Q & A in General Topology, Vol. 5 (1987)

ON NORMAL SEPARABLE § -SPACES
Shou Lin

Department of Mathematdcs
sSuzhou University

Suzhou, China

1. Introduction and definition

It is known to all that separability is equi-
walent. to Iindelof property in metrizable spaces.,
The problem raised in which generalized metric
spaces that separability is equivalent to Lindelof
property. Obviously, sSeparability is equivalent to
Lindelof property for stratifiable spaces. In Moore
gspaces, however, Lindelof property implies separa-
bility, and there exists a separable Moore space
which is not a lLindelof space ( for example,
Niemytzki's tangent disc topology ):s moreover,
whether every normal Separable Moore space 1S
Iindelof is independent of the axioms of sSet theory
(I3]). So the relationship between Separability and
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Lindelof property in Moore spaces is clear.
) —Spaces are of other class of generalized metric
spaces. The following two problems raised:

(1) whether there exists a separable )& -space
which is not am ¥, -sSpace ?

(2)) how are the relationships between normal
Separable ¥ -spaces and N, -sSpaces ?

In this paper, we construct a completely
regular, Separable ¥ -space which is not an ¥, -
gpace. More precisely, we show that whether every
normal, Separable ¢ -space i3 an X, -Space is inde-
pendent of the axioms of set theory.

Let X be a topological space, a collection f
of subsets of the X is & k-network if whenever Klis
a compact subset of an open set U, there exists a
finite # ¢ # such that K< UF'C U. A regular space
with oc-locallv-finite k-network is called an \*-space.
A regular space with countable k-network is called an
N,—-3pace. N, -spaces are hereditarily Lindeldf and

hereditarily separable.

2« Maln results
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Throughout this section Martin's Axiom plus the
negation of the Continuum Hypothesis is abbreviated
as (MA+7CH). N denotes the positive integers, R the

real numbers, and Q the rational numbers.

Fxample 1. There exists a completely regular, Sepa-

rable ) -space which is not an \*,—-Space.

Construction. Let X be subset of R such that Qe XC
Rend |X|>w « et Y = XU (UnewQx{1/nl ), and
define a base §} for the desired topology on Y as
follows:

(1) if ye ¥-X, let {yle 3 , and

(2) if xe X, then
[(X]U(Upypm (L0xn .XINQ) x {1/m]) [ meN . x7050€R ) <
Y is easily Seen to be a completely regular, Sepa-
rable '5pace. Y is not an \*, -Space Since X is a
uncountably discrete closed subset of Y

To see that ¥ is also an ¢ -Space, it is

gufficient to show that Y is a oc-space, and every
compact subset of Y is finite. Y is a ¢-space
because it is the union of countable many closed
metrizable spaces. 1f K is an infinite compact set
of Y, XNK and (Qx{1/n})NK (nen) &re finite
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because X and (QX {1/n]) (n¢y) are discrete closed
subsets of Y. Since K is infinite, there are infinite
many n such that (QX {1"/nD NK # . Hence there are a
subsequence (n;) of N and a subset {x; I ie M} of ¥
such that x; € (Qx {1/n;] ) NK for each i€ N. Since K is
a compact metrizable space ( every compact subset is
metrizable in G -space ), without loss of generality,
we can assume X;—» X, € K. Since the point in Y-X is
isolated, Xo.€ X. Denote by x;= (r;, 1/n;), since

V=[x U (Unew(I[x1),x,)0Q) x {1/n})
13 a naeighborhood of the point x,, there exists a je N
such that x;e V whenever 12 Jj, 1.y x,-T s, ¢ X,. We
can assume each r;< X,. Put

{(_ r;":!?:x';)/ 2 n=n; ;
Q.=

X, -1 nfn. ; n,ie N .
Then U = {X.] U (Unew(a,nsXa)N Q)X {1/nl) 1is a neighbour-
hood of the point X,, and each x;¢ U. This contradicts

the x;—» x,. Hence every compact subset of Y 1is finite.

Therefore Y is an ' -space.

Example 2. (MA+JCH) There exists a normal, Separable
¢ -space which is not an §, -Space.

Construction. Iet Y is the space which is definited in
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Example 1 Such that [X|<2“. It is sufficient to Show
that Y is normal under (MA+1CH). Suppose the H and K
are disjoint closed subsets of Y. Since points in
Y-X are isolated, we can assume that HUKcX, Froml2]
under (MA+ICH), every sSubset of X is a Fs-set relative
to £ with the induced topologzy of real line R,
thereforé H=0,+Hs and X =0, (vwKn where for each n,
Hac Hapy Knac K.y and each Ha and Kas 1is closed in X with
the induced topology of R. Now, since real line R is
hereditarily normal, and for each n, Hn, K, is a pair
of separated sets of R, there exists disjoint open Sets
Vo and U, in R containing H, and K., respectively. Put
V=HU (Uhew(Va Q) x {1/n}) , and
U=KU (Uwep (Ua Q) x (1/n}) ,
then V and U are disjoint open sets in Y containing H
and K, respectively. To see these, we only need to sShow
that V is open. For each xe V, we can assume x€ H. Since
H =UneH, where for each ny, H,c H.,w there exists a nelN
such that xe Hmw whenever mzn. For each m»pn, Since

X € Vm where Vi, 138 an open set in real line R, fthere

exists a, .eR such that a,,<x, and [28x.m sX) ©Vm. Then
X G[X} V, (Un;.( Lal,m!x) (0 Q) X {1/111])
C{Y} U (Un;n(van) X{1/m]) c V.
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Hence, V 1s an open Set -:Ln Y. ¥ is normal.

Theorem  Whether every normal, Separable N\ -Space 183

an &, ~Space 18 independen%. of the axioms of set theory.

Proof. Froml?], under Continuum.Hypothesis, Jones

shows that every normal, Separable Space is N, —compact
(i.e., every uncountable subset has a limit point ) .
Since each ¥, —compact ¥ -sSpace is an N\,-Space, therefore
under Continuwm Hypothesis, every normal, Separable N\ -

spAce 1s an (¥¢,-Space.

From Exemnlc 2, mder (MA+7CH), there exists n

normal, Separable » -space which 18 not an ¥,-Space.
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