc�

(4) X � Cauchy wc�

TA $�! 3 �Q� 1 _ (1)⇔(2)⇔(3). yEQ� 1 !� (2)⇔(3) ����0 (3)⇔(4).

Z [4] ���Q� 2 !� (2)⇔(3)⇔(4). ���+hLD����wc�D� π �e�$
o0J�i#� hSFuU��?9g hS�wc�wg%&��wcy�G�@c0-@
�`NFE�t2wc ⇒ Cauchy wc ⇒ � Cauchy wc ⇒ %&��wc�

{ (1) %&��wc �⇒ � Cauchy wc�-Z [15] �| 2.9.8.

(2) � Cauchy wc �⇒ Cauchy wc�-Z [4] �| 2.14(3).

(3) Cauchy wc �⇒ t2wc�-Z [15] �| 1.8.6.

(4) t2wc �⇒ ��wc�� s �e�-Z [15] �| 1.8.4.
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